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Stable Pole—Zero Modeling of Long FIR Filters

with Application to the MMSE-DFE
Naofal Al-Dhahir, Ali H. Sayed, and John M. Cioffi

Abstract—The problem of approximating a long FIR filter —aspects. First, the tail of a long FIR filter was assumed
by a reduced-parameter stable pole—zero filter is addressed in jn [4] to be accurately modeled by two poles only. This
this paper. We derive a computationally efficient order-recursive  45mption is specific to the high-bit-rate digital subscriber
algorithm that achieves this task with high accuracy. Our main | HDSL . t idered in 141, Alth h
emphasis is on applying this gilgorithm to reduce.the implemen- oop ( ) eHVIrolnmen. considered in [4]. oug _We
tation complexity of the decision feedback equalizer's long FIR Shall also present simulation results from the HDSL environ-

feedforward and feedback filters encountered in high-speed data ment, our algorithm is quite general and does not make any

transmission on digital subscriber loops. such assumptions. Second, precursor ISI was assumed to be
Index Terms—Decision-feedback equalizer, digital subscriber Negligible in [4], and hence the feedforward filter was taken
lines, pole-zero models. to be a short FIR filter. We do not make this assumption

either since, for higher data rates and less benign channel
characteristics, as in the asymmetric digital subscriber loop
(ADSL) environment, the feedforward filter must be very
N A VARIETY of applications, the engineer is faced withjong to achieve satisfactory performance. Therefore, we shall
the task of implementing a long finite-impulse responsgtempt to approximate both the feedforward and feedback
(FIR) filter on a digital signal processor. Although in somégiters by pole—zero models. Finally, the DFE coefficients were
situations the underlying true response is of infinite lengébmputed in [4] using adaptive IIR algorithms. Again, the
(IIR), assuming it to be FIR (e.g., by truncating up to thenvironment-specific assumption of a two-pole model made
most significantV. samples) has some advantages. Amongability monitoring a simple task, which would not be the
those advantages are ease of computation (e.g., through di€e in situations where a two-pole model is not adequate
use of efficient time-domain algorithms such as the Levinsga.g., in echo cancellation). Instead, we shall compute the
algorithm or frequency-domain algorithms such as the FRIFE coefficients directly from the available channel and noise
algorithm) and a lower sensitivity to finite-precision effectsestimates using the efficient algorithms of [1]. In case of
However, to achieve satisfactory performance, a large numbgf/ironment changes, straightforward adaptation is performed
of FIR filter taps is usually needed. This can lead to gn the long FIR filter, which is then converted to a pole—zero

prohibitive implementation cost in terms of the increaseﬁjter for a reduced-comp|exity imp|ementati0n_
memory needed to store the filter taps and the large record

of previous input samples, in addition to the high processing |
power required to compute the filter output samples through . ) _
sum-of-products calculations. This cost even multiplies for e shall start by deriving aew algorithm for approxi-
high-speed applications and time-varying environments whef&ting a long FIR filter by a pole-zerstable filter with

the filter taps are frequently updated. many fewe_r taps. Th|§ algorlthm is a gengrallzatlon of the

In this paper, we study the generic problem of approxima%\__RMA—Lew_nson algorithm derived in [9] using thg “err_1bed-

ing a long FIR filter by a pole—zero filter with a much smallefing” technique of [7]. The novelty in our algorithm is
total (numerator and denominator) number of coefficient@Pility to relax the restriction of equal numbers of poles and
with a special focus on the decision feedback equalizatigfi/osthat was imposed in [9], [7]. This flexibility will prove
application. Although this problem was also studied in [4{° be useful in obtaining better fits, as will be demonstrated

our approach differs significantly from that of [4] in severaPy the simulation results of Section Iil. _
The output samples of the long FIR filter are givenjay=
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{yr, zr}. If we denote these estimates at tyﬁm recursion Therefore, we have
i J i ; j
(1<) <p)by{af, - afyng, - n)_s} wheres S p—g > R(0) +OIR(-1)+ -+ & R(—j)=%!, i=0. (7

0, then we can relate the output samples ofARMA (4, j—6) 7
filter to those of the original FIR filter as follows: Alternatively, (5) and (7) can be written in matrix form as
y difg p follows:
k= Uk 4 . .
:_aj:gk PR N e .. o] I
kL T Bl T T R0) - R(=(i-1) R(-j)
+njzp_1+-+ nj_éxk_ﬂ_(g + e, 2) . . . .

wheree! is the jth-order residual error sequence amd= 0 R(Gi—-1) .- R(0) R(-1)
for i <0. In words, at thejth recursion, we determine an R(j) - R(1) R(0)
estimate of an ARMA model in which the difference between =0 --- 0 E]f], (8)

the number of poles and zeros is aloi.e., equal to the
desired difference — q.

Assuming {x} to be white and thatj,_; = yr—; for ORI = 0 .- 0 qu]_
1 < i < p (i.e., that previous estimates have been accurate) !

or, more compactly

Equation (8) describes gth-order AR model whose vec-
4 tor parameters@f can be calculated by solving a block-
ARMA model of (2) can be converted to the two-channefoeplitz Hermitian system of linear equations. This can be
autoregressive (AR) model: done efficiently using the following multichannel form of the
famed Levinson algorithm, sometimes known as the Levin-

and defining the augmented vect;ax xy" then the
k+6

Y] ————— e
2k = =612 O5-12k-s+1 i son-Wiggins—Robinson (LWR) algorithm [5], [6].
— ngk_é e lek i+ { } Algorithm (Generalized ARMA-Levinsoniven
Thts {R(0), -, R(p)}-
LN, initial Conditions_ o: = K = —Rj(cl)fz_l(o);dii =
K = —-R(-1)R ( X = (I - K{K))R(0); Y] =
where we have defined the (matrix) prediction coefficients ?j K Kf) R(0).
the linear predictog;. as follows: Recursions:For 1 < j < p — 1, see (9) at the bottom of
-4 0 . the page, where the backward prediction vector
' 0 ¢ ML 1<i<é6-1 ' '
—el ;o 3) &Yo@ . ]
T M| s<i<y
0 0o =t=J satisfies the following auxiliary block-Toeplitz system of equa-
tions:

Using theorthogonality principlewhich states that’[(z;, — o
%.)2i_;] = 0 wherei = 1,2,-..,5 and (-)* denotes the PR =[5 0 - 0]
complex-conjugate transpose, we get

<Zk + zj: ®£lzk—rn

m=1

Assuming the input sequence to hbaite (i.e., R..(l) =
S.61), then the output autocorrelation and input—output cross-
E Zp—i| =0 (4) correlation sequences needed to form (6) can be computed

using knowledge of the FIR filter taps as follows:

or, equivalently,
Ri) +OIR(i—1)+---+ORG—j)=0, 1<i<j Hul=5% Y hwhig Rye(l) = Soha = Ry, (<)

5 m=0
_ © The parametergaf,---,ab,ng,n},---,n} are read off
where we have defined directly from ©2(1 < i < p).
RO Bzt = { s(1) Rya(i— 6)} R (=) Remarks:
acy(L+6) Rys (1) ' 1) Provided that{z;} is white, we can show that the

(6) ©’'s generated by the recursions of (9), indeed follow
the form of (3), i.e., they have a second row of all

For ¢ = 0, we have zeros, usingnduction as follows. First, we show that

J ' the initial condition®@; has the desired form. Then, we
El(zx — 21)z3] = E <Zk +> anzk—m> Zk] assume it ol and show that it holds fa®/*! (where
m=1 1 <4< j).
' . Since®! = —R(1)R(0)~!, it suffices to show that
0) + Z 6,,R(-m) the second row ofR(1) consists of all zeros. This
m=l1 follows directly from (6) sinceR,.(1) = 0 and R, (1+

def

= Elex(zr — 21)"] = Elexej] = X7 8) = Suh? (5 = 0 (sinces > 0 and {hy} is causal).
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2)

3)

4)

5)

Now, assume tha®’ has a second row of all zeros;
then, using the recursion

i1 . .
o] :9£+K1f+1¢a]'—i+1
yaY) f b\—1 g
—Qf—AjH(Ej) 45}—14-1

we need only show tha‘ﬂ]’:rl has an all-zero second
row. This follows from the recursion

J
Agf—l—l = R(J + 1) + Z R(m)eﬁ'—m-l-l

m=1

and the fact thaf?(i) has a second row of all zeros for
i > 1 [cf. (6)]. Note that sinced’] = K7, it also
has this same special structure.

The diagonal nature o/ for >0 can be shown
from (2) by using the assumed whiteness{ef.} and

causality of {hs}.

The algorithm uses both forward and backward reflec-

tion coefficient matrices. By defining a suitalsiermal-
ization it is possible to perform the order update using
a single reflection coefficient matrix [5].

The generated pole—zero models greranteedto be
stable. Next, we shall outline a proof of this fact. Define
the jth-order predictor polynomial matrix shown in
the equation at the bottom of the page. It is a well-
known result (see [3, Theorem 5.1]) that, sir@é(D)

is generated by the multichannel Levinson algorithm, its
determinant, which is equal te(D), is guaranteed to
be stable.
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6) The proposed algorithm is a two-channel Levinson al-
gorithm, which is known to have a computational com-
plexity of O(2(max(p, q))?) operations [6], [5]. Further-
more, the algorithm can be implemented imarmal-
ized form. This alternative form involve®rthogonal
rotations only, which have desirable numerical and
computational properties.

A multichannel least squares algorithm with a different
number of parameters in each channel was previously
derived in [8]. However, the algorithm of [8] is distinct
from ours in that it is of lattice type, time-recursive,
and has a computational complexity 6X36 max(p, q))
which is higher than the complexity of our algorithm
when max(p,q) < 18. Finally, the algorithm in [8]
was not derived using the “embedding” approach that
we follow here. In fact, the use of “embedding” to
approximate long FIR filters by ARMA filters with
unequal numbers of poles and zeros is new, to the best
of our knowledge.

In choosingp and ¢, we assume a maximum allowable
implementation complexity, which in turn sets an up-
per bound on their values. Therefore, we seek to find
the best, in terms of low normalized norm tap error
NNTE % (222, |hi = hi2/2N5E |ha|?), pole—zero
approximation subject to this complexity constraint. It
is worth emphasizing that increasingand/or ¢ could
result in a worse approximation, depending on the FIR
filter response.

7

8)

IIl. SIMULATION RESULTS
The FIR MMSE-DFE consists of two filters: a feedforward

The algorithm does not restrict the generated pole-z&fger (D) that combats precursor ISl and noise, and a
approximations to be minimum phase (i.e., the zeros gfrictly causal feedback filteb(D) that suppresses postcur-
the numerator polynomial could lie inside the unit circlgor |S]. The channel impulse response is assumed to be a
intheD & -1 domain). This result can be explained afinear time-invariant FIR filter with memory. For wide-
follows. The numerator coefficients are read off directlpand transmission on twisted copper linesjs very large,
from the matrix coefficients®; computed using the which entails the use of very long feedforward and feedback
LWR algorithm. The only constraint o®] is that filters to achieve satisfactory performance. We shall apply the
det(67(D)) is stable. This determinant iadependent algorithm of Section Il to convert these long FIR filters to
of the numerator polynomial(D) because of the upper pole-zero filters with many fewer parameters, without losing
triangular nature of®@’(D) (see Remarks 1) and 4)stability, and while still maintaining satisfactory performance.

above).

Other applications of the algorithm are discussed in [2].

Al =R(j+1)+R(j)®] + -+ R(1)©!

K7, = — Al (3%~ forward reflection coefficient matrix

K f == A’; +1(E]f )~L: backward reflection coefficient matrix

E]fH = - K]fHK’;»H)Ef: forward prediction residual error matrix

Xt = - K%, K, )% backward prediction residual error matrix

O/ =6] + K[, ¥_,,,, 1<i<y

jSi :K§+1

& =] + K16, 1<i<y

& =K 9)
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by a pole—zero model.

2
=4 : H
2 : Feedback Filter -
& . - ARMAG)2)
8 : ; -~ ARMA(449)
g 04 ----- s AR'MA(7;3')'
g = : ; ;
Y Y S S T —
L0 e e .
-1 " i i i i i
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Tap Index
Fig. 1. Pole-zero approximations of the feedback filter.
TABLE |
ARMA A PPROXIMATIONS FORD(D) AND THEIR ACHIEVABLE NNTE's
Model Order || b(D) | NNTE(dB)
—1+0.5354D0+40.5056 D2 9 < .
ARMA(3, 2) “ 1-1.3501040.2757D2+.1275D3 ” —27.2946
—140.6731D+0.7541D%—.2917D°—.1145 D% ” a1 1a¢
ARMA(47 4) ” 1-1.4879+-0.1395D240.5757D3 - .1944D* 31.1634
—1+.7325D+4.572D%— 2791 D"
ARMA(7,3) H 1-1.5472D+.3699D240.3943D° —.2299D*+.0636 D5~ .0157D6+.0048D7 —31.384
TABLE I
ARMA A PPROXIMATIONS FORw1 (D) AND THEIR ACHIEVABLE NNTE's
Model Order | (D) | NNTE(dB)
P 47.1549-6.47771)~18.9055 D> =
ARMA(3,2) ” [ 1.0134D~.127D%+.307D° H —36.5522
= 47.1549—4.3601)—24.7598 D> =
ARMA(3, 2) ” 1—.9685D - .29051)°+.3231 D? — 026302 1 .0166D° H —41.9531
: 47.1549—6.5874D ~24.40241)2 o
AR'MA(()"Z) H 1—1.0157D—.2416D2+.309103—.0193D*+.0131D5+.0028 D% —12.2905
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We have found through extensive computer simulations thatFor the HDSL environment, we shall assume the worst
a direct reduced-parameter pole—zero approximation of tbase 9 kft 26 gauge DSL. The input power level is 17 dBm,
feedforward filter is very difficult to obtain. This is due toevenly distributed over the transmission bandwidth, and the
the fact that the initial part of the impulse response (IR) pridwo-sided AWGN power spectral density (psd) is taken to be
to the peak could be very long. Pole-zero models can moké13 dBm/Hz. The standardH..(f)|?> = kxexrf>/? near-
easily model the decaying tail of the IR following the peakend crosstalk (NEXT) model is adopted withpxt = 10713,
With this observation in mind, we proposed in [2] to “split"The target bit rate is set at 800 kbits/s, and the input signal
the IR of the feedforward filter at its peak sample into twoonstellation is 16-QAM, which is near optimum in this case.

components, and to approximate each component separatelfixed probability of errorP, = 10~7 is assumed and a
4.2 coding gain is included. The finite-length MMSE-DFE is

/(D)L I+6ID+ -+ 6D
_ [(1+a{D+---+ajﬁD1) —D°(n)+niD+ - +nl_sDi™%)
0 1

def {a(é)) —nl(D)} '
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TABLE Il
ARMA A PPROXIMATIONS FOR w2 (D) AND THEIR AcHIEVABLE NNTE’s
Model Order || Wy (D) | NNTE(dB)
ARMA(2,1) | =60874 43480 | —26.0219
ARMA(G.3) | T [ 260361
ARMA(6,6) [ = e e || 804245

"ARMAG2)
 ARMA(S,2)

Impulse Response

Tap Index

Fig. 2. Pole—zero approximations fap,(D) (component ofw(D) after the peak sample). Note that the first sampleugf{ D) is equal to 58th

sample of w(

D).

3 ;
[=] H H
g 3 Dttt H ST SRTPTION RN .
2 — Response of w2
= ---- ARMAQ,D)
% -4 .. ARMA(3,3)
g - ARMA(6,6) _
| : é
I I —
P T i S— i
7 ; : H ; H
0 10 20 30 40 50 60

Tap Index

Fig. 3. Pole—zero approximations fer,(D) (component ofw(D) before the peak sample and time reversed). Note that the first sample (@)
is equal to the 57th sample af(D).

assumed to have 96 feedforward taps and 64 feedback tapsn Tables I-lll, we present some of the best pole-zero

This choice results in an operational margin of around 4d&pproximations of the 64-tap feedback filter and the two
components of the 96-tap feedforward filter and their cor-

dB.
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responding NNTE’s. The impulse responses of those ap- ACKNOWLEDGMENT

proximations together with that of the desired response arerpg authors would like to thank the anonymous reviewers
given in Figs. 1-3. It is evident that the proposed algorithf ihair thoughtful comments and suggestions.
generates fairly accurate pole—zero approximations with the

added advantages of significant reductions in the number of

filter coefficients, fast computation, and guaranteed stability.
In concluding this section, it is worth mentioning that

we have investigated the effect of pole—zero modeling offit] N. Al-Dhahir and J. M. Cioffi, “Fast computation of channel-estimate

_ based equalizers in packet data transmissidBEE Trans. Signal
the performance of the MMSE-DFE, as measured by the Processing vol. 43, pp. 2462-2473, Nov. 1995.

operational margin aP. = 10~7. For example, we found that [2] N. Al-Dhahir, A. H. Sayed, and J. M. Cioffi, “A high-performance cost-
using the four-pole, four-zero model given in Table | for the effective pole-zero MMSE-DFE,” irProc. Allerton Conf. Commun.,

) . . N _ Contr., Computing Sept. 1993, pp. 1166-1175.
64-tap feedback filter, together with the five-pole, two-zero andy, 5 Alpay and |. Gohberg, “On orthogonal matrix polynomial€per.

the two-pole, one-zero models given in Tables Il and Ill for the = Theory: Adv. and Appl.vol. 34, pp. 25-46, 1988.

two components of the 96-tap feedforward filter results in 441 P. Crespo and M. Honig, “Pole-zero decision feedback equalization
with a rapidly converging adaptive IIR algorithmEEE J. Select. Areas

negligible margin reduction of 0.05 dB. This further confirms o mun. vol. 9, pp. 817-829, Aug. 1991.
the accuracy of the pole—zero approximations to the origingb] T. Kailath, “Linear estimation for stationary and near-stationary pro-
FIR filters. cesses,” inLecture Notes for Arab School on Science and Technology
(Summer School on Signal Processing). Hemisphere Publishing, 1983.
[6] S. Kay,Modern Spectral Estimation: Theory and Applicationg&ngle-
wood Cliffs, NJ: Prentice-Hall, 1988.
IV.- CONCLUSION [7] D. Lee, B. Friedlander, and M. Morf, “Recursive ladder algorithms

In this paper, we derived a computationally efficient algo- for ARMA modeling,” IEEE Trans. Automat. Contrvol. AC-27, pp.

: ; : 753-764, Aug. 1982.

rithm that a_ccurate!y approximates 'OT‘Q FIR filters by S_tabl 8] F.Ling and J.gProakis, “A generalized multichannel least squares lattice
pole—zero filters with far fewer coefficients. The algorithm — algorithm based on sequential processing stadE&E Trans. Acoust.,
was successfully applied to the problem of reducing th? Speech, Signal Processingol. ASSP-32, pp. 381-389, Apr. 1984.

. . . , 9] J. Tu, “Theory, design, and application of multi-channel modulation for
implementation complexity of the MMSE-DFE's long FIR digital communications”, Ph.D. dissertation, Stanford Univ., Stanford,

feedforward and feedback filters on digital subscriber lines. CA, June 1991.
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