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Abstract—We consider the problem of distributed estimation,
where a set of nodes is required to collectively estimate some
parameter of interest from noisy measurements. The problem is
useful in several contexts including wireless and sensor networks,
where scalability, robustness, and low power consumption are de-
sirable features. Diffusion cooperation schemes have been shown
to provide good performance, robustness to node and link failure,
and are amenable to distributed implementations. In this work we
focus on diffusion-based adaptive solutions of the LMS type. We
motivate and propose new versions of the diffusion LMS algorithm
that outperform previous solutions. We provide performance and
convergence analysis of the proposed algorithms, together with
simulation results comparing with existing techniques. We also
discuss optimization schemes to design the diffusion LMS weights.

Index Terms—Adaptive networks, diffusion LMS, diffusion net-
works, distributed estimation, energy conservation.

1. INTRODUCTION

E study the problem of distributed estimation, where
W a set of nodes is required to collectively estimate some
parameter of interest from noisy measurements by relying solely
on in-network processing. Distributed estimation algorithms are
useful in several contexts, including wireless and sensor net-
works, where scalability, robustness, and low power consump-
tion are desirable. The availability of low-power sensors and
processors is generating demand for in-network processing so-
lutions, with applications ranging from precision agriculture to
environmental monitoring and transportation.

Thus, consider a set of N nodes distributed over some geo-
graphic region (see Fig. 1). At every time instant 7, every node &k
takes a scalar measurement dj,(¢) of some random process d(7)
and a 1 x M regression vector, uy, ;, corresponding to a realiza-
tion of a random process u,;, which is correlated with d (7).
The objective is for every node in the network to use the data
{dg(t), ur,;} to estimate some parameter vector w°.

In the centralized solution to the problem, every node in the
network transmits its data {dy, (), u ; } to a central fusion center
for processing. This approach has the disadvantage of being
non-robust to failure by the fusion center. Moreover, in the con-
text of wireless sensor networks, centralizing all measurements
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Fig. 1. At time 7, every node k takes a measurement {d (), uy,; }.

in a single node lacks scalability, and may require large amounts
of energy and communication resources [1]. On the other hand,
in distributed implementations, every node in the network com-
municates with a subset of the nodes, and processing is dis-
tributed among all nodes in the network. We say that two nodes
are connected if they can communicate directly with each other.
A node is always connected to itself. The set of nodes that are
connected to node & (including k itself) is denoted by Ay, and is
called the neighborhood of node k. The number of nodes con-
nected to note k is called the degree of node k, and is denoted
by ng.

In-network distributed estimation algorithms have been pro-
posed in the context of distributed adaptive filtering [2]-[4].
These include incremental LMS [3], [5], [6], incremental RLS
[3], diffusion LMS [3], [7], and diffusion RLS [8], [9]. Diffusion
Kalman filtering and smoothing algorithms were also proposed
[10], [11], [32]. Distributed estimation algorithms based on in-
cremental [3], [5], [12] and consensus strategies [13]-[15] have
also been proposed. The work [14] proposes a distributed LMS
algorithm based on consensus techniques that relies on node hi-
erarchy to reduce communications. The work [15] is related to
one of our diffusion algorithms from [8] and is discussed later
in Section III-B.

The purpose of this work is to motivate and develop dis-
tributed strategies that are able to update their estimates in real-
time through local interactions and by relying on a single time-
scale (namely, the observation time-scale). In this way, the re-
sulting network becomes an adaptive entity on its own right. In
comparison to the prior work on diffusion LMS in [7], the cur-
rent paper develops a formulation for deriving diffusion filters
and introduces a more general class of diffusion strategies of
which [7] is a special case. We subsequently study the perfor-
mance of this class of filters and optimize its parameters. Sim-
ulation results illustrate the theoretical findings and reveal the
enhanced learning abilities of the proposed filters.

This work is organized as follows. In Section II, we formu-
late the estimation problem and present the global solution. In
Section III, we motivate and derive a family of diffusion LMS
algorithms for distributed estimation. The algorithms are ana-
lyzed in Section IV. In Section V, we discuss different choices
of weighting matrices for the diffusion algorithms, including op-
timization techniques. We conclude our work with simulations
of our results in Section VI.
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II. PROBLEM FORMULATION

A. Global Optimization

We seek the optimal linear estimator w® that minimizes the
following global cost function:

ZE|dk

where E denotes the expectation operator. Assuming the pro-
cesses d(¢) and uy, ; are jointly wide sense stationary, the op-
timal solution is given by [16], [17]

1 b 2
J&* ) — gk iw| (D

-1

N N
> Ruu > Raug 2)
k=1 k=1

where R, = Euj Z”k i is assumed positive-definite (i.e.,

Ry > 0) and Ry, = Edi(i)u} ;, and where the operator
* denotes complex conjugate- transf)osition. Observe that we
are allowing the second-order moments {R,, i, R4y 1} to vary
across the nodes.

B. Local Optimization

Now consider an N x N matrix C' with individual non-neg-
ative real entries {c; x } such that
. T T
ar=0ifl¢gN,, Cl=1 1 C=1 3)
where 1 denotes the N x 1 vector with unit entries. In other
words, ¢ 1, is zero when nodes [ and k are not connected. More-
over, the rows and columns of C' add up to one. When node &
has access only to the data from its neighbors {I € N, %}, it can
then seek to minimize the following local cost function:

T (w) =Y cipBldi(i) — wiw|® (4)
lEN

where the coefficients ¢; j, give different weights to the data from
the neighbors of node k. The local optimal solution is therefore

loc
wy ¢ = E ekl

leNk

-1

Z cipBRaus | - @)
leEN}

Thus, the local estimate, w}°°, is based only on covariance data

{Ru.1, Riu,1}ien, thatare available to node k. In comparison,
the global solution, w® in (2), requires access to the covariance
data {R, ;, Rau, }1=1,... v across the entire network. Let

A
Iy = E ekl

lEN:

A completion-of-squares argument shows that (4) can be

rewritten in terms of wloc as

Jlo¢(w) = |Jw — w1°“||Fk + mmse (6)

where mmse is a constant term that does not depend on w, and
the notation ||a||% = a*Ya represents a weighted vector norm
for any Hermitian X > 0. An interesting question is how to
relate the local solutions (5) at all nodes to the global solution
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(2). Note that because of (3), we can express the global cost (1)
as

N
ngob(w) _ Z Jlloc(w) _ Jlioc Z loc (7
=1 1#£k

Thus, using (4), (6) and (7), we find that minimizing the global
cost (1) over w is equivalent to minimizing the following cost

function, for any & € {1,...,N}:
N
TE () = 3" e xBldy(i) — ww]® + Y lw — we1F,.
1EN 1£k

®)

We therefore have an alternative representation of the global
cost (1) in terms of the local estimates {w}°°} across the
network.

In the following sections we will show that (8) suggests sev-
eral distributed implementations of the diffusion type, and it will
be instrumental in the derivation of different diffusion estima-
tion algorithms.

C. Steepest-Descent Global Solution

To begin with, consider minimizing the cost function (1)
using a traditional iterative steepest-descent solution [16], say,
w; = wi—1 — p[VuJEP (wi1)]* )
where ;1 > 0 is a step-size parameter and w; is an estimate
for w?® at iteration 7. Moreover, V,,.J8°P denotes the complex
gradient of J&!°P(w) with respect to w, which is given by!
N

= Z(Ru,kw — Riu k).

k=1

[V &P (w)]* (10)

Substituting into (9) leads to the steepest descent iteration:
N

w; = wi—1 + MZ(Rdu,k — Ry pwi_1).
k=1

(1)

Recursion (11) requires knowledge of the second-order mo-
ments {R., k, Rqur}. An adaptive implementation can be
obtained by replacing these second-order moments by local
instantaneous approximations, say of the LMS type, as follows:
Ru,k ~ u;;_’iukw Rdu,k ~ dk(L)uZVZ (12)

Then, a global (centralized) LMS recursion is obtained, namely,

N
W; = Wi—1 + 1 Z uz’z(dk (L) — ukviwi,l).
k=1

(13)

Algorithm (13) is not distributed: it requires access to data
{dg(t), ur,; } across the entire network. It serves as an example
of an algorithm that can be run by a fusion center once all
N nodes transmit their data to it. In the next section we will
consider distributed strategies, which is the main motivation
for this work.

1A factor of 2 multiplies (10) when the data are real. This factor can be ab-
sorbed into the step-size y in (10).
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III. DIFFUSION ADAPTIVE SOLUTIONS

As indicated above, the global LMS solution (13) is not dis-
tributed. If every node were to run (13), then every node will
need to have access to global information (namely, the measure-
ments and regressors of every other node) in order to compute
the new estimate w;. One fully distributed solution based on dif-
fusion strategies was proposed in [3], [7] and is known as diffu-
sion LMS.

We now propose more general variants that can accommodate
higher levels of interaction and information exchange among the
nodes. The formulation that follows includes the diffusion LM'S
algorithm of [3], [7] as a special case. In addition, the formu-
lation provides a useful way to motivate and derive diffusion
filters by optimizing the cost (8) via incremental strategies.

A. MSE Minimization

Thus, refer to the equivalent global cost (8). Minimizing this
cost at every node k still requires the nodes to have access to
global information, namely the local estimates, wlloc, and the
matrices I';, at the other nodes in the network. In order to facil-
itate distributed implementations, we now explain how the cost
(8) motivates useful distributed algorithms.

To begin with, we replace the covariance matrices I'; in (8)
with constant-diagonal weighting matrices of the form I'; =
bikIar, where by 1 is a set of non-negative real coefficients that
give different weights to different neighbors, and I is the M x
M identity matrix. In particular, we are interested in choices of
coefficients such that

b =0ifl g Ny, 1"B=1" (14)
where B is the N x N matrix with individual entries b; . Fur-
thermore, we replace the optimal local estimate w}° in (8) with
an intermediate estimate that will be available at node [/, and
which we denote by ;. In this way, each node k can proceed to
minimize a modified cost of the form:

T w) =" e iBldi(i) —waw)®+ Y bullw— .
leN} LEN /{k}

(15)
Observe that while (15) is an approximation for the global
cost (8), it is nevertheless more general than the local cost (4).
That is, we used the relation (7) between global and local costs
{J8lob ] Jloc} to motivate the approximation (15). Later we will
examine the performance of the diffusion algorithms that result
from (15) and how close their weight estimates get to w®.

Taking the gradient of (15) we obtain?

[ijl(cjiSt(w)]* = Z Cz,k(Ru,l’w - Rdu,z)

1EN
+ > buk(w =), (16)
leN, /{k}

2A factor of 2 multiplies (16) when the data are real. This factor can be ab-
sorbed into the step-sizes pt, and vy in (17).

1037

Thus, we can use (15) to obtain a recursion for the estimate of
w at node k, denoted by wj, ;, as we did in the steepest-descent
case, say,

Wi = W i—1 + W E cik(Raug — Rujwyi—1)
leNk

+uy Z bie(tt — wryi—1) (A7)
leN, /{k}

for some positive step-sizes { i, vk }. However, note that the
gradient vector in (16) is a sum of two terms, namely

Z ¢k (Ryw — Rgy,p) and Z bi(w — ).

lEN leEN /{k}

Incremental solutions are useful for minimizing sums of convex
functions as in (15) (see [5], [6], [12], [18]); they are based on
the principle of iterating sequentially over each term, in some
pre-defined order. For example, we can accomplish the update
(17) in two steps by generating an intermediate estimate 1)y, ; as
follows:

Vi = Wii—1 + Mk Z ce(Rauy — Ruqwri—1)  (18)
LEN,,
Wi = Vi + Vg Z bir(tht — We,i—1)- (19)
leN; /{k}

We now replace 7; in (19) by the intermediate estimate that is
available at node [ at time ¢, namely, 1; ;. We also replace wy, ;1
in (19) by the intermediate estimate v, ; (as argued in [4], such
substitutions lead to enhanced performance since, intuitively,
r,; contains more information than wy, ;_1). This leads to

Wi = Whi—1 + [ Z crie(Raui — Ru Wi i—1)

1EN,
Wk = Pr,i + Vi Z bik (i — VYri)- (20
leN./{k}
Note from the second equation that
Wi = (1 — v + vebg k)i + vk Z b (21)
leN,. /{k}
so that if we introduce the coefficients
Ok, = 1—uv, + kak,k and app = kal,k for | 75 k
we obtain
Vi = Whi—1 + [k % ik (Rau,i — Rujwii—1)
LEN
22
Wei = . Qe (22)
leNk

where the weighting coefficients {a; x, 1 x } are real, non-neg-
ative, and satisfy:

\Cz,k =a,=0ifl g N, 1"C=1",C1=1,1"A=1" \ (23)

where A is the N x N matrix with individual entries {a; 1 }.

B. Diffusion LMS

Using the instantaneous approximations (12) in (22), we ob-
tain the Adapt-then-Combine (ATC) diffusion LMS algorithm.
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ATC Diffusion LMS

Start with {w; 1 = 0} for all . Given non-negative real
coefficients {c; x, a1 1} satisfying (23), for each time i > 0
and for each node k, repeat:

Vi = Whi—1 + [k 2}\:/ crpup (di(i) — wiwi,i-1)
1EN:

(incremental step) (24)
wr; = >, aipr; (diffusion step)
leEN}

The ATC diffusion LMS algorithm (24) consists of an incre-
mental update followed by a diffusion update of the form:

Wi = Z ay kPii

1EN

which represents a convex combination of estimates from LMS
filters fed by spatially distinct data {dj (), uk,;}. In the incre-
mental step in (24), the coefficients {c;} determine which
nodes I € N, should share their measurements {d;(),u;;}
with node k. On the other hand, the coefficients {a; .} in the
diffusion step in (24) determine which nodes I € A should
share their intermediate estimates {1; ;} with node k. This is a
more general convex combination than the form employed be-
fore in the context of conventional adaptive filtering [19]-[21].
We note that when measurements are not exchanged (i.e., when
C = 1), the ATC algorithm (24) becomes similar to the one
studied in [15], where noisy links are also considered and
analyzed. We further note that this particular ATC mode of
cooperation with C' = I was originally proposed and studied in
[8], [9] in the context of least-squares adaptive networks.

If we reverse the order by which we perform the incremental
update (18)—(19), we get

Vi1 = Whio1 + Vg Z ik (1 — Wi i—1) (25)
leN, /{k}
Wk = Pri—1 + [k Z ck(Raug — Rugwyi—1).  (26)
1EN,

We now replace 1; in (25) by w;;—1 and wy ;1 in (26) by
g i—1. This leads to

Vi1 = Z ag pwi;—1
1EN}
Wk = Yhi—1 + [k Z c1k(Raui — Rui¥k,i—1)-

lEN},

Using instantaneous approximations for {R(iu,l-,R'u,,l} now
leads to the Combine-then-Adapt (CTA) diffusion LMS
algorithm.

CTA Diffusion LMS

Start with {w; _; = 0} for all /. Given non-negative real
coefficients {c; x,a; 1} satisfying (23), for each time ¢ > 0
and for each node k, repeat:
’l/fk,iq = Z kWi i—1
leN

Wk = Yri—1 + [k % ciiup i (di(i) — wiri-1) (27)
1EN,

(diffusion step)

(incremental step)
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Fig. 2. ATC diffusion strategy.

Recall that A and C denote N x N matrices with individual
entries {a; ;} and {c¢; .}, respectively. For each algorithm, we
distinguish between two cases: the case when measurements
and regressors are not exchanged between the nodes (or, equiva-
lently, C' = I), and the case when measurements and regressors
are exchanged (C' # I). Note that in the former case, the CTA
diffusion LMS algorithm (27) reduces to the original diffusion
LMS algorithm [7]:

{1/1k,i1 = > aipwii-1

1EN,
Wi, = Pr,i—1 + preuy, ; (di(d) — ki Pr,i-1)-

C. Structure

In general, at each iteration ¢, every node k performs a proce-
dure consisting of up to four steps, as summarized in Table I. For
example, the ATC algorithm without measurement exchange
(C = I), consists of three steps. First, every node adapts its
current weight estimate using its individual measurements avail-
able at time ¢, namely {dj (), ug,; }, to obtain 1, ;. Second, all
nodes exchange their pre-estimates 1)y ; with their neighbors.
Finally, every node combines the pre-estimates to obtain the new
estimate wy, ;. Figs. 2 and 3 show schematically the cooperation
strategies for the ATC and CTA algorithms, respectively, for the
general case where measurements are shared (C' # I).

When C' = I, the ATC algorithm has the same processing and
communication complexity as the CTA algorithm. In Section VI
we will see by simulation that the ATC version outperforms the
CTA version, and therefore also outperforms diffusion LMS [7],
without penalty.

IV. PERFORMANCE ANALYSIS

In this section, we analyze the diffusion LMS algorithms in
their ATC (24) and CTA (27) forms. In what follows we view
the estimates wy, ; as realizations of random processes wy, ;, and
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{wi,i—1} en, Yi,i—11

i Adapt

Yk,i—1

Fig. 3. CTA diffusion strategy.

TABLE I
STEPS FOR ATC AND CTA ALGORITHMS WITH AND WITHOUT
MEASUREMENT SHARING

Step ATC ATC (C=I) CTA CTA (C=])

1 Exchange Adapt Exchange Exchange
{di (i), wi,i} Wi,i—1 Wii—1

2 Adapt Exchange Combine Combine

Yi,i
3 Exchange Combine Exchange Adapt
i {dy (), ur i}
4 Combine - Adapt -

analyze the performance of the algorithms in terms of their ex-
pected behavior. Instead of analyzing each algorithm separately,
we formulate a general algorithmic form that includes the ATC
and CTA algorithms as special cases. Subsequently, we derive
expressions for the mean-square deviation (MSD) and excess
mean-square error (EMSE) of the general form, and specialize
the results to the ATC and CTA cases. Thus, consider a general
LMS diffusion filter of the form3

s N
¢k,i71 = Z P1,1,kWr -1
=1

(diffusion I)

N
Vi = Preimn + bk Y suwu][di(i) — iy ;4] 28
=1 (28)
(incremental)

(diffusion II)

N
Wy, = > P2,z,k1/1z,i
=1

\

where the coefficients {p1 11}, {s11x} and {p2, 1} are generic
non-negative real coefficients corresponding to the {/, k } entries
of matrices Py, S and P, respectively, and satisfy

1p =17 175 =17, 1" P, = 17. (29)

3We are now using boldface symbols to denote random quantities.
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TABLE II
DIFFERENT CHOICES OF MATRICES P;.S AND P> RESULT IN
DIFFERENT LMS ALGORITHMS

Algorithm P | P S
No cooperation LMS 1 1 1
Global LMS (13) 1 I | F11”
ATC diffusion LMS (24) 1 A C
CTA diffusion LMS (27) | A 1 C
Diffusion LMS [7] A I I

Equation (28) can be specialized to the ATC diffusion LMS al-
gorithm (24) by choosing P; = I, S = C and P, = A, to
the CTA diffusion LMS algorithm (27) by choosing P, = A,
S = C and P, = I, and to the diffusion LMS algorithm from
[7] by choosing P, = A and P, = S = I. Equation (28)
can also be specialized to the global LMS algorithm (13) by
choosing P, = P, = Tand S = ]1]1T/N, and also to the case
where nodes do not cooperate and run LMS recursions individ-
ually, by selecting P; = S = P, = I. Table Il summarizes the
choices of the matrices P, S and P, required to obtain different
LMS algorithms. Notice that a constraint of the form S1 = 1
is not required at this point, since it has no implications on the
subsequent analysis.

A. Modeling Assumptions
To proceed with the analysis, we assume a linear measure-
ment model as follows:

dk(l) = uk,iw" + v (Z) 30)

where v}, (i) is a zero-mean random variable with variance o2 ,
independent of uy, ; for all k and 4, and independent of v;(j) for
I # k or4 # j. Linear models as in (30) are customary in the
adaptive filtering literature [16] since they are able to capture
many cases of interest. Note that w? in the above equation is the
same as the optimal solution in (2).

Using (28), we define the error quantities

~ __ .0 iy __ .0 y __ .0
Wy, =W — ’wk,ﬂ/)k,i =w - "/"k,i‘ﬁk,ifl =w — ¢k,i71
and the global vectors:
w1 ; U2

ﬁ’i: 7"/)1',:

WN,i

¢1,1‘—1
’ ¢i—1 =
¢N,i—1

"/)N,v‘,

We also introduce the diagonal matrix

M = diag{pilns, ..., unIn} (31
and the extended weighting matrices
Pr=Pi@IyP =P, @IyS=5® Iy (32)

where ® denotes the Kronecker product operation. We further
introduce the following matrices:

N N
. * *
D; = diag E SLAU WLy - - s E SLNU UL
=1 1=1

G = STcol{u’{,i'vl (i), uy on(i)}.
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Then we have

(;Si—l = P?ﬁ’i—l
Y, =¢;_ 1 — M[Dip,_; +Gi
w; =Py i

or, equivalently,

w; = Py [[ — MD;)P{w;—1 — Py MG;. (33)
Moreover, let
D 2 ED;
N N
= diag {Z Sl,lRu,h ey Z 8[7]\TRUJ} (34)
=1 =1
G £ E[G:G]]
= S"diag{o} Ru1.-- .00 yRun}S. (35)

We now introduce the following independence assumption:
Assumption 1 (Independence): All regressors uy, ; are spa-
tially and temporally independent.
Assumption 1 allows us to consider the regressors {uy, ; } inde-
pendent of {w;_;} for all { and for j < i — 1. Though not true in
general, this type of assumption is customary in the context of
adaptive filters, as it simplifies the analysis. Some results in the
literature indicate that the performance analysis obtained using
this assumption is reasonably close to the actual performance
for sufficiently small step-sizes [16], [17].

B. Mean Stability

From Assumption 1, D; is independent of w;_1, which de-
pends on regressors up to time 7 — 1. Taking expectation of (33)
yields

Ew; = Py [I — MD]P{ Ew,_;. (36)
We say that a square matrix X is stable if it satisfies X* — 0 as
1 — 00. A known result in linear algebra states that a matrix is
stable if, and only if, all its eigenvalues lie inside the unit circle.
We need the following lemma to proceed.

Lemma 1: Let Py, P,, and X denote arbitrary M x M ma-
trices, where P; and P> have real, non-negative entries, with
columns adding up to one, i.e., ]lTPl = ]1T, ]1TP2 =17, Then,
the matrix Y = PJ X P{' is stable for any choice of P; and P»
if, and only if, X is stable.

Proof: See Appendix 1. O

The following theorem guarantees asymptotic unbiasedness
of the general diffusion LMS filter (28). We use the notation
Amax(X) to denote the maximum eigenvalue of a Hermitian
matrix X.

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 58, NO. 3, MARCH 2010

Theorem 1: Assume the data model (30) and Assumption 1
hold. Then the general diffusion LMS algorithm (28) is asymp-
totically unbiased for any initial condition and any choice of
matrices P; and P; satisfying (29) if, and only if,

2
)\max (Z;\Ll sl,kRu,Z)

0 < pp <

Proof: In view of Lemma 1 and (36), we have asymp-
totic unbiasedness if, and only if, the matrix I — MD is stable.
Thus, we require I — pup Zle N, 51,k Ry, to be stable for all
k, which, by using >,/ s Ry, > 0, is equivalent to |1 —
Amax (11 S gens, stxRut)] < 1 and (37) follows. O

Notice that the maximum eigenvalue of a Hermitian matrix
X is convex in the elements of X [22, p. 118], and from the
convexity of the coefficients s; j, we have from (37)

N N
/\max (Zsl,kRu,l> stl,k)\max(Ru,l) Sl max )\max(Ru,l)-
=1 =1

=1,.,N

Thus, we note that a sufficient condition for unbiasedness is
0< Bre < 2/ maxj=1,.,N /\max(Ru,l)~

C. Variance Relation

We now study the mean-square performance of the general
diffusion filter (28). To do so, we resort to the energy conserva-
tion analysis of [16], [17], [23], [31]. Evaluating the weighted
norm of w; in (33) we obtain
Ellwi|[3; = Ellw;—1 ||

IS =1lp, 1-D; M)P.=PT (1-MD;)PT
+E[GI MPYPT MG (38)
where ¥ is any Hermitian positive-definite matrix that we are
free to choose. Using Assumption 1, we can rewrite (38) as a
variance relation in the form

E||lw;||3 = Ellwi_1 1% + Tr[SP3 MGMP;]
Y = PiPyYPy PL — PiDMPYP; Py
— PiPoX Py MDPY

+ E(P1D; MP, %Py MD;PL). (39)

Let

o=vec(X), X =vec (o)

where the vec( - ) notation stacks the columns of its matrix argu-
ment on top of each other and vec~'( - ) is the inverse operation.
We will also use the notation ||@||2 to denote ||w||%. Using the
Kronecker product property

vec(USV) = (VT @ U)vec(D) (40)
and the fact that the expectation and vectorization operators
commute, we can vectorize expression (39) for ¥’ as follows:

o' 2 vec(X) = Fo
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where the matrix F' is given by

F=/Pi@P){I-1®(DM) - (D*"M)® I+

E[(Df M) ® (DiM)]}(P2 ® Ps) “D

Using the property Tr(%X) = vec(XT)? o we can rewrite (39)
as follows:

E|lw;||? = E||lwi_1||%, + [vec(PTMGT MP,y)|[To. (42)

D. Special Cases

We now specialize our results to different cases, namely the
case of small step-sizes, and the case where the regressors are
Gaussian.

1) Small Step-Sizes: Note that the step-sizes {ur,k =
1,..., N} only influence (42) through the matrix M. When
these step-sizes are sufficiently small, the rightmost term of
(41) can be neglected, since it will depend on {u2}, while all
other terms will depend at most on {y}. In this case, we get
(43), shown at the bottom of the page.

2) Gaussian Regressors: Assume now that the regressors
are circular complex-valued Gaussian zero-mean random vec-
tors. In this case, we can evaluate the right-most term in (41) in
terms of the fourth moment of a Gaussian variable. We show in
Appendix II that in this case, F' is given by (44), shown at the
bottom of the page, where § = 1 if the regressors are complex,
(B = 2 if the regressors are real, r,,, = vec(R,,, ), and the re-
maining quantities are given by

S = diag{sm 1, .-, Smn I} = diag(el, S) ® Iy (45)
and
In®e;

Lm=In® ® 1 (46)

In ®en

with e,,, being column vectors with a unit entry at position m
and zeros elsewhere.
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E. Mean-Square Performance

1) Steady-State Performance: In steady-state, and assuming
that the matrix I — F' is invertible (see Section IV-E-3), we have
from (42)

[vec(Py MGT MPs)] o

E”'HJOOH%I—F)J = (47)

The steady-state MSD and EMSE at node k are defined as [16]
MSDy, = E|lwy; — w°||? and EMSE}, = El|uy ;i ;—1|°.

The MSD at node k can be obtained by weighting E||w. ||? with
a block matrix that has an identity matrix at block (k, k) and
zeros elsewhere. We denote the vectorized version of this matrix
by my, i.e.,

my, = vec(diag(ex) ® Inr).

Then, choosing ¢ = (I — F)~'my, the MSD becomes (48),
shown at the bottom of the page.

The EMSE at node  is obtained by weighting E||w..||* with
ablock matrix that has R,,, atblock (k, k) and zeros elsewhere,
that is, by selecting

. = vec(diag(ex) ® Ry,)

and o = (I — F)~1r, the EMSE becomes (49), shown at the
bottom of the page. The network MSD and EMSE are defined
as the average MSD and EMSE, respectively, across all nodes
in the network:

1

MSsDretvork £ MSD;, = NE||&;OO||2

2| =
WE

k=1

M=

EMSEI]EtWOrk é EMSEk

k=1

2= ==

EHﬁ}OOHgiag{RuJ,...,RU_N}'

| F=(Pi@P){I-1®(DM)— (DTM)@ [}(P,@Ps) |- (43)
F=(PaP) {(I— DT M) @ (I — DM) +

BEY_ (ST © [Suly & Ru, N} LM & M)} (P26 P2) “

| MSDy, = Elfiroo |2, = [veo(PIMGT MP)|* (I — F)~"lmy, |. (48)

| EMSE), = Elfioo|?, = [veo(PTMGTMPy)|T(I - F) Ly, |. (49)
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2) Transient Analysis: Starting from (42), we define r =
vec(PF MGT MP,) and we get

Bllw;||7 = Bllwi 1|7, + "o
i
%71’+10-+7‘T2Fjg

=0

Fit—pye + 1 Fla (50)

= Ellw_,|

= Ellw [l — [Jw’|

where we assumed wy,—1 = 0 for all k. Thus, by taking o = 7,
or ¢ = my, we can compute, recursively, the instantaneous
EMSE and MSD, respectively, for every node in the network and
for every time instant. Equation (50) is also useful to compute
the steady-state EMSE and MSD when N and M are large, and
inverting the matrix I — F (of size M?N? x M?N?) is not
computationally tractable.

3) Convergence Analysis: We now provide conditions on the
step-sizes for mean-square convergence. Let L = M N and let
p(z) denote the characteristic polynomial of the L% x L? matrix
F, where

p(x) = det(z] — F) = 25 4 pra_qz™ 14 o 4 pq.

Then we have
FV = —pg—piF — - —ppa  FF' 7L

Let ¢ = vec(Ir.), and selecting 0 = Fiq,j = 0,...,L% — 1,
we have

E|w;]|? 0 1 0o ... 0
B 7, 0o 0 1 0
: o 0 0 .. 1
Eljw;|?
‘ 0illias, , L=po —p1 —po —pr2-1l
Wi ;
B Ty
E”"”i—l”Fq rTFq
X . + .
B L
Bllwia|7,. -, rTFE g
W‘iil Y

Matrix F is in companion form, and it is known that its eigen-
values are the roots of p(z), which are also the eigenvalues of
F'. Therefore, a necessary and sufficient condition for the con-
vergence of W is that F is a stable matrix, or equivalently, that
all the eigenvalues of F' are inside the unit circle. In view of
Lemma 1 and (41), and noting that the matrices Py ® P, and
P1 ® P1 have real, non-negative entries and their columns add
up to one, we conclude that F' will be stable for any matrices
P, and P; if, and only if, the step-sizes {/} are such that the
following matrix is stable:

F=I-1®(DM)—- (D" M)®I+E[D! M) (D:M)].
(51)

Notice that the stability of F' guarantees that [ — F' will be
invertible, and therefore the steady-state expressions (48) and
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(49) are well defined. We conclude that in order to guarantee
mean-square convergence, the step-sizes {yx} must be chosen
such that /' in (51) is stable. This condition can be checked in
practice when the right-most term in (51) can be computed, as
in the Gaussian case, or when the step-sizes are small such that
this term can be neglected.

A simpler, approximate condition can be obtained for small
step-sizes. In this case, we have

F~(I-D"M)® (I -DM)

which is stable if, and only if, I —DT M is stable. This condition
is the same as the condition for mean stability (37) and can be
easily checked.

We summarize our results in the following theorem.

Theorem 2: Assume the data model (30) and Assumption 1
hold. Then the general diffusion LMS algorithm (28) will con-
verge in the mean-square sense if the step-sizes {yuy} are such
that the matrix 7 in (51) is stable. In this case, the steady-state
MSD and EMSE are given by (48) and (49) respectively, where
the matrix F' is given by (41). For the case of Gaussian regres-
sors, F' simplifies to (44) and F to

F=I-D"M)® (I -DM)

+8 3 ASE @ [Sm(In ® Ru, )|} Lin(M @ M).

FE. Comparison of ATC and CTA Algorithms

In Section VI, we will show through simulation examples that
the ATC diffusion LMS algorithm (24) tends to outperform the
CTA version (27). In this section we provide some insight to
explain this behavior, and show that it is always true when both
algorithms use the same weights, and the diffusion matrix sat-
isfies certain conditions.

From (24) and (27), we have

ATC: wy,; = Z ark {wl,il

1ENL

+ Z Crn, Uy [ (1) — Um,iwl,i—l]}

menN;
CTA : wy,; = Z aj {wl,i—l
1EN,,
+ 1 Z cm7kufn,i[dm(i) - Um,iwl,i—l]} .
mENk

The above expressions show that in order to compute the
new estimate wy, ;, the CTA algorithm uses the measurements
{dk (i), ur,;} from all nodes m in the neighborhood of node k,
while the ATC version uses the measurements from all nodes m
in the neighborhood of nodes [, which are neighbors of k. Thus,
the ATC version effectively uses data from nodes that are two
hops away in every iteration, while the CTA version uses data
from nodes that are one hop away. For the special case C' = I,
the CTA algorithm uses the measurements available at node &
only, while the ATC version uses measurements available at the
neighbors of node k.
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We now present a more formal comparison. Starting from
(38), and introducing the small step-size approximation, we
have

Ellw;||5 = Bl ||3>1(I—DM)1>22732T x(I-MD)PT
+ Tr[EP; MGMPs).

If the step-size is chosen such that I — DM is stable, we get

network __ 1 ~ 2 o .- "
MSD = v Elws|® ~ ;Tr[XJY V] (52)

where we defined

X &£ PI[I — MDIPL Y & PF MGMPs.

For the ATC version, we set P; = 0 and P, = P, while for
the CTA version, we set P = 0 and P; = P, where P =
A ® Iy, and the diffusion matrix A is such that the spectral
radius of AAT is one, i.e., p(AAT) = 1. This condition is not
satisfied for general diffusion matrices, but is satisfied by all
doubly stochastic diffusion matrices (A1 = 1), and therefore
by symmetric diffusion matrices. Let

H; & [(I — MD)PTP MGM[P(I — DM)) .

Then we can write (52) as

1 oo
MSD3TE™ = < > Tr[PTH,P)
§=0
1 oo
MSDETR™ = & > Tr[H;]

~
I
<)

and therefore,

% i Te[(T - PPTYH,] > 0.

=0

network network __
MSDCTA - MSDATC -

The above inequality follows from the fact that H; is positive
semi-definite, and that when AAT has unit spectral radius, so
does PPT, and the matrix I — PP7 is also positive semi-def-
inite. Therefore, the network MSD of the CTA algorithm is
always larger than or equal to the network MSD of the ATC
version, when they use the same diffusion matrix A satisfying
p(AAT) = 1. When A does not satisfy this condition, the above
statement is not true in general, though it is usually the case that
ATC outperforms CTA, as we shall see in Section VL.

In a similar fashion, we now show that under some condi-
tions, a diffusion LMS algorithm with information exchange
(C # T) will always outperform the same algorithm with no
information exchange (C' = I). Intuitively, this behavior is to
be expected, since measurement exchange allows every node
to have access to more data. More formally, we will now as-
sume that every node has the same regressor covariance, R, =
R,, and the same noise variance, 0>, = o-. Under these as-
sumptions, D does not depend on S , and G can be written as
[Un®(o,R 1/2)]8T8[IN®(UU )] Selecting S = C'® Iy,
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TABLE III
POSSIBLE COMBINATION RULES. IN ALL CASES, ¢;,x = 0 IF{ &€ A}, AND ay,
IS CHOSEN SUCH THAT z,’il a;r = 1 FOR ALL k

Name Rule (I € Ny, [ #k) Reference
Uniform a = 1/ng [25]
Laplacian ay k= 1/Nmax [26], [27]
Maximum degree ajr =1/N [28]
Metropolis ay, = 1/ max(ng, ng) 271

Relative degree ap =mny/ (Eme N nm> 9]

v,l .
ag = 70—~ This work
(Zmé.’\/’k nmav,l)

. . ng o2
Relative degree-variance

where C satisfies 17°C = 17 and C1 = 1, we have from (52)
that

MSDnetwork MSDnetwork TI'[H(I _ STS)] > 0

where H is some positive semi-definite matrix that does not
depend on S. Again, the above inequality follows from the fact
that I — ST'S is positive semi-definite. We conclude that the
algorithm that uses measurement exchange will have equal or
lower network MSD than the algorithm without measurement

exchange, under the above assumptions.

V. CHOICE OF WEIGHTING MATRICES

It is clear from the analysis of Section IV that the perfor-
mance of the diffusion LMS algorithms depends heavily on the
choice of the weighting matrices P>, P;, and S in Table II.
There are several ways by which the combination weights can
be selected. Some popular choices of weights from graph theory,
average consensus, and diffusion adaptive networks are shown
in Table III, where n; denotes the degree of node k. Although
these rules are shown for the coefficients {a; 1}, they can also
be applied to the coefficients {c; . }, provided C1 = 1, as in the
Metropolis, Laplacian or Maximum-degree rules.

One rule that has been employed previously is the relative-
degree rule [9], which gives more weight to nodes that are better
connected. However, if a node that is well connected has high
noise variance, this rule may not be a good one as shown in [24].
We can consider a new rule denoted “relative degree-variance,”
where every neighbor is weighted proportionally according to
its degree times its noise variance as shown in Table III. This rule
assumes that the noise variance is known, or can be estimated
from the data. As we shall see in Section VI-B, this rule has
improved performance when some of the nodes are very noisy.

In the above rules, the combination weights {a; 1. } are largely
dictated by the sizes of the neighborhoods (or by the node de-
grees). When the neighborhoods vary with time, the degrees
will also vary. However, for all practical purposes, these com-
bination schemes are not adaptive in the sense that the schemes
do not learn which nodes are more or less reliable so that the
weights can be adjusted accordingly.

An adaptive combination rule along these lines can be mo-
tivated based on the analysis results of [19]. The combination
weights can be adjusted adaptively so that the network can re-
spond to node conditions and assign smaller weights to nodes
that are subject to higher noise levels. This strategy was used
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in [7], while a newer, more powerful adaptive strategy was pro-
posed in [24].

A. Weight Optimization

We now consider optimal choices for the weighting matrices
in the general diffusion LMS algorithm (28). Our objective in
this section is to find matrices P», PP, and S that minimize the
steady-state average network MSD, i.e.,

H%Rirg{ige %EH@OOHQ subject to (29).

To accomplish this, we will use expression (52), which is valid
for small step-sizes. Equation (52) is neither convex nor quasi-
convex in P; or P, in general. However, it is convex in .S when
Py and P, are fixed, since in this case Tr[X7Y (X *)7] is convex
for every j. Still, we can attempt to minimize (52) in P; or P
using a general nonlinear solver, and the following approxima-
tion:

J
1 j ]
MSDnetwork ~ N E Tr[X]Y(X*)]] (53)
j=0

where .J is some positive integer (JJ = 10 ~ 50 is usually suffi-
cient in simulations). This technique of minimizing (53) yields
very good results in practice as we shall see in Section VI.

The average MSD of (52) can be made convex in P, for P, =
I and fixed S, and convex in P; for P, = I and fixed S, if we
introduce the following three assumptions: p; = pu for every
k, R, = R, for every k, and the weighting matrices satisfy
P, = PJ and P; = P['. This can be shown by noticing that
under these assumptions, we have

Tr iXQjY =Tr[(T - X*)7'Y]

=0

Blwo*

ST = X) YT+ (T + X))

and that Tr(Y X ') is convex in X for X > Oand Y > 0
[22, p. 116]. Unfortunately, the restriction that the diffusion ma-
trices P» and P; be symmetric reduces the performance of the
diffusion LMS algorithms, and it is usually the case that opti-
mized symmetric matrices are outperformed by non-symmetric
matrices.

VI. SIMULATION RESULTS

In order to illustrate the adaptive network performance, we
present a simulation example in Figs. 4-6. Fig. 4 depicts the
network topology with N = 30 nodes, together with the net-
work statistical profile showing how the signal and noise power
vary across the nodes. The regressors have size M = 2, are
zero-mean Gaussian, independent in time and space and have
covariance matrices R, ;. The background noise power is de-
noted by 03 k-

Fig. 5 shows the learning curves for different diffusion LMS
algorithms in terms of EMSE and MSD. The simulations use a
value of ;1 = 0.05, and the results are averaged over 100 inde-
pendent experiments. For the diffusion algorithms, relative-de-
gree weights [9] are used for the diffusion matrix. For the adap-
tation matrix C, we present two cases: one where the mea-
surements are not shared (C = I), and a second where the
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Tr(Ru,k)

1 5 10 15 20 25 30 1 5 10 15 20 25 30

Node number k& Node number k&

Fig. 4. Network topology (top), noise variances o2 , (bottom, left) and trace
of regressor covariances Tr(R,, ;) (bottom, right) for N = 30 nodes.
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a o No cooperation
IS x CTA diff. LMS, C =1, [7] ]
m \ . ATC diff. LMS, C = I, (24)
n '\ o ATC diff. LMS, C = C™¢*, (24)
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Time. 4

Transient network MSD (dB)
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Time, ¢

Fig. 5. Transient network EMSE (top) and MSD (bottom) for LMS without
cooperation, CTA and ATC diffusion LMS, and global LMS.

measurements are shared. In the latter case, we use metropolis
weights [13] for the adaptation matrix, and denote it as C™°*,
This choice of relative-degree weights for the diffusion matrix
and metropolis weights for the adaptation matrix is based on
our previous work [9], though other choices are possible. We
observe that in the case where measurements are not shared
(C = I), the ATC version of the diffusion LMS algorithm out-
performs the CTA version. Note also that there is no penalty in
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——— CTA diff. LMS, C = I, [7]

— -A — CTA diff. LMS, C = I, theory
ATC diff. LMS, C = 1, (24)
— - — ATC diff. LMS, C = I, theory

—H&—— ATC diff. LMS, C = C™¢*, (24)
— ¢ — ATC diff. LMS, C = C™°", theory

Steady State EMSE (dB)

Steady State MSD (dB)

Node number, &

Fig. 6. Steady-state performance of different diffusion LMS algorithms, com-
paring simulation versus theory, using expressions (48) and (49).

using ATC over CTA, since both require one exchange per it-
eration. Further improvement can be obtained if measurements
are shared between the nodes, at the expense of requiring twice
as many communications. In our simulations, we checked that
condition (37) was met, and that the step-sizes p; were such that
(51) is stable.

Fig. 6 shows the steady-state EMSE and MSD for a set of
diffusion LMS algorithms, and compares with the theoretical
results from expressions (44), (48), and (49). The steady-state
values are obtained by averaging over 100 experiments and over
40 time samples after convergence. It can be observed that the
simulation results match well the theoretical values.

If we compute the theoretical steady-state behavior, by using
the small step-size approximation of F', given by (43), the dif-
ference is imperceptible for this value of the step-size. For a
step-size u = 0.3, this difference becomes more prominent, as
depicted in Fig. 7.

A. Hierarchical Cooperation

We now compare our proposed algorithms with two hierar-
chical LMS algorithms, namely our recently proposed multi-
level diffusion [29], and the consensus-based D-LMS algorithm
of [14]. In contrast to the diffusion algorithms proposed in this
work, where all nodes perform the same type of processing,
hierarchical algorithms introduce node hierarchy, and different
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——CTA diff. LMS, C =1, [7]

— A — CTA diff. LMS, C = I, theory (44)

— <% — CTA diff. LMS, C = I, theory, small step-size (43)
ATC diff. LMS, C = I, (24)

— © — ATC diff. LMS, C = I, theory (44)

— - — ATC diff. LMS, C = I, theory, small step-size (43)
—H——ATC diff. LMS, C = C™°*, (24)

— ¥ — ATC diff. LMS, C = C™¢", theory (44)

— < — ATC diff. LMS, C' = C™®", theory, small step-size (43

Steady State MSD (dB)

Node number, &

Fig. 7. Steady-state performance of different diffusion LMS algorithms, com-
paring simulation versus theory, using expressions (48) and (49), where F' is
computed using (43) and (44).

Fig. 8. Network topology, where red squares denote leader nodes (left) and
bridge nodes (right).

nodes perform different types of operations. Hierarchical algo-
rithms may provide increased performance at the expense of
reduced robustness, and higher complexity required to estab-
lish and maintain the hierarchies. The multi-level diffusion al-
gorithm is based on the diffusion LMS algorithm (24) proposed
here (see [29] for details). The algorithm designates a subset of
the nodes, called leader nodes, which perform a special type of
processing. The nodes that are not leaders run a conventional
diffusion LMS algorithm such as (24). At the same time, leader
nodes form a second network, where a second diffusion LMS
algorithm such as (24) is ran. This results in increased speed
and performance as we shall see, at the expense of requiring
multi-hop communications.

In order to simulate and compare different hierarchical al-
gorithms, we clustered the network as described in [29], and
the result is shown in the left plot of Fig. 8, where the leaders
are denoted by red squares. In order to compare with the con-
sensus-based D-LMS algorithm of [14], we also clustered the
nodes as described in [14]. The resulting “bridge” nodes are
shown as red squares in the right plot of Fig. 8.

Fig. 9 shows the learning curves for different LMS algo-
rithms, including the (non-hierarchical) ATC and CTA diffusion
LMS algorithms with C = I, multi-level diffusion LMS from
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Fig. 9. Transient network EMSE (top) and MSD (bottom) for different LMS
algorithms.

[29] and the consensus-based D-LMS from [14]. The step-size
for all cases is . = 0.05. Since the consensus-based D-LMS
algorithm [14] uses a step-size of value 2ji, we used i = 0.025
for this algorithm. The remaining parameters are € = 1//2[
and ¢, = 1/|By|, where |Bj| denotes the number of bridge
nodes connected to node k. For multi-level diffusion, we use
relative-degree weights for the diffusion step, and metropolis
weights for the adaptation step. We observe that among the hier-
archical algorithms, multi-level diffusion outperforms all other
solutions. The performance of the consensus-based D-LMS al-
gorithm of [14] is comparable to the performance of the CTA
diffusion LMS of [7] (or (27) with C' = I). This does not contra-
dict the results of [14], where only MSE curves were provided,
and here we are showing EMSE and MSD curves. Nonetheless,
the proposed ATC version of diffusion LMS with C' = I out-
performs [14], although D-LMS may provide savings in com-
munications as discussed in [14].

B. Weight Optimization

We now show a simulation where the diffusion weights A are
either optimized or adapted. The results obtained when nodes
have similar noise and regressor statistics across space are sim-
ilar to the results obtained by using an ad hoc choice for the
diffusion weights (using, for instance, relative-degree weights).
However, as noted in [24], weight adaptation provides a con-
siderable improvement in performance when the noise statistics
across the nodes are very different. In particular, we will con-
sider the case where all regressors across nodes have the same
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Fig. 10. Noise variances o2 ; (left) and trace of regressor covariances
Tr(R. ) (right) for N = 30 nodes, where the noise variance of three nodes
is increased by a factor of 50.
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ATC diff. LMS (24), optimized weights, A = AT
diff. LMS, adaptive weights [24]
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Fig. 11. Transient network EMSE (top) and MSD (bottom) for different
LMS algorithms. All diffusion LMS algorithms use C' = I (no measurement
sharing).

covariance matrix, but the noise variances o2, of three nodes
are fifty times higher than the average of the femaining nodes.
The noise profile is shown in Fig. 10.

Fig. 11 shows the resulting learning curves for different al-
gorithms, including LMS without cooperation, ATC diffusion
LMS with C' = I, the adaptive weighting technique of [24],
ATC diffusion LMS with C' = I and A optimized according to
(53), ATC diffusion LMS with C' = I and relative-degree-vari-
ance weights from Table I1I, and the global LMS solution. The
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optimized weights were computed using the MATLAB Opti-
mization Toolbox. We observe that the optimized solution pro-
vides the best performance, and is even better than the global
steepest descent solution (13). The relative-degree-variance rule
achieves a performance close to the optimal one, and the adap-
tive algorithm of [24] also achieves performance better than the
global solution (13). The reason is that both the relative-de-
gree-variance rule and the optimized weights assume knowl-
edge of the noise variances at each node o2 ; , while the adaptive
algorithm of [24] learns this noise variance on the fly. In con-
trast, the global steepest descent solution (13) does not utilize
or attempt to estimate the noise variance.

VII. CONCLUSION

We presented a general form of diffusion LMS algorithms,
and formulated the Adapt-then-Combine and Combine-then-
Adapt versions of diffusion LMS, which allow information ex-
change. Steady-state mean and mean-square analysis was pre-
sented and matched well with simulation results. Convergence
of the algorithms was also analyzed. It is observed that the ATC
version of diffusion LMS outperforms the original diffusion
LMS from [7] and better performance can be obtained if mea-
surements are also shared. We also showed how to formulate
the weight optimization problem in such a way that it can be
approximately solved using a nonlinear solver, and discussed
restrictions required to formulate it as a convex problem. We
showed that the optimized weights outperform other solutions,
including the global steepest-descent solution, when some of the
nodes are extremely noisy.

APPENDIX |
PROOF OF LEMMA 1

Assume that X is stable. A known result in matrix theory [30,
p. 554], [16] states that for every square matrix X, and every
€ > 0, there exists a submultiplicative matrix norm* || - ||, such
that | X||, < p(X) + ¢, where p(X) is the spectral radius of X
Since X is stable, p(X) < 1, and we can choose ¢ > 0 such
that p(X) 4+ e = A < land|X||, <A < 1. Then we have

Yl < 0 2) I (PE) Mol X
< NIL(PE) Wl (PF) -
Now, since both Pi and Pj have non-negative entries with
columns that add up to one, they are element-wise bounded by
unity. This implies that their Frobenius norms are bounded, and

by the equivalence of norms, so is any norm, and in particular
(P3) ||, and ||(P{)"]],- Thus, we have

lim [[Y7]], = 0
1— 00

so Y converges to the zero matrix for large 7. Therefore, Y is
stable.

4A submultiplicative matrix norm satisfies | AB|| < || A]| - || B]|.
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Conversely, assume X is not stable. Then, for the choice P» =
Py = 1,Y isnot stable. O

APPENDIX II
DERIVATION OF (44)

In view of (45), we can rewrite D in (34) as

D=> 8.(I®R.y,).

Assume now that the regressors are circular complex-valued
Gaussian zero-mean random vectors. Then, for any Hermitian
matrix W it holds [16, p. 46]

Eluy, jur iWuj ;] = Ry W Ry, + BOri Ry, Tr(WR,,)

where § = 1 if the regressors are complex, and 3 = 2 if the
regressors are real. Consider the matrix K = ED; QD; where
Q = MPYPT M. Its {k,1} block is given by

Kk,l:E E Sy kS 1 By, (U i Qk 1%y, U

= Z Z sm,ksn,l[Rquk,lRun
+ BmnRu,, Tr(Qr, 1 Ry,

and we can write

where

Iy, qua Inry, 1N

Zm = . .
Iy, ana Ivry,ann
Qi1 = vec(Qr,1), Tm = vec(R,,,).
Taking the vector operator of the above matrix K, and using
property (40) obtain
vec(K) = (DT @ D*)vec(Q)
+ Z S @ [Sm(IN @ Ry, )]vec(Zn)

vec(Zm) = Lyvec(Q) (54)

where L,, is given by (46). Equation (44) follows.

ACKNOWLEDGMENT

The authors would like to thank the anonymous reviewer for
a suggestion relevant to Section IV-F.

REFERENCES

[1] D. Estrin, L. Girod, G. Pottie, and M. Srivastava, “Instrumenting the
world with wireless sensor networks,” in Proc. Int. Conf. Acoust.,
Speech, Signal Process. (ICASSP), Salt Lake City, UT, May 2001, vol.
4, pp. 2033-2036.

Authorized licensed use limited to: Univ of Calif Los Angeles. Downloaded on March 04,2010 at 20:11:12 EST from IEEE Xplore. Restrictions apply.



1048

[2] C. G. Lopes and A. H. Sayed, “Distributed processing over adaptive
networks,” in Proc. Adaptive Sensor Array Processing Workshop, Lex-
ington, MA, Jun. 2006.

[3] A. H. Sayed and C. G. Lopes, “Adaptive processing over distributed
networks,” IEICE Trans. Fund. Electron., Commun. Comput. Sci., vol.
E90-A, no. 8, pp. 1504-1510, Aug. 2007.

[4] A. H. Sayed and F. Cattivelli, “Distributed adaptive learning mecha-
nisms,” in Handbook on Array Processing and Sensor Networks, S.
Haykin and K. J. Ray Liu, Eds. New York: Wiley, 2009.

[5] C. G. Lopes and A. H. Sayed, “Distributed adaptive incremental
strategies: Formulation and performance analysis,” in Proc. IEEE Int.
Conf. Acoust., Speech, Signal Process. (ICASSP), Toulouse, France,
May 2006, vol. 3, pp. 584-587.

[6] C. G. Lopes and A. H. Sayed, “Incremental adaptive strategies over
distributed networks,” IEEE Trans. Signal Process., vol. 55, no. 8, pp.
4064-4077, Aug. 2007.

[7] C.G.Lopes and A. H. Sayed, “Diffusion least-mean squares over adap-
tive networks: Formulation and performance analysis,” IEEE Trans.
Signal Process., vol. 56, no. 7, pp. 3122-3136, Jul. 2008.

[8] F. S. Cattivelli, C. G. Lopes, and A. H. Sayed, “A diffusion RLS
scheme for distributed estimation over adaptive networks,” in Proc.
IEEE SPAWC, Helsinki, Finland, Jun. 2007, pp. 1-5.

[9] F. S. Cattivelli, C. G. Lopes, and A. H. Sayed, “Diffusion recursive
least-squares for distributed estimation over adaptive networks,” IEEE
Trans. Signal Process., vol. 56, no. 5, pp. 1865-1877, May 2008.

[10] F.S. Cattivelli, C. G. Lopes, and A. H. Sayed, “Diffusion strategies for
distributed Kalman filtering: Formulation and performance analysis,”
in Proc. Workshop on Cognitive Inf. Process., Santorini, Greece, Jun.
2008.

[11] F. S. Cattivelli and A. H. Sayed, “Diffusion mechanisms for fixed-
point distributed Kalman smoothing,” in Proc. EUSIPCO, Lausanne,
Switzerland, Aug. 2008.

[12] S. S. Ram, A. Nedic, and V. V. Veeravalli, “Stochastic incremental
gradient descent for estimation in sensor networks,” in Proc. Asilomar
Conf. Signals, Syst., Comput., Pacific Grove, CA, 2007, pp. 582-586.

[13] L. Xiao, S. Boyd, and S. Lall, “A space-time diffusion scheme for
peer-to-peer least-squares estimation,” in Proc. IPSN, Nashville, TN,
Apr. 2006, pp. 168-176.

[14] 1. D. Schizas, G. Mateos, and G. B. Giannakis, ‘“Distributed LMS for
consensus-based in-network adaptive processing,” IEEE Trans. Signal
Process., vol. 8, no. 6, pp. 2365-2381, Jun. 2009.

[15] S.S. Stankovic, M. S. Stankovic, and D. S. Stipanovic, “Decentralized
parameter estimation by consensus based stochastic approximation,” in
Proc. 46th Conf. Decision Control, New Orleans, LA, Dec. 2007, pp.
1535-1540.

[16] A.H. Sayed, Fundamentals of Adaptive Filtering. New York: Wiley,
2003.

[17] A. H. Sayed, Adaptive Filters. New York: Wiley, 2008.

[18] A. Nedic and D. Bertsekas, “Incremental subgradient methods for
nondifferentiable optimization,” SIAM J. Optim., vol. 12, no. 1, pp.
109-138, 2001.

[19] J. Arenas-Garcia, A. Figueiras-Vidal, and A. H. Sayed, “Mean-square
performance of a convex combination of two adaptive filters,” IEEE
Trans. Signal Process., vol. 54, no. 3, pp. 1078-1090, Mar. 2006.

[20] Y. Zhang and J. A. Chambers, “Convex combination of adaptive filters
for a variable tap-length LMS algorithm,” IEEE Signal Process. Lett.,
vol. 13, no. 10, pp. 628-631, Oct. 2006.

[21] M. Silva and V. H. Nascimento, “Convex combination of adaptive
filters with different tracking capabilities,” in Proc. IEEE Int. Conf.
Acoust., Speech, Signal Process. (ICASSP), Honolulu, HI, Apr. 2007,
vol. 3, pp. 925-928.

[22] S. Boyd and L. Vandenberghe, Convex Optimization. Cambridge,
U.K.: Cambridge Univ. Press, 2004.

[23] T.Y. Al-Naffouri and A. H. Sayed, “Transient analysis of data-normal-
ized adaptive filters,” IEEE Trans. Signal Process., vol. 51, no. 3, pp.
639-652, Mar. 2003.

[24] N. Takahashi, I. Yamada, and A. H. Sayed, “Diffusion least-mean
squares with adaptive combiners,” in Proc. Int. Conf. Acoust., Speech,
Signal Process. (ICASSP), Taipei, Taiwan, Apr. 2009, pp. 2845-2848.

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 58, NO. 3, MARCH 2010

[25] V. D. Blondel, J. M. Hendrickx, A. Olshevsky, and J. N. Tsitsiklis,
“Convergence in multiagent coordination, consensus, and flocking,”
in Proc. Joint 44th IEEE Conf. Decision Control Eur. Control Conf.
(CDC-ECC), Seville, Spain, Dec. 2005, pp. 2996-3000.

[26] D. S. Scherber and H. C. Papadopoulos, “Locally constructed algo-
rithms for distributed computations in ad hoc networks,” in Proc. Infor-
mation Processing Sensor Networks (IPSN), Berkeley, CA, Apr. 2004,
pp. 11-19.

[27] L. Xiao and S. Boyd, “Fast linear iterations for distributed averaging,”
Syst. Control Lett., vol. 53, no. 1, pp. 65-78, Sep. 2004.

[28] L. Xiao, S. Boyd, and S. Lall, “A scheme for robust distributed sensor
fusion based on average consensus,” in Proc. IPSN, Los Angeles, CA,
Apr. 2005, pp. 63-70.

[29] F. S. Cattivelli and A. H. Sayed, “Multi-level diffusion adaptive net-
works,” in Proc. Int. Conf. Acoust., Speech, Signal Process. (ICASSP),
Taipei, Taiwan, Apr. 2009, pp. 2789-2792.

[30] T. Kailath, A. H. Sayed, and B. Hassibi, Linear Estimation. Engle-
wood Cliffs, NJ: Prentice-Hall, 2000.

[31] N.R. Yousef and A. H. Sayed, “A unified approach to the steady-state
and tracking analysis of adaptive filters,” IEEE Trans. Signal Process.,
vol. 49, no. 2, pp. 314-324, Feb. 2001.

[32] F. S. Cattivelli and A. H. Sayed, “Diffusion strategies for distributed
Kalman filtering and smoothing,” IEEE Trans. Autom. Control, 2010,
to be published.

Federico S. Cattivelli (S’03) received the B.S.
degree in electronics engineering from Universidad
ORT, Uruguay, in 2004 and the M.S. degree from
the University of California, Los Angeles (UCLA),
in 2006. He is currently pursuing the Ph.D. degree
in electrical engineering at the same university.

He is a member of the Adaptive Systems Labora-
tory at UCLA. His research interests are in signal pro-
cessing, adaptive filtering, estimation theory, and op-
timization. His current research activities are focused
in the areas of distributed estimation and detection
over adaptive networks. Previous research activities include Doppler shift fre-
quency estimation for space applications (in collaboration with the NASA Jet
Propulsion Laboratory), and state estimation and modeling in biomedical sys-
tems (in collaboration with the UCLA School of Medicine).

Mr. Cattivelli was a recipient of the UCLA Graduate Division and UCLA
Henry Samueli SEAS Fellowship in 2005 and 2006.

Ali H. Sayed (F’01) is Professor and Chairman of
Electrical Engineering at the University of California,
Los Angeles (UCLA), where he directs the Adaptive
Systems Laboratory (www.ee.ucla.edu/asl).

Dr. Sayed is a Fellow of the IEEE and has served
on the editorial boards of several journals, including
as Editor-in-Chief of the IEEE TRANSACTIONS
ON SIGNAL PROCESSING. He has published widely
in the areas of adaptive systems, statistical signal
processing, estimation theory, adaptive and cognitive
networks, and signal processing for communica-
tions. He has authored or coauthored several books, including Adaptive Filters
(Wiley, 2008), Fundamentals of Adaptive Filtering (Wiley, 2003), and Linear
Estimation (Prentice-Hall, 2000). His work has received several recognitions,
including the 1996 IEEE Donald G. Fink Award, the 2003 Kuwait Prize, the
2005 Terman Award, and the 2002 Best Paper Award and 2005 Young Author
Best Paper Award from the IEEE Signal Processing Society. He has served as
a 2005 Distinguished Lecturer of the same society and as General Chairman of
ICASSP 2008. He is serving as the Vice-President at Publications of the IEEE
Signal Processing Society.

Authorized licensed use limited to: Univ of Calif Los Angeles. Downloaded on March 04,2010 at 20:11:12 EST from IEEE Xplore. Restrictions apply.



