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From Theorem 1, we can then deduce that it is also inseparable. A direct
check of inseparability agrees with this conclusion. In fact, we have the
min-max function

F(X)=A®(Bo X)
=(a1 4+ 03+ 23,a2 + B1 + x1,a3 + [ +4L’2)/-

The corresponding monotone Boolean equation X = F(X;0)) is
X = (23,21, 22)", which has only trivial solutions.
Next, let us present an example of reducible min—max system.
Example 3: Consider the min—max system ¥ defined by

X(k+1) = F(X(k) = (21(k) V 22 (k), 21 (k) A 22 (k) .

It is straightforward to verify that ¥ is not inseparable since X =
(1,0) is a nontrivial solution to the Boolean function F(X) = X.
Let us find a reducible pair for it along the line of the first half of the
proof of Theorem 1. Note F/(X) is given in DNF form. Following the
construction of (13), we introduce a vector Y = (y1,y2, y3)' as the col-
lection of the minimal terms in the DNF of F’, namely, (y1, y2,ys3) =
(z1, 22,21 A z2)" or in matrix form

0 +oo
Y=B&oX=|42 0 o X.
0 0

As aresult, F/(X) can be expressed in terms of Y~ as

0 0 —oo) oY

FIX)=A®Y = (
’ - —oc 0

For X = (1,0)',wehaveinY = (1,0, 0)" in (15). We can then decide
thatny = |I1| =1,ne = |lb|=1and my = |Ji| = 1, m2 = |Jo| =
2. The first part of the proof claims that the pair (A, B) obtained in this
way is reducible with A;; = £ being an ny x m1 = 1 X 1 matrix,
B> = J beingan m X no = 1 x 1 matrix, and both permutations o
and 7 being identity permutations over n = {1,2} and m = {1, 2, 3}.
This agrees with the direct observations on A and B.

Remark: From computational point of view, Theorem 1 has the fol-
lowing implication. Whenever it is easy to find a structural eigenvalue
and the corresponding structural eigenvector in the (min, max,+)-al-
gebra sense, as shown in [7, Th. 2], we can decide the irreducibility
of a given min—max system and as a result establish the inseparability
property. This will save us from the work of solving Boolean equations.
On the other hand, if a min—max system is given directly in the general
form of (7), it might be difficult to decide the irreducibility by rewriting
the system in bipartite form and finding its structural eigenvalue. One
potential difficulty is that the conversion to bipartite form may intro-
duce an exponential many auxiliary variables, i.e., m = O(2"). For
some of such cases, it might be easier to test inseparability.

Example 1: (continued) According to Theorem 1 and the insepara-
bility we already established, we can deduce that the min—max system
in Example 1 is irreducible. Note, we establish the irreducibility of
this system without explicitly identifying a structural eigenvalue which
seems a nontrivial task for this example. It should be made clear that
the irreducibility means that there is no reducible pair (A, B) such that
F(X)=A® (BoX).
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Regularized Robust Filters for Time-Varying Uncertain
Discrete-Time Systems
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Abstract—This note develops robust filters for time-varying uncertain
discrete-time systems. The developed filters are based on a data regulariza-
tion solution and they enforce a minimum state-error variance propoerty.
Simulation results confirm their superior performance over other robust
filter designs.

Index Terms—Convex optimization, least-squares, parametric uncer-
tainty, regularization, robust filter.

I. INTRODUCTION

The Kalman filter is the optimal linear least-mean squares estimator
for systems that are described by linear state-space models [1]. How-
ever, when the model is not accurately known, the performance of the
filter can deteriorate appreciably. This filter sensitivity to modeling
errors has led to several works in the literature on the development of
robust filters; robust in the sense that they limit the effect of model
uncertainties on filter performance. Some known approaches to robust
state-space estimation are Ho. filtering, mixed Ho/Hoo filtering,
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set-valued estimation, guaranteed-cost designs, and minimum vari-
ance filtering (see [2]-[8]). In [9], a robust filter design framework
was proposed that performs data regularization as opposed to data
de-regularization; a property that is useful for real-time operation.
The design in [9] involved choosing a certain Ricatti variable so as
to enforce local optimality and robustness properties. In this note,
we pursue the design of such regularized robust filters further and
show how to enforce certain minimum error variance property. We
also consider two general classes of uncertain state-space models.
One class involves stochastic uncertainties and another class involves
polytopic uncertainties. For each class, we design robust filters that
bound the state error covariance matrix. The robustness criterion used
is different from prior robust designs (e.g., Hoc, guaranteed-cost, or
set-valued estimation) in that it is based on robust regularization [9].
Simulation results are included to illustrate the superior performance
of the proposed filters over other robust designs.

II. LEAST-SQUARES WITH UNCERTAINTIES

Let J(x,y) denote a cost function of the form J(x,y) = 2Tz +
R(x,y) with

R(x,y)=((A4+6A)r— (b—l—bb))T W ((A4+6A4)x—(b+6b)) (1)

where 6 A denotes an NV X n perturbation matrix to A, 6b denotes an
N x 1 perturbation vector to b, and {6 A, 6b} are assumed to satisfy a
model of the form

[5A 6] = HA[E. Ei] @)

where A is an arbitrary contraction, ||A|| < 1, and {H, E,, E}} are
known quantities of appropriate dimensions. Here, the notation ||.|| de-
notes the two-induced norm of its matrix argument. Moreover, II > 0
and W > 0. Consider then the constrained two-player game problem

5= aremi . J(x. 1 3
T = arg Ilgn{élﬁlj?ﬁx{)} (z,y) 3)

subject to (2). The following result is proven in [10].
Theorem 1: The problem (2), (3) has a unique solution & that is
given by

b=+ ATWA? [AT Wb+ 3ET Eb] )
where IT and TW are modifications to II and W
O=0+3E'E, W=W+WHQ@I-H WH)'H'W (5)
and where the positive scalar 3 is determined from the optimization

min G(3) (6)

3 = arg
B2 HTWH||

where the function G(3) is defined as follows:

G(B) =2 (B)Tx(3) + B || Eax(B) — Eu|®
+[Az(3) — 0] W(B) [Ax(3) = b (D)

with
W(B)=W+WH@BI-H'WH)'H'W T1(3)=1+3E!E,
and

2(8) = [H(ﬂ) +141TW(,@)A]_1 [ATW(,B)b+ﬁEfEb]. 8)

[The notation X T denotes the pseudoinverse of X .] &
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It was shown in [10], [11] that the function G(3) has a unique global
minimum (and no local minima) over the interval 3 > || H TWH|,
which means that the determination of 3 can be pursued via search
procedures without worrying about convergence to undesired local
minima. It was argued in [9] that a reasonable approximation for
/’9 is to choose it as /’9 = (1 4+ «)3, for some o > 0 and where
B =||H'WH|.

III. STATE-SPACE MODELS

We shall show how to use Theorem 1 to design robust filters. Each
filter will be applicable to a particular uncertainty model. Thus, con-
sider an n-dimensional state-space model of the form

:L’k-&-L:kak—l-Gkuk yk:(Hk—l-AHk);L‘k—I—’Uk L:Z()‘ 9)

where {uk 'uk} are uncorrelated white zero-mean random processes
with covariance matrices

Eukuz = Q« EW'WZ = Ry ‘

and 2o is a zero-mean random variable that is uncorrelated with
{ur, v} for all k. Here, the symbol £ denotes expectation. The
uncertainties A H . are modeled as

AH,, = MyAcE} (10)

where M), and E), are known matrices, while Ay, is an arbitrary con-
traction, ||Ag|| < 1. We shall consider two types of uncertainty de-
scriptions for the state matrices FJ.. One type is in terms of polytopic
uncertainties and the other is in terms of stochastic uncertainties. In the
first case, we assume that F} lies inside a convex bounded polyhedral
domain K, that is described by m vertices as follows:

Kr = {Fk = iai,I;Fi,k air >0 ia’i‘k = 1}
i=1 i=1

(Polytopic uncertainties) (11)

Observe that Ky is allowed to vary with k. In the second case, we
assume that F}, is instead described by

Fr. =F, .+ AF;,

AFy, =N Ay Jr  (Stochastic uncertainties) (12)
for some known {F% ., Nz, Jz} and where Ay, is a random matrix
whose entries are zero mean and uncorrelated with each other, and such
that

EARAL < pal (13)

for some known positive scalar p3 .

IV. ROBUST STATE SPACE FILTERING

When uncertainties are not present in the model (9), it is known that
the optimal linear estimator for the state variable x is given by the
Kalman filter [1]. This filter admits a deterministic interpretation as the
solution to a regularized least-squares problem as follows [12]. Let!

Zpk—1 = an estimate of 3 given {yo,y1....,yx—1}

e

Trelk an estimate of x given {Yo, Y1, -+ Yk—1, Yk }-

"'When uncertainties are not present, the qualification “estimate” refers to the
linear-least-mean-squares estimate.
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Given the predicted estimate |, and an observation yy, the fil-
tered estimate .|, thatis computed by the Kalman filter is the solution
of

mrin [||L - ;ﬁk|k,1||ik_1 + [lyx — Hk;v”i;l} (14)

where P, and R, are the state error covariance and the
measurement noise covariance matrices, respectively, i.e.,

N . N T - T
P, = E(xr — @pp—1)(@r — Tpp—1)” and Rp = Ewvpvg.

When uncertainties are present in {Hy, F) }, we could formulate a
robust version of (14) by solving instead a min—-max problem of the
form

min max
© ST, 6F),

(Ile = @xelf=s + lys = (i + S Hiall} -+ )
(15)
for some matrices { Py, T%} to be chosen. This formulation was pro-
posed in [9], where T}, was chosen as T3 = Rji while P was chosen
via a Ricatti recursion so as to enforce a local robustness property. In
this note, we shall determine P so as to minimize the state error co-
variance matrix as well. We do so by showing how to reparametrize the
problem in terms of a single parameter ;. over which the global mini-
mization of the state error covariance matrix reduces to a linear convex

problem.

A. Polytopic Uncertainties in F, Alone

We consider first the case of polytopic uncertainties in F}. alone as
in (11) with no uncertainties in H}. Our objective is to design a robust
linear estimator for the state variable x of the form

Zre = Fpp@rjn—1 + Kprye  Trgrpp = FrcZrpe (16)
for some matrices F), . and /X', x to be determined in order to minimize
the state error covariance matrix and where Fj, . denotes the centroid
of the polytope K

m

1
Fy .= -~ ZR‘,/@-

=1

a7
Referring to problem (14), its solution 2|z is given by

__— —1
Tple = Tp|p—1 + (pk_1 +H/ZRIC1HIC)

x [H;{'R,;l(yk - Hk;i»k‘k,l)]. (18)

If we introduce the matrix

p —1
Wi 2 (P + B R (19)
then (18) for % becomes
B = (I — W H} R;lHk) Prpes + WeHU R 'y (20)

in terms of the parameter W7,. Note that, in the absence of uncertainties,
Wi, would be the Ricatti variable ;. of the time and measurement
form of the Kalman filter [1]. Noting that u is a zero-mean white
random process, we let the following be an estimate for @41 :

. A .
Zry1k = FrcZrpx (21)

where F} . is given by (17). We then get
Trgie = Fp eZrpp—1 + Kp ks (22)
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where F), ;. and K, ; are defined in terms of W}, as

Fyx=Fu.(I-WieH R 'Hi), Kpx=Fr . WiH{R; "

(23)
Denoting &3 = ) — #4|x—1, we define the extended weight vector
A . . L
Nk ‘ = (ifi) Then, ignoring the uncertainties in F};, we find that 5,
satisfies

‘ N1 = Frone + Grwg (24)
where
()
wg =
Vi
F o= ( Fy 0 )
"\ B - B — KpnHe Fox
= Gy 0
G (Gk _prk) (25)

and the covariance matrix of 7, satisfies

_ _ _ _ e 0
St = BSeFL + GuSiGLl o where Sy = <?)A R > (26)
i

and Xy is the covariance matrix of 70. Now, observe that the expres-
sions for { F), &, K, 1 } are parametrized linearly in terms of the param-
eter Wi.. We then choose W} so as to minimize the covariance matrix

of 7. Specifically, we choose W, > 0 so as to minimize ¥4 . This
can be obtained by solving

»?iiilo Tr(Sei1) (27)
subject to
Sit1 > B e FY 4 GrSiGi (28)
or, equivalently
_Sip FiS. GiSE
S -%e 0 | <o (29)
SEGT 0 I

So far we have ignored uncertainties in F}. In order to incorporate
the polytopic uncertainties in the Fj, as defined by the sets K in
(11), we need to solve the above optimization problem with Fj, taking
values at the m vertices of the convex polytope K, i.e., from the set
{F 1k Foieyenenn. , P\ 1}, Since the inequality (29) is affine in F,
the W thus found will ensure minimum error covariance ¥, over all
possible F}, in Kj,. Therefore, the desired time-varying robust filter is
given by (22) and (23), where W is the positive definite solution of
(27)-(29) with F}, taking values on the vertices of the convex polytope
Kk, and initializing ¥o = diag{P,, eI } for some positive—definite P,
and scalar € > (). The resulting filter is listed in Table I.

B. Polytopic Uncertainties in Fy, and Bounded Uncertainties in Hy,

We now incorporate uncertainties in to Hy. That is, we consider
polytopic uncertainties in F% as in (11) and bounded uncertainties in
H. asin (10). Again, our objective is to design a robust linear estimator
for the state variable x;. of the form

Zrpp = Fperpp—1 + Kp ey Zrr1p = Fre@rpe (30)
for some matrices F), . and K, ;. to be determined. We will design F, ;.
and I, ;. by following a two-step procedure. Assume first that there are
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which becomes
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TABLE 1
MINIMUM VARIANCE FILTER FOR POLYTOPIC UNCERTAINTIES IN F};, ALONE
Assumed uncertain model. zx1 = Frzr + Grug ; yx = Hrxp + v, where Fy, € Ky asin
an.
Initial conditions: Zy = 0, £ = diag{P,,el}, where P, > 0and € > 0.
Step 1. Using X, compute {Wj,Er41} by solving (27) subject to the inequality (29) where
{Fy, Gy, S} are defined by (25) and (26).
Step 2. Update ik|k—l to i‘k+1|k: as jk+1|k = Fp,k£k|k—1 + Kp,kyk, where Fp'k, K,,T)c and Fk:,c
are defined by (17) and (23).
no uncertainties in I, ; we will incorporate the uncertainties in Fj, later. ~ where F}, 1. and K, ;. are now defined in terms of W, as
With uncertainties in the output matrices H alone, we consider (15),
Fyp=Fi. (I — AWWEL By — W HT Ry Hk)
‘ . L (38)
min max (||.1' — Gt pot + llye — (He + 5Hk)w||;,1) (31 K, =F. WiHE R
x k k

Hy,

for some matrices Py and 7}, to be determined. Problem (31) can be
written more compactly in the form of (1)—(3) with the identifications

re—{rp—Epp-1} be— yr—Hrdpp—
§Ae— MARE,  8be— —MAEigpy
H—P 'W«—1T,' He— My E,— Ej

Eye— — Epdpp—1 Ae— Ay Ae— Hj.

From Theorem 1, the solution &, of (31) is given by

. . 1
Tp|e = Trjpor + (P{1 + BELEL + HkTR;lHk)

x [H] BT (g = Hidgemr) = BE] Evirens] . (32)

We are going to select 3 approximately as ,@ = (1 + a)3i,1 where
Bur = || M T My||. Moreover

Bt = (Tk — 5 MM )71 . 33)
With a new definition of Wy as
W, 2 (P;1 + BETE.+ HT BT H,ﬁ)*1 (34)
expression (32) for 7, becomes
Ty = (I — AW E{ By, — W/"'k-,HkTR/:lH“) Thlk—1
+WiHy R 'ye (39)
in terms of the parameter W,,. We again let
Brprpn = P (36)
where F . is given by (17). We then get
Zrgipe = FpaZpp—1 + Kp 1y 37

These expressions for Fj, ; and I,  have been determined by as-
suming uncertainties in H;, alone. We now move on to select the param-
eter W, by assuming uncertainties in F alone. By doing so, we will
arrive at a filter that minimizes a bound on the state error covariance
matrix when there are uncertainties in F} alone and one that meets the
robustness criterion (31) when there are uncertainties in H. With no
uncertainties in F and Hy, the covariance matrix of 7, again satisfies

Yip1 = BEW B 4+ GrSiGE where S = <%k 1%.) (39)

where X is the covariance matrix of 70. Now, observe again that the
expressions for { F}, 1, I, 1, } are parametrized linearly in terms of the
parameter W;.. We will then choose W}, so as to minimize the covari-
ance matrix of 7. Specifically, we shall again choose W; > 0 so as
to minimize ¥ of (39). This can be obtained by solving

VI[%l;lo Tr(Zk41) (40)
subject to
Srit > FBELE 4+ GeSiGE (A1)
or, equivalently
_ -1
=Ygt FpXie GiSP
SF -se 0 | <0 @2)
T _
SZPGL 0 -1

In order to incorporate the polytopic uncertainties in the Fj,
as defined by the sets K in (11), we solve the aforementioned
optimization problem with F}, taking values at the mn vertices of the
convex polytope K, i.e., from the set {Fi g, Fok,...... s Fo i}
Therefore, the desired time-varying robust filter is given by (37) and
(38), where W, is the positive—definite solution of (40)—(42) with
F, taking values on the vertices of the convex polytope K, and
initializing o = diag{P,,el} for some positive definite P,. Note
that there always exists a solution to (40)—(42). The resulting filter is
listed in Table II.
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TABLE 1I
REGULARIZED ROBUST FILTER FOR THE MODEL (9)—(11)

Assumed uncertain model. x4y = Fizr + Gruk 5 Yk = (Hi + AHg)zg + v where

Fy € Ky asin (11).

Initial conditions: £y = 0, £y = diag{P,,el}, where P, > 0 and € > 0.

Step 1. Select T} (usually, Ty =

Ri). If My = 0, then set B =
Bk = (1 + &)Bix where Bix = || MET; My)|.

0. Otherwise, set

Step 2. Using X, compute {Wj, Xi..1} by solving (40) subject to the inequality (42).

Step 3. Update i‘lclk—l to ik+1[lc as

Brrie = Fprdrp-1+ Kprye

where F,, i, K, « and Fy . defined by (17), (33) and (38) .

TABLE III
REGULARIZED ROBUST FILTER FOR STOCHASTIC UNCERTAINTIES IN F,

Assumed uncertain model. xx41 = (Fr + AFg)zk + Gruk 5 Ye = (Hy + AHy)xk + vy,

where AFk = NkAk.]k, and AHk = MkAkEk.

Initial conditions: &, = 0, £y = diag{P,, eI}, where P, > 0 and € > 0.

Step 1. Select Ty (usually, Ty =

Ry). If My = 0, then set ak =
Br = (1 + a)ﬂ,,k where ﬂl,k = “MET,C_IM]C”

0. Otherwise, set

Step 2. Using X, compute {Wj,, i1} by solving (47) subject to the inequality (49).

Step 3. Update &1 t0 £j4.1)x as in Table 2.

C. Stochastic Uncertainties in Fi. and Bounded Uncertainties in Hy,

We now consider the case of stochastic uncertainties in F}, as in (12)
as well as uncertainties in Hy, as in (10). Here again, our objective is to
design a robust linear estimator for the state variable x;, of the form
(43)

Tre = FpuZripmt + Kp ke Treijr = Fr,eTrpr

for some matrices F),  and K, ; to be determined, and where Fj, .
denotes the nominal state matrix from (12). Proceeding in the same
manner as in the previous section from the robustness condition (31),
we know that the expressions for {F}, 1, K, r} can be parametrized
linearly in terms of a parameter ;. We shall choose Wj, so as to
minimize an upper bound on the covariance of i in the absence of
uncertainties in Hy. Here, 7 satisfies

o1 = (Fr.e + N AT + Grwg (44)
where
U F Fk,c 0
Wy = pe = -
k v k- Fre—Fpr— KprHr Fyoi

— N 0 - Je 0
N, = Je = 45
N (N 0) . (0 0) 45)

and the covariance matrix of 7, then satisfies

Ypp1 =€ {(Fk,c-l-N/cAjk Ek(Fk,c+[VkAjk)T}‘i‘ékskéz-
(46)
Let & be a scalar such that &, T — Jp SiJ, kT > 0. Expanding (46), we
can see that the error covariance matrix is bounded by

EkJrl > Fk,cEkF/Z?c + Gkskéf + [)AOZ]CNY]{;V,Z’.

Hence, we shall choose W, > 0 by solving

. o
1/{;;1;10 Tr(Zh41) 47)
subject to
Ek+1 Z FkEkaT + G‘kSkGZ + /)ACA\:/C[V/CJVE (48)
or, equivalently
o - _ 1
—Ek_;,_l + pA(A)szk‘N;f Fi.Xp GkSkZ
ELFkl -3 0 <0. (49)
T _..
SZGL 0 -I

The resulting filter is listed in Table III. The only difference relative to
the filter of Table II is the term p 5 & N N{ . The filters of Tables I-III
have complexity O(n*) per iteration, where n is the state dimension. In
the appendix, we describe a filter that helps reduce the computational
complexity to O(n?) per iteration.

V. SIMULATIONS

To illustrate the filters developed in Sections IV-A and B for poly-
topic uncertainties in I}, we choose an implementation of order 2. The
uncertain state matrices F} are assumed to lie inside the convex poly-

tope
.68 -5
nel(4

T+ .0165)}

(50)
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TABLE 1V
MSE PERFORMANCE OF THE PROPOSED ROBUST FILTERS OF SECTIONS IV-A— IV-C AND APPENDIX IN COMPARISON TO OTHER ROBUST FILTERS FOR FOUR
CASES: (a) STOCHASTIC UNCERTAINTIES IN F}, FOR (pa < 1) AND WITH NO UNCERTAINTIES IN H; b) STOCHASTIC UNCERTAINTIES IN F}, FOR
(pa < 0.0001) AND WITH BOUNDED UNCERTAINTIES IN H; (¢) POLYTOPIC UNCERTAINTIES IN F}, AND NO UNCERTAINTIES IN H . ; AND (d)
POLYTOPIC UNCERTAINTIES IN F}, AND BOUNDED UNCERTAINTIES IN H,

Filters MSE (dB) - (a)

Proposed filter from Sec. 4.1 -

Proposed filter from Sec. 4.2 -
Proposed filter of Sec. 4.3 22.5
Proposed filter from appendix 23.1
Regularized robust filter of [9] 24.1
Deconvoluted filter [13] 2591
Guaranteed-cost filter [2] 274
Kalman filter with nominal model 354
Set-valued filter [3] 455

MSE (dB) - (b) | MSE (dB) - (c) | MSE (dB) - (d)

- 27.79 28.5
- 27.79 28.1

18.0 - -

18.3 - -

179 29.19 31.2

19.1 - -

23.1 30.91 322

235 36.98 379

27.5 38.67 39.1

with |6] < 1. The vertices of the polytope are

68 -5 68 -5
Fl_(l .716) FZ_<1 .684)'

We choose H;, = [10 1] and G = [6 3]*. Table IV shows
the steady-state mean square state-error (MSE) values i.e.,
Tr[€(xr — #xpp—1)(xr — @xe—1)'], obtained by averaging
over 50 experiments for the proposed filters in comparison to other
filters. It is seen that the filters of Sections IV-A and IV-B result in
smaller MSE, albeit at increased computational cost O(n*) versus
O(n®) operations per iteration. The filter of [9] is also seen to result
in similar MSE values at the reduced computational cost of O(n*)
operations per iteration. To illustrate the filter developed for stochastic
uncertainties in Section IV-C, we choose an implementation of order
2 with Fx = [3.6 0.6], M} = 1 for all k. The uncertain state matrices
I}, are assumed to be

Fo= (.68

-5
1 .7+0.0165) ©b)

for the choice of px = 1, Np = 0.4] and J, = 0.04 <3 (1))
Table IV shows the resulting MSE values.

VI. CONCLUSION

In this note, we developed regularized robust filters for state-space
estimation. The design procedure is through the solution of a regular-
ized weighted recursive least squares problem and it enforces a min-
imum state error variance property.

APPENDIX
ANOTHER ROBUST FILTER

Consider again (46) in the absence of uncertainties in Hj.. We now
show how to generate a sequence of matrices ¥4 and X such that
Y < Xg < Xy, We will seek matrices ¥4 and ¥ of the special form

S (Y~7k+1 Xt > S < i Y}v_ZAk>
L= ST v > 2k=\v 5 v 5 |
Xit1 Ye+1—Zks1 v =2k Ye—Zy

(52)
This construction will enable us to avoid the solution of the optimiza-
tion problem (47) at each iteration thus reducing the computational
complexity of the algorithm from O(n*) to O(n?) per step. At every
iteration, we will find a suboptimal W), that minirnizeskthe bound Xy
on ¥j. At time instant k + 1, assuming we have £;, < ¥ < Yy, then

the state error covariance matrix is bounded by the (2,2) block element
of the matrix ¥4 defined by

Y1 = Fk,cikaT,c + GLSLGE + pA&kaNE > Zppr (53

where ¢ is also such that &yl — fkf]kfkT > 0. Using (52) and (53),
we get the relations
Visr = Fo Y FE + padu NiNE + GrQiGYE
Ziy1 = FroZ1F . — Fo Wi H Ry ' Re Ry H WL F .
+ Fio(Yi — Ze)H Ry H WL L,
+ B Wi HY RV HL (Y — Z0) FYL,
— Fo, Wi H R}, H (Y — Zo)H Ry H W, F[,

Xk-q-i = Fk,u(Yk — Zk)F;f,‘k + /)Adkakle + GrQLGY .

Also, the (2,2) block element of Yy is given by T3¢, = Vi1 —
Zr4+1 = Ch 1 where
Cii= FAL(YA - ZAA)FAIP + padk N NE + GrQwGi
+ P Wi H. R;'Ry. Ry H Wi FY,
— Fo.o(Yi — ZL)H{ RV H WL FL,
- FI:,(:I’]["’I‘»HI;{’RIZIHL:('f/k - ZL)Fklr
+ Fo, Wi H Ry ' Hy(Ye — Zo)H R HyWi FY.,.

We will choose the weighing matrix T such that Ry = Ry. We now
find a lower bound for C'y ;. After some algebra, we can show that for

Wiop = (Vi = Zi) = (Vi — ZOH{ R He(Yi — Zi)

and R. . = Ry + Hy. (Y — Zx)H} , we have (9Tr(Cy 1)/ Wi) = 0.
That is, W opt minimizes Tr(C4 x). It can be seen through the matrix
inversion lemma that W, o« is positive definite. Now, we will derive
an upper bound for Y k+1 in the form [which is compatible with the
form we started with in (52)]

S Yit1
2k = ~ N
* Yit1 — Ziya

for some matrices Y41 and Zy1. Choose 5, as the maximum sin-
gular value of I + B where

Vit1 — ?kJrl > (54)

Y'k+1 - Zk+1

B=F, W H R, "H.(Yi, — Z)HL R, " H W, F{.
+ By, Wi HY Ry VH WL FL
— Fy Wi H R 'Hy (Y — Z3) F[..
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NOW, with YAylH_l = ’l/)}i[ =+ }7714_4_1 and ZA}(»+1 = Zk'+l + lﬂéI - I, Ek-&-l
is an upper bound of ¥4, 1. This is because

2

. - il I1+B

b)) -3 = 0. 55

k41 k41 <(I+B)T T > (55)

Hence, the filter is given by &3y11x = Fpe®xx—1 + Kp ryr wWhere
Fy « and K, ;. are defined in terms of W, as

Fpi=Frc (I — AW ETE, — W,.HF ﬁ;lﬂk)

K, =F. W.H] R (56)

and W, is determined in terms of Y; and Zj at every k as explained
before.

REFERENCES

[1] T. Kailath, A. H. Sayed, and B. Hassibi, Linear Estimation.
Saddle River, NJ: Prentice-Hall, 2000.

[2] I.R.Petersenand A. V. Savkin, Robust Kalman Filtering for Signals and
Systems with Large Uncertainties. Boston, MA: Birkflauser, 1999.

[3] A.V.Savkin and I. R. Petersen, “Robust state estimation and model val-

idation for discrete time uncertain systems with a deterministic descrip-

tion of noise and uncertainties,” Automatica, vol. 34, no. 2, pp. 271-274,

1998.

L. Xie, Y. C. Soh, and C. E. de Souza, “Robust Kalman filtering for

uncertain discrete-time systems,” IEEE Trans. Automat. Contr., vol. 39,

pp. 1310-1314, June 1994.

[5] M. Fu, C. E. de Souza, and Z. Luo, “Finite horizon robust kalman filter

design,” in Proc. IEEE Conf. Decision Control, Phoenix, AZ, 1999, pp.

4555-4560.

Y. Theodor and U. Shaked, “Robust discrete time minimum variance

filtering,” IEEE Trans. Signal Processing, vol. 44, pp. 181-189, Feb.

1996.

F. Yang, Z. Wang, and Y. S. Hung, “Robust Kalman filtering for discrete

time-varying uncertain systems with multiplicative noises,” IEEE Trans.

Automat. Contr., vol. 47, pp. 1179-1184, July 2002.

[8] P.P.Khargonekar and K. M. Nagpal, “Filtering and smoothing in an H o
setting,” IEEE Trans. Automat. Contr., vol. 36, pp. 151-166, Feb. 1991.
[9]1 A. H. Sayed, “A framework for state space estimation with uncertain
models,” IEEE Trans. Automat. Contr., vol. 46, pp. 998—1013, July 2001.

[10] A.H. Sayed, V. H. Nascimento, and F. A. M. Cipparrone, “A regularized
robust design criterion for uncertain data,” SIAM J. Matrix Anal. Appl.,
vol. 23, no. 4, pp. 1120-1142, 2002.

[11] A. H. Sayed and H. Chen, “A uniqueness result concerning a robust
regularized least-squares solution,” Syst. Control Lett., vol. 46, no. 5,
pp- 361-369, Aug. 2002.

[12] A.E.Bryson and Y.-C. Ho, Applied Optimal Control: Optimization, Es-

timation, and Control. New York: Taylor Francis, 1975.

Y. L. Chen and B. S. Chen, “Minmax robust deconvoluted filter under

stochastic parametric and noise uncertainties,” IEEE Trans. Signal Pro-

cessing, vol. 42, pp. 32-45, Jan. 1994.

[14] A. Garulli, A. Vicino, and G. Zappa, “Conditional central algorithms
for worst case set-membership identification and filtering,” IEEE Trans.
Automat. Contr., vol. 45, pp. 14-23, Jan. 2000.

[15] J. C. Geromel, “Optimal linear filtering under parameter uncertainty,”
IEEE Trans. Signal Processing, vol. 47, Jan. 1999.

Upper

[4

=

[6

=

[7

—

[13]

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 49, NO. 6, JUNE 2004

Pricing and Congestion Management in a Network With
Heterogeneous Users

Shaler Stidham, Jr.

Abstract—This note presents an economic model for a communication
network with utility-maximizing elastic users who adapt to congestion
by adjusting their flows. Users are heterogeneous with respect to both
the utility they attach to different levels of flow and their sensitivity to
delay. Following Kelly et al. (1998), we introduce dynamic rate-control
algorithms, based on the users’ utility functions and delay sensitivities,
as well as tolls charged by the system, and examine the behavior of these
algorithms. We show that allowing heterogeneity with respect to delay
sensitivity introduces a fundamental nonconvexity into the congestion-cost
functions. As a result, there are often multiple stationary points of the ag-
gregate net utility function. Hence, marginal-cost pricing—equating users’
marginal utilities to their marginal costs—may identify a local maximum
or even a saddle point, rather than a global maximum. Moreover, the
dynamic rate-control algorithm may converge to a local rather than global
maximum, depending on the starting point. We present examples with
different user utility functions, including some in which the only interior
stationary point is a saddlepoint which is dominated by all the single-user
optimal allocations. We also consider variants of the dynamic algorithm
and their performance in a network with heterogeneous users. Our results
suggest that applying a rate-control algorithm such as TCP (Transmission
Control Protocol), even when augmented by some form of implicit or
explicit pricing, may have unexpected and perhaps undesirable effects on
the allocation of flows among heterogeneous delay-sensitive users.

Index Terms—Communication network, congestion pricing, dynamic
rate-control algorithm, elastic users, heterogeneous users.

I. INTRODUCTION

‘We consider a variant of an economic model proposed by Kelly [2]
and elaborated by Kelly, Maulloo, and Tan [1] (hereafter referred to
as the KMT model) for a communication network with utility-maxi-
mizing elastic users who adapt to congestion by adjusting their flows.
A distinctive feature of our model is that users are explicitly sensitive
to delays as well as flows. Moreover, they not only differ in the utility
they attach to different levels of flow, but are also heterogeneous with
respect to the cost of delay. Following Kelly et al. [1], we introduce
dynamic rate-control algorithms, based on the users’ utility functions
and delay sensitivities as well as tolls charged by the system, and ex-
amine the behavior of these algorithms. Algorithms of this type have
been introduced as an aid to understanding the behavior of rate-con-
trol mechanisms such as TCP (Transmission Control Protocol) and its
variants, which have been proposed for the Internet (see [3]-[5]).

Heterogeneous delay sensitivities may arise, for example, in net-
works (such as the current and future Internet) that handle diverse types
of traffic, ranging from file transfers (with a low sensitivity to delay)
to real-time traffic such as streaming audio and video, which can tol-
erate only minor delays. Many authors have suggested that such diver-
sity of traffic will require differentiated services, in which some types
of traffic are given priority (see, for example, [6] and the references
therein). Others [7] have argued that a “self-managed Internet” may be
able provide a diverse set of services with low levels of loss or delay,
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