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Linear Estimation in Krein Spaces—Part I: Theory

Babak Hassibi, Ali H. Sayed, Member, IEEE, and Thomas Kailath, Fellow, IEEE

Abstract— The authors develop a self-contained theory for
linear estimation in Krein spaces. The derivation is based on
simple concepts such as projections and matrix factorizations
and leads to an interesting connection between Krein space
projection and the recursive computation of the stationary points
of certain second-order (or quadratic) forms. The authors use
the innovations process to obtain a general recursive linear
estimation algorithm. When specialized to a state-space structure,
the algorithm yields a Krein space generalization of the celebrated
Kalman filter with applications in several areas such as H™-
filtering and control, game problems, risk sensitive control, and
adaptive filtering.

I. INTRODUCTION

N some recent explorations, we have found that H* esti-

mation and control problems and several related problems
(risk-sensitive estimation and control, finite memory adaptive
filtering, - stochastic interpretation of the KYP lemma, and
others) can be studied in a simple and unified way by relating
them to Kalman filtering problems, not in the usual (stochastic)
Hilbert space, but in a special kind of indefinite metric space
known as a Krein space (see, e.g., [9], [10]). Although the
two types of spaces share many characteristics, they differ in
special ways that turn out to mark the differences between the
linear-quadratic-Gaussian (LQG) or H? theories and the more
recent H> theories. The connections with the conventional
Kalman filter theory will allow several of the newer numerical
algorithms, developed over the last three decades, to be applied
to the H® theories [22].

In this paper the authors develop a self-contained theory for
linear estimation in Krein spaces. The ensuing theory is richer
than that of the conventional Hilbert space case which is why
it yields a unified approach to the above mentioned problems.
Applications will follow in later papers.

The remainder of the paper is organized as follows. We
introduce Krein spaces in Section IT and define projections
in Krein spaces in Section III. Contrary to the Hilbert space
case where projections always exist and are unique, the Krein-
space projection exists and is unique if, and only if, a certain
Gramian matrix is nonsingular. In Section IV, we first remark
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that while quadratic forms in Hilbert space always have
minima (or maxima), in Krein spaces one can assert only that
they will always have stationary points. Further conditions will
have to be met for these to be minima or maxima. We explore
this by first considering the problem of finding a vector £ to
stationarize the quadratic form (z — k*y, z — k*y), where (-, -)
is an indefinite inner product, * denotes conjugate transpose,
y is a collection of vectors in a Krein space (which we can
regard as generalized random variables), and z is a vector
outside the linear space spanned by the y. If the Gramian
matrix R, = (y,y) is nonsingular, then there is a unique
stationary point kgy, given by the projection of 2z onto the
linear space spanned by the y; the stationary point will be
a minimum if, and only if, R, is strictly positive definite as
well. In a Hilbert space, the nonsingularity of R, and its strict
positive definiteness are equivalent properties, but this is not
true with y in a Krein space.

Now in the Hilbert space theory it is well known (moti-
vated by a Bayesian approach to the problem) that a certain
deterministic quadratic form J(z,y), where now z and y
are elements of the usual Euclidean vector space, is also
minimized by kJy with exactly the same % as before. In the
Krein-space case, kjy also yields a stationary point of the
corresponding deterministic quadratic form, but now this point
will be a minimum if, and only if, a different condition, not
R, > 0, but R, — R, R 1R,. > 0, is satisfied. In Hilbert
space, unlike Krein space, the two conditions for a minimum
hold simultaneously (see Corollary 3 in Section IV). This
simple distinction turns out to be crucial in understanding the
difference between H? and H estimation, as we shall show
in detail in Part II of this series of papers.

In this first part, we continue with the general theory by
exploring the consequences of assuming that {z, y} are based
on some underlying state-space model. The major ones are
a reduction in computational effort, O(Nn?) versus O(N?®),
where N is the number of observations and 7 is the number
of states and the possibility of recursive solutions. In fact,
it will be seen that the innovations-based derivation of the
Hilbert space-Kalman filter extends to Krein spaces, except
that now the Riccati variable F;, and the innovations Gramian
R, ; are not necessarily positive (semi)definite. The Krein
space—Kalman filter continues to have the interpretation of
performing the triangular factorization of the Gramian matrix
of the observations, R,; this reduces the test for B, > 0 to
recursively checking that the R.; > 0.

Similar results are expected for the corresponding indefinite
quadratic form. While global expressions for the station-
ary point of such quadratic forms and of the minimization
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condition were readily obtained, as previously mentioned,
recursive versions are not easy to obtain. Dynamic pro-
gramming arguments are the ones usually invoked, and they
turn out to be algebraically more complex than the simple
innovations (Gram—Schmidt orthogonalization) ideas available
in the stochastic (Krein space) case. '
Briefly, given a possibly indefinite quadratic form, our
approach is to associate with it (by inspection) a Krein-space
model whose stationary point will have the same gain kg as for
the deterministic problem. The Kalman filter (KF) recursions
can now be invoked and give a recursive algorithm for the
stationary point of the deterministic quadratic form; moreover,
the condition for a minimum can also be expressed in terms of
quantities easily related to the basic Riccati equations of the
Kalman filter. These results are developed in Sections V and
V1, with Theorems 5 and 6 being the major results.
While it is possible to pursue many of the results of this
' paper in greater depth, the development here is sufficient to
solve several problems of interest in estimation theory. In the
companion paper [1], we shall apply these results to H
and risk-sensitive estimation and to finite memory adaptive
filtering. In a future paper we shall study various dualities and
apply them to obtain dual (or so-called complementary) state-
space models and to solve the H?, H™, and risk-sensitive
control problems. We may mention that using these results
we have also been able to develop the (possibly) numeri-
cally more attractive square root arrays and Chandrasekhar
recursions for H°° problems [22], to study robust adaptive
filtering [23], to obtain a stochastic interpretation of the
Kalman—Yacubovich-Popov lemma, and to study convergence
issues and obtain steady-state results. The point is that the
many years of experience and intuition gained from the LQG
or H? theory can be used as a guide to the corresponding
H® results.

A. Notation

A remark on the notation used in the paper. Elements in
a Krein space are denoted by bold face letters, and elements
in the Euclidean space of complex numbers are denoted by
normal letters. Whenever the Krein-space elements and the
Euclidean space elements satisfy the same set of constraints,
we shall denote them by the same letters with the former ones
being bold and the latter ones being normal. (This convention
is similar to the one used in probability theory, where random
variables are denoted by bold face letters and their assumed
values are denoted by normal letters.)

II. ON KREIN SPACES

We briefly introduce the definitions and basic properties of
Krein spaces, focusing on those results that we shall need later.
Detailed expositions can be found in books [9]-[11]. Most
readers will be familiar with finite-dimensional (often called
Euclidean) and infinite-dimensional Hilbert spaces. Finite-
dimensional (often called Minkowski) and infinite-dimensional
Krein spaces share many of the properties Hilbert spaces but
differ in some important ways that we shall emphasize in the
following. '

Definition 1 (Krein Spaces): An abstract vector space
{K,{-,+)} that satisfies the following requirements is called
a Krein Space:

i) K is a linear space over C, the complex numbers.

ii) There exists a bilinear form (-,-) € C on K such that

a) (y,z) = (z,9)"

b) {az + by, 2) = a{z,2) + b(y2)

for any x,y,z2 € K, a,b € C, and where * denotes
complex conjugation.

iii) The vector space K admits a direct orthogonal sum

decomposition

K=’C+@’C_

such that {K,,(-,-}} and {K_,—{(,-)} are Hilbert
spaces, and

<x7y> =0

forany z € K+ and y € K_.
Remarks:

1) Recall that Hilbert spaces satisfy not only i), ii)-a), and
ii)-b) above, but also the requirement that

(z,z) >0 when =z #0.

2) The fundamental decomposition of K defines two pro-
jection operators Py and P_ such that

P+IC = ’C+ and P_K = K_.

Therefore, for every z € K we can write
z=Pz+P zrx=x,+z ,74 €Ks.

Note that for every z € K, we have (z,z) > 0, but
the converse is not true: (z,z) > 0 does not necessarily
imply that £ € K.

3) A vector z € K will be said to be positive if (z,z) > 0,
neutral if {z,z) = 0, or negative if (z,z) < 0. Corre-
spondingly, a subspace M C K can be positive, neutral,
or negative, if all its elements are so, respectively.

We now focus on linear subspaces of K. We shall define
L{y,y, --,yn} as the linear subspace of K spanned by the
elements yg,¥;, -, Yy in K. The Gramian of the collection
of elements {yo, - -, Yy} is defined as the (N +1) x (N +1)
matrix

>

Ry = (9], j—on- (1)

The reflexivity property, (y;,¥;) = (¥;,¥;)", shows that the
Gramian is a Hermitian matrix.

It is useful to introduce some matrix notation here. We shall
write the column vector of the {y;} as

y =col{yo,¥1, " Yn}

and denote the above Gramian of the {y;} as

A
R'y - <y7 y)



20 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 41, NO. 1, JANUARY 1996

(A useful mnemonic device for recalling this is to think of the
{yo, -, yn} as “random variables” and their Gramian as the
“covariance matrix”

R, = [Eyiy;‘- ]

where E(-) denotes “expectation.” We use the quotation marks
because in our context, the covariance matrix will generally
be indefinite, so we are dealing with some kind of generalized
“random variables.” We do not pursue this interpretation here
since our aim is only to provide readers with a convenient
device for interpreting the shorthand notation.)
Also, if we have two sets of elements {zq, - -

= Byy*

,ZM} and

{yo, -+ ,yn} we shall write

z = col{z0,21,...,2m}
and

y= COI{y03y13 v 7?]1\/‘}

and introduce the (M + 1) x (N + 1) cross-Gramian matrix

A
Rzy - [(Zﬂyg)] =M = (z,y)
j=0:N
Note the property
R.y = Ry,.

We now proceed with a simple result.

Lemma 1 (Positive and Negative Linear Subspaces):
Suppose ¥, -,y are linearly independent elements of
K. Then L{ygy, --,yn} is a “positive” (negative) subspace
of K if, and only if

Ry, > 0(R, <0).

Proof: Since the y,; are linearly independent, for any z #
0€ L{yg, - Yn} there exists a unique & € CY*! such that
z = k™y. Now

(z,2) = K" (y,9)k = K" Ryk

so that (z,z) > 0 for all z € L{yq, - -,yn} if, and only if,

R, > 0. The proof for R, < 0 is similar. ]
Note that any linear subspace whose Gramian has mixed

inertia (both positive and negative eigenvalues) will have

elements in both the positive and negative subspaces.

A. A Geometric Interpretation

Indefinite metric spaces were perhaps first introduced into
the solution of physical problems via the finite-dimensional
Minkowski spaces of special relativity [12], and some geo-
metric insight may be gained by considering the special
three-dimensional Minkowski space of Fig. 1, defined by the
inner product

(v1,v2) = 122 + y1y2 — tats
when

v1 = (@1,91,t1), v2 = (Z2,¥2,t2) and z;,y;,t €C.

Negative subspace

Neutral cone:

Fig. 1. Three-dimensional Minkowski space.

The (indefinite) squared norm of each vector v = (z,y,t) is
equal to

(v,9) = 22 + y* — 2.

In this case, we can take K to be the z — y plane and
K_ as the t-axis. The neutral subspace is given by the cone,
z? 4+ 2 —1? = 0, with points inside the cone belonging to the
negative subspace, 22 4+ y? — t2 < 0, and points outside the
cone corresponding to the positive subspace, z2 +y2 —#2 > 0.

Moreover, any plane passing through the origin but lying
outside the neutral cone will have positive definite Gramian,
and any line passing through the origin and inside the neutral
cone will have negative definite Gramian. Also, any plane
passing through the origin that intersects the neutral cone will
have Gramian with mixed inertia, and any plane tangent to the
cone will have singular Gramian.

Two key differences between Krein spaces and Hilbert
spaces are the existence of neutral and isotropic vectors. As
mentioned earlier, a neutral vector is a nonzero vector that has
zero length; an isotropic vector is a nonzero vector lying in
a linear subspace of X that is orthogonal to. every element in
that linear subspace. There are obviously no such vectors in
Euclidean or Hilbert spaces. In the Minkowski space described
above, [1 1 /2] is a neutral vector, and if one considers the
linear subspace £{[1 1 v/2], [v/2 0 1]}, then [11 v/2] is also
an isotropic vector in this linear subspace.

II. PROJECTIONS IN KREIN SPACES

An important notion in both Hilbert and Krein spaces is that
of the projection onto a subspace.

Definition 2 (Projections): Given the element z in X and
the elements {yg, ¥y, *,yn} also in X, we define 2 to be
the projection of z onto L{yg,y1, -, yn} if

z=2+2 )

where 2 € L{y, -

,¥n} and z satisfies the orthogonality
condition .

‘%J-‘C{y07‘~.,yN}

or equivalently, (%,5;) = 0 for i = 0,1,--+, N.
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In Hilbert space, projections always exist and are unique. In
Krein space, however, this is not always the case. Indeed we
have the following result, where for simplicity we shall write
iy} £ L{yo, - yn}-

Lemma 2 (Existence and Uniqueness of Projections): In the
Hilbert space setting, projections always exist and are unique.
In the Krein-space setting, however:

a) If the Gramian matrix R, = (y,¥) is nonsingular, then
the projection of z onto L{y} exists, is unique, and is
given by

z2={(z,9)(y,9) "'y = Ry R, 'y. 3)

b) If the Gramian matrix R, = (y,y) is singular, then
i) If R(Ry,) € R(Ry) (where R(A) denotes the
column range space of the matrix A), the projection
% exists but is nonunique. In fact, 2 = kjy, where kg
is “any” solution to the linear matrix equation

Ryko = Ry.. C))
i) fR(Ry.) € R(Ry), the projection Z does not exist.

Proof: Suppose 2 is a projection of z onto the desired space.
By (2), we can write

z=kjy+2
for some ko € CV+Y| Since (z,9) = 0
R.y = (z,9) = k3(y,9) + 0= k(Ry. ®

If Ry is nonsingular, then the solution for k in (5) is unique
and the projection is given by (3). If R, is singular, two things
may happen: either R(R,.) C R(Ry), in which case (5) will
have a nonunique solution (since any k7 in the left null space
of R, can be added to k), or R(Ry.) € R(R,), in which
case the projection does not exist since a solution to (5) does
not exist. '

In Hilbert spaces the projection always exists because it
is always true that R(Ry.) C R(Ry), or equivalently, that
N(R,) CN(R,,) where N'(A) is the right nullspace of.the
matrix A. To show this, suppose that [ € A(R,). Then

Rl=0=I"Rl=0

= My, y)l = "y, "y) =0
="y=0

where the last equality follows from the fact that in Hilbert
spaces {z,z) = 0 & z = 0. We now readily conclude
that (z,l*y) = R.,l = 0, ie, | € N(R.,) and hence
N(R,) C N(R.y). Therefore a solution to (5) (and hence
a projection) always exists in Hilbert spaces.

In Hilbert spaces the projection is also unique because if k1
and ko are two different solutions to (5), then (k1 —k2)*Ry =
0. But the above argument shows that we must then have
(k1 — k2)y = 0. Hence the projection

z=kiy = k3y

is unique. O
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The proof of the above lemma shows that in Hilbert
spaces the singularity of R, implies that the {y;} are linearly
dependent, i.e.,

det(R,) = 0 & k*y = 0 for some vector k € CN 1.

In the Krein-space setting, all we can deduce from the sin-
gularity of R, is that there exists a linear combination of the
{y,} that is orthogonal to every vector in L{yq, -, yn}, ie.,
that £{y,, -, yy} contains an isotropic vector. This follows
by noting that for any complex matrix %3, and for any % in
the null space of R,, we have

kiRyk = (kiy,k"y) =0

which shows that the linear combination k*y is orthogonal to
k}y, for every ki, ie., k*y is an isotropic vector in L{y}.

Standing Assumption: Since existence and uniqueness will
be important for all our future results, we shall make the
standing assumption that the Gramian

R, is nonsingular.

A. Vector-Valued Projections

Consider the n-vector z = col{z1,--,2n} composed of
elements z; € K, and the set {y,,---,¥yy}, Where y; € K;
project each element z; onto L{y,,---,yy} to obtain Z;.
We define 2 = col{21,---,2,} as the projection of z onto

L{yo, - *,yn} (Strictly speaking, we should call 2 € K"
the projection of z € K™ onto L™{yy,---,yy}, since it
is an element of L™{y,, --,yn} and not L{yg, -, Yy}
For simplicity, however, we shall generally use the looser
terminology.)

It is easy to see that the results on the existence and
uniqueness of projections in Lemma 2 continue to hold in
the vector case as well.

In this connection, it will be useful to introduce a slight
generalization of the definition of Krein spaces that was given
in Section II. There, in Definition 1, we mentioned that K
should be linear over the field of complex numbers, C. It turns
out, however, that we can replace C with any ring S. In other
words, the first two axioms for Krein spaces can be replaced
by:

i) K is a linear space over the ring S.

ii) There exists a bilinear form (-,-) € § on K such that
2  (yz) = (2,9)"

b)  (az+by,z) = a(z,2) + b(y, 2)

for any z,y,2 € K and a,b € S, and where the
operation * depends on the ring S.

When the inner product (-, -) € S is positive, {K, {-,)}
is referred to as a module. Thus the third axiom for
Krein spaces can be replaced by iii).

The vector space X admits a direct orthogonal sum
decomposition

iii)

K=K, @k

such that {K,,(-,-)} and {K_,—(:,-)} are modules,
and (z,y) =Oforanyz € K andy € K.
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The most important case for us is when & is a ring of
complex matrices, and the operation * denotes Hermitian
transpose. '

The point of this generalization is that we can now directly

define the projection of a vector z € K™ onto L™{yg, -, ¥y}
as an element 2 € L™{yy, -, yy}. such that
z=kyy, kyecCN

where k is such that
0= (z—ki,y) S Ray — KRy
or
kiRy = R.y.

Finally, let us remark that to avoid additional notational
burden, we shall often refrain from writing K™ and shall
simply use the notation X for any Krein space. The ring S
over which the Krein space is defined will be obvious from
the context.

IV. PROJECTIONS AND QUADRATIC FORMS

In Hilbert space, projections extremize (minimize) certain
quadratic forms, as we shall briefly first describe. In Krein
spaces, we can in general only assert that projections station-
arize such quadratic forms; further conditions need to be met
for the stationary points to be extrema (minima). This will be
elaborated in Section IV-A, in the context of (what we shall
call) a stochastic minimization problem. In Section IV-B, we
shall study a closely related quadratic form arising in what
we shall call a partially equivalent deterministic minimization
problem.

A. Stochastic Minimization Problems in
Hilbert and Krein Spaces

Consider a collection of elements {y,,---,yy} in a
Krein space K with indefinite inner product (-,-). Let z =
col{zg, - -, zps } be some column vector of elements in K, and
consider an arbitrary linear combination of {yq, -+, Yy}, say

k*y, where k* € CMADX(N+D) and g = col{y,, - -, yn}. A
natural object to study is the error Gramian

P(k) = (z—k*y,z — k'y). (6)

To motivate the subsequent discussion, let us first assume
that the {y,} and {z,} belong to a Hilbert space of zero-mean

It is well known that the linear least-mean-square estimate,
which minimizes P(k), is given by the projection of z on L{y}

z=koy
where
ki = Ezy*|[BEyy*]™! = RzyRy—l.
The simple proof will be instructive. Thus note that
P(k) = ||z~ k"yll%,
=lz~z+z~ k|3
= ||z — 213, + 112 ~ K"yl
since by the definition of 2, it holds that
(z—2,2—K'y)n =0.
Clearly, since 2 = kjy
P(k) = P(ko)

with equality achieved only when & = kq.
This argument breaks down, however, when the elements
are in a Krein space, since then we could have

12 — k*yl|* = llksy — k*yl|> = 0, even if ko # k.
All we can assert is that |

kjy — k*y = an isotropic vector in the linear
YN

Moreover, since ||k}y — k*y||* could be negative, it is not true
that P(k) will be minimized by choosing & = kg. So a closer
study is necessary.

We shall start with a definition.

Definition 3 (Stationary Point): The matrix ko € CV+D
x (M + 1) is said to be a stationary point of an (M + 1) x
(M + 1) matrix quadratic form in &, say

P(k)= A+ Bk +k*B* + k*Ck

subspace spanned by {yg," -

iff koa is a stationary point of the “scalar” quadratic form
a* P(k)a for all complex column vectors a € CM+1 ie., iff
da*P(k)a

Oka
Now we can prove the following.

Lemma 3 (Condition for Minimum): A stationary point of
P(k) is a minimum iff for all ¢ € CM+!

=0.
k=ko

random variables and that their variance and cross-variances 8%a*P(k)a >0
are known. In this case the inner product is (z;, Y;)n = Bz} A(ka)? | T O
(where E(-) denotes expectation), and P(k) is simply the o . oo
mean-square-error (or error variance) matrix in estimating z Moreover, it is a unique minimum iff
using k*y, viz. 7 8%a*P(k)a 0 ®)
2
P(k) = Bz = K'y)(z - K'9)" = |2 = K"yl Oka)® iy
da*P(k)a 8%a*P(k)a
*P(k)a = a* P(k ge el g - k= ko) 22 AW g
a*P(k)a = a*P(kg)a + e (k—ko)a+ a™(k — ko) Bka)? - (k—ko)a

=0
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L{y}

Fig. 2. The projection 2 = kjy stationarizes the error Gramian P(k) =
(z — k*y ,z — k*y) over all k*y € L{y}.

Proof- Writing the Taylor series expansion of a*P(k)a
around the stationary point ko yields (since a*P(k)a is
quadratic in ka), as shown at the bottom of the previous
page, or equivalently

a*P(k)a — a*P(ko)a
= a*(h — ko) L2 L) ;(,Z ()’Z)a

Using the above expression, we see that ko is a minimum,
ie., a*P(k)a — a*P(ko)a > 0 for all k # ko iff (7)
is satisfied. Moreover, ko will be a unique minimum, i.e.,
‘a*P(k)a — a*P(ko)a > 0 for all k # ko iff (8) is satisfied.
O
Let us now return to the error Gramian P(k) in (6) and
expand it as

P(k) = (Z,Z)]C - <Z,y);ck‘ - k*<y7z)lC + k*(y7y)le (9a)

or more compactly

Pk) =11 —k*][l%z %yH_Ik]

Y

. (k - ko)a.
k=kg

(9b)

Note that the center matrix appearing in (9b) is the Gramian
of the vector col{z,y}.

For this particular quadratic form, we can use the easily
verified triangular factorization (recall our standing assumption
that R, is nonsingular)

[Rz Rz,,] _ [I Rzngl]

R,, R, 0 I
y R, — RznglRyz 0 I 0
0 R, R;lRyz I
(10)
to write
a*P(k)a = [a* a*k* - a*Rzlejl]
x R, — RznglRyz 0 a ‘
0 R, | |ka - R;lRyza
(11)

Calculating the stationary point of P(k) and the corresponding
condition for a minimum is now straightforward. Note, more-
over, that R, nonsingular implies that the stationary point is
unique.
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Theorem 1 (Stationary Point of the Error Gramian): When
R, is nonsingular, ko, the unique coefficient matrix in the
projection of z onto L{y}

2 = ksya k() = R;lRyz
yields the unique stationary point of the error Gramian
P(k) 2 (z— k*y,z — k™y)
— * Rz Rzy I
i 4 1R

over all k € CN+DX(M+1) Moreover, the value of P(k) at
the stationary point is given by

(12)

P(ko) = R, — R.yR;'Ry..

Proof: The claims follow easily from (11) by differentia-
tion. a

Further differentiation and use of Lemma 3 yields the
following result.

Corollary 1 (Condition for a Minimum): In Theorem 1, ko
is a unique minimum iff :

R,>0

i.e., Ry is not only nonsingular but also positive definite.

B. A Partially Equivalent Deterministic Problem

We shall now consider what we call a partially equivalent
deterministic problem. We refer to it as deterministic because
it involves computing the stationary point of a certain scalar
quadratic form over ordinary complex variables (not Krein
space ones). Moreover, it is called partially equivalent since
its solution, i.e., the stationary point, is given by the same
expression as the projection of one suitably defined Krein-
space vector onto another, while the condition for a minimum
is different than that for the Krein-space projection.

To this end, consider the scalar second-order form

A x w1| Bz Rzy . [Z :l
et v )
where the central matrix is the inverse of the Gramian matrix
in the stochastic problem of Theorem 1 [see (9b)]. Suppose
we seck the stationarizing element 2o for a given y. [Of course
now we assume not only that R, is nonsingular, but so also
the block matrix appearing in (13).] Note that z and y are
no longer boldface, meaning that they are to be regarded as
(ordinary) vectors of complex numbers.

Referring to the discussion at the beginning of Section I'V-
A on Hilbert spaces, the motivation for this problem is the
fact that for jointly Gaussian random vectors {z,y}, the linear
least-mean-squares estimate can be found as the conditional
mean of the conditional density pzy(z,y)/py(y)- When {z, Yy}
are zero-mean with covariance matrix” II; zz %y , taking
logarithms of the conditional density rcsultys in th?: quadratic
form (13) which is the negative of the so-called log-likelihood
function. In this case, the relation between (13) and the

(13)
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projection follows from the fact that the linear least-mean-
squares estimate is the same as the maximum likelihood
estimate [obtained by minimizing (13)]. With this motivation,
we now introduce and study the quadratic form J(z,y) without
any reference to {z,y} being Gaussian.

Theorem 2 (Deterministic Stationary Point): Suppose both
R, and the block matrix in (13) are nonsingular. Then

a) The stationary point zp of J(z,y) over z is given by
20 = RzyRy_ Ly,
b) The value of J(z,y) at the stationary point is
J(20,9) = v" By My

Corollary 2 (Condition for a Minimum): In Theorem 2, zg
is a minimum iff

R.— R.,R;'R,. > 0.
Proof: We note that [see (10)]
R. R, [ I "o
R,. R, T |-R;'Ry. I

— -1
y [R, — RyR;'Ry. O }

0 R,
I —-R.,R;!
X {0 I

so that we can write

J(z,y) = (2" —y" R Ry.) y*]

_ -1 —_
" R.—R.yR;'R,. 0 (z = Ry R 'y)
0 R, y ’

It now follows by differentiation that the stationary point of
J(z,y) is equal to 29 = R.yR;'y, and that J(z0,y) =
y Ry Ly. To prove the Corollary, we differentiate once again,
and use Lemma 3. O

Remark 1: Comparing the results of Theorems 1 and 2
shows that the stationary point 2y, of the scalar quadratic form
(13) is given by a formula that is exactly the same as that in
Theorem 1 for the Krein-space projection of a vector z onto
the linear span L{y}. In Theorem 2, however, there is no
Krein space: z and y are just vectors (in general of different
dimensions) in Euclidean space and 2 is not the projection
of z onto the vector y. What we have shown in Theorem 2
is that by properly defining the scalar quadratic form as in
(13) using coefficient matrices 12, Ry, ., and R, that are
arbitrary but can be regarded as being obtained from Gramians
and cross-Gramians of some Krein-space vectors {z,y}, we
can calculate the stationary point using the same recipe as in
Theorem 1.

Remark 2: Although the stationary points of the matrix
quadratic form P(k) and the scalar quadratic form J(z,y)
are found by the same computations, the two forms do
not necessarily simultaneously have a minimum, since one
requires the condition R, > 0 (Corollary 1), and the other
requires the condition R, — R,y R 1R, > 0 (Corollary 2).

This is the major difference from the classical Hilbert space
context where we have

(ELED, [ )0

When (14) holds, the approaches of Theorems 1 and 2 give
equivalent results.

Corollary 3 (Simultaneous Minima): For vectors z and y
of linear independent elements in a Hilbert space H, the
conditions R, — R.,R; 'Ry, > 0 and R, > 0 occur
simultaneously.

Proof: Immediate from the factorization (10). O

‘We shall see in more detail in Part II, and to some extent in
Section VI-B of this paper, that this difference is what makes
H= (and risk-sensitive and finite memory adaptive filtering)
results different from H? results. Briefly, H° problems will
lead directly to certain indefinite quadratic forms: to station-
arize them we shall find it useful to set up the corresponding
Krein-space problem and appeal to Theorem 1. While this will
give an algorithm, further work will be necessary to check for
the minimum condition of Theorem 2 in the H°° problem.

It is this difference that leads us to say that the deterministic
problem is only partially equivalent to the stochastic problem
of Section IV-A. (We may remark that we are making a
distinction between equivalence and “duality”: one can in fact
define duals to both the above problems, but we defer this
topic to another occasion.)

Remark 3: Finally, recall that Lemma 2 on the existence
and uniqueness of the projection implies that the stochastic
problem of Theorem 1 has a unique solution if, and only if, R,
is nonsingular, thus explaining our standing assumption. The
following result is the analog for the deterministic problem.

Lemma 4 (Existence of Stationarizing Solutions): The de-
terministic problem of Theorem 2 has a unique stationarizing
solution for all y if, and only if, R, is nonsingular.

Proof: Let us denote

(14)

R, R,| ' _[A B
R. R,| T |B C

e sl A4 Bl|#
sen=t vl o) 7]

If J(z,y) has a unique stationarizing solution for all y,
then A must be nonsingular (since by differentiation the
stationary point must satisfy the equation Azy = By). But
the invertibility of A and the whole center matrix appearing in
J(z,y) imply the invertibility of the Schur complement C' —
B*A~'B. But it is easy to check that this Schur complement
must be the inverse of R,. Thus 2, must be invertible.

On the other hand if R, is invertible, then the deterministic

problem has a unique stationarizing solution as given by
Theorem 2. O

so that

C. Alternative Inertia Conditions for Minima

In many cases it can be complicated to directly check for
the positivity condition of the deterministic problem, namely
R, — R.yR;'Ry. > 0. On the other hand, it is often easier
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to compute the inertia (the number of positive, negative, and
zero eigenvalues) of R, itself. This often suffices [24].
Lemma 5 (Inertia Conditions for Deterministic Minimiza-
tion):
a) If R, and R, are nonsmgular then the deterministic
problem of Theorem 2 will have a minimizing solution
(ie., R. — R.yR;'R,. will be > 0) if, and only if

I_[R)) =I_[R.)+ I [(R,~ Ry.R;'R.,)] (15

where I_[A] denotes the negative inertia (number of
negative eigenvalues) of A.

b) When R, > 0 (rather than just being nonsingular) then
we will have a minimizing solution iff

I_[Ry]=I_[Ry - Rysz_ley] (16)

ie., if, and only if, R, and R, — R,.R; 'R, have the
same inertia. '
Proof: If R, and R, are both nonsingular, then equating the
lower-upper and upper-lower block triangular factorizations of
the Gramian matrix in (10) will yield the result that

R. - R,R;'R,. 0 R, 0
[ 0 | ™ o RR.R'R.,

are congruent. By Sylvester’s Law that congruent matrices
have the same inertia [16], we have

L[R. - RoyRy R, + L[R,)
=I_[R:]+ I-[(Ry - Rysz_ley)]-

Now if (15) holds, then I_[R,
R. — R.yR'R,. > 0.

Conversely if I_[R, — RznglRyz] = 0, then (15) holds.

When R, > 0, we have [_[R,] = and (16) follows
immediately. u

The general results presented so far can be made even
more explicit when there is more structure in the problems. In
particular, we shall see that when we have state-space structure
both R, and R, — Rysz‘ley are block-diagonal. Moreover,
a Krein space—Kalman filter will yield a direct method for
computing the inertia of R,. Thus, when we have state-space
structure, it will be much easier to use the results of Lemma 5
than to directly check for the positivity of R, — RzyR; 1Ryz
[22], [24].

- R.yR,;'R,.] = 0, so that

V. STATE-SPACE STRUCTURE

One approach at this point is to begin by assuming that the
components {y]-} of y arise from an underlying Krein space
state-space model. To better motivate the introduction of such
state-space models, however, we shall start with the following
(indefinite) quadratic minimization problem.

Consider a system described by the state-space equations

{le =Fjzj+Gjuj, 0<j<N

y; = Hjz; +v;

where F; € C"*" @G; € C™*™, and H; € CP*™ are given

matrices and the initial state 2y € C™, the driving disturbance
€ C™, and the measurement disturbance v; € CP, are

a7
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unknown complex vectors. The output y; € C? is assumed
known for all j.

In many applications one is confronted with the following
deterministic minimization problem: Given {y]-};-":o, minimize
over zo and {u;}_q the quadratic form

N
(o, uy) = aillgtao + 3 [u5 o]
(% 2] ]
S* Rj Vj
subject to the state-space constraints (17), and where Q; €
cmxm, 8; € CMXP, Ry € CPXP Tl € CPX™ are (poss1bly
1ndeﬁn1te) given Hermman matrices.

The above deterministic quadratic form is usually encoun-
tered in filtering problems; a special case that we shall see in
the companion paper is the H-filtering problem where the
I 0
0 -3 |
and where H; is now replaced by col{H;,L;}. Another
application arises in adaptive filtering in which case we
usually have u; = 0 and F; = I [15], [23]. In the general
case, however, IIy represents the penalty on the initial state,
and {Q;,R;,S;} represents the penalty on the driving and
measurement disturbances {u;,v;}. (There is also a “dual”
quadratic form that arises in control applications which we.
shall study elsewhere.)

Such deterministic problems can be solved via a variety of
methods, such as dynamic programming or Lagrange multi-
pliers (see, e.g., [5]), but we shall find it easier to use the
equivalence discussed in Section IV: construct a (partially)
equivalent Krein space (or stochastic) problem. To do so we
first need to express the J(zg, u,y) of (18) in the form of (13)
of Section IV-B.

For this, we first introduce some vector notation. Note that
the states {«;} and the outputs {y;} are linear combinations
of the fundamental quantities {zo, {u;,v;}; N }. We introduce
(the state transition matrix)

18)

weighting matrices are Ilg, Q; = I, and R; =

O(j,k) = Fyor-o- Frynsj > b, @) =1
and define
hjk = H Fi_1- - Fp1Gr = H;®(§, k)Gr
as the response at time 7 to an impulse at time k£ < j (assuming
both ¢y = 0 and vy = 0).
Then with
A

y= COI{y07"'7yN}
uwi col{ug, -+, un}
ve col{vg, -+, un}

the state-space equations (17) allow us to write

y=0xo+Tu+v=[0 F][zo}-i-v (19)
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where O and I' are the observability map and the impulse
response matrix, respectively

Hy 0
H].@(l?()) k1o 0
0= HZ@(Q’O) and I'= |hgoy ko1 0
: hsop ha1 hs
Hy®(N,0) : : :
With these definitions we can rewrite J(zg,u,y) as
M 0 07 'z
J(zo,u,y) = [z w* ]| 0 @ S u | (20)
0 S* R v
where we have defined
Q2Qud - ®Quy
RE2Ry® ---®Ry
S28 @ - @8n.
Finally we make the change of coordinates
o I 0 0 Zo
uw| =10 I 0|y
y O T I||w
to obtain
2] I 0 0]"[m o o]
J(zo,u,y) = | u 0 I 0 0 Q S
Yy -0 T I 0 S* R
I 0 0 ZQ
x| 0 I 0 U
-0 - I|ly
sl (]I o 0]f, 0 O
=|u o I ollo @ s
Yy o I 1o § R
I 0 07") '[m
10 I 0 u 21
O T I y

This is now of the desired form (13) (with z = col{zg, u}).
Therefore, comparing with (12) in Theorem 1, we introduce a
Krein space state-space model

{Tj—H = Fjz; + Gjuy,
y; = Hyzi +v;

0<j<N 222)

where the initial state, g, and the driving and measurement
disturbances, {u;} and {v;}, are such that

;5 ug Q5 Si|c
< Vil [ Vk > = U:S]* Rj 6jk 0
T | |To 0 I

0

The condition (22b) is the Krein-space version of the usual

assumption made in the stochastic (Hilbert space) state-space

models, viz., that the initial condition £ and the driving and

measurement disturbances {u;, v;} are zero-mean uncorrelated
Q; SjJ

Sy R;p

} . (22b)

random variables with variance matrices IIg and

respectively, and that the {u;, v;} form a white (uncorrelated)

sequence. As mentioned before, the Krein-space elements can

be thought of as some kind of generalized random variables.
Now if, as was done earlier, we define

y = col{yy, " -yn}
u = col{ug, - -un}

v = col{vg, - -un}

then we can use the state-space model (22a) to write

To I 0 0 E )
wul=1]0 I 0| wu (23)
Y o T I v |
and to see that
) E o)
(EHED-
v y
I 0 0] o0 o7[7I o o]"
0 I 0 0 Q@ S 0 I 0 24)
O T I 0 S* R||O T I

which is exactly the inverse of the central matrix appearing
in expression (21) for J(zg,u,y). Therefore, referring to
Theorems 1 and 2, the main point is that to find the stationary
point of J(zo,u,y) over {zg,u}, we can alternatively find
the projection of {zg,u} onto L{y} in the Krein-space model
(22a).

Now that we have identified the stochastic and deterministic
problems when a state-space structure is assumed, we can give
the analogs of Theorems 1 and 2.

Lemma 6 (Stochastic Interpretation): Suppose z = col{=zy,
u} and y are related through the state-space model (22a) and
(22b), and that R, given by (27) is nonsingular. Then the
stationary point of the error Gramian

(z—k"y,z—k"y) (25)
over all k*y is given by the projection
Zow | _ | 1LO* 1
CIRFEATIS
where .
_ " Q@ S||I*
R, = O, 0" +[I' I] {S* I EE @27

Moreover this stationary point is a minimum if, and only if,
R, > G.
We can now also give the analog result to Theorem 2.
Lemma 7 (Deterministic Quadratic Form):  The expression

Fon | _ | HoO* | pon, o
]l tslmy e
yields the stationary point of the quadratic order form
- N
T@o,uy) = o5l oo+ 3 ] (5 = Hyw)']
-1
Q; 95 } [ u; }
X |l ‘ (29a)
[5]' Ri |y — Hjz;
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over zo and u = col{ug,---,un}, and subject to the state-
space constraints
{$j+1 = Fjz; + Gjuj,
y; = Hjzj + vj.

0<j<N

In particular, when S; = 0, the quadratic form is
— N * oy —
ﬂm%wZQW%ﬁilﬂ%%wj
N
+ ijo(yj ~ Hjz;)" R ' (y; — Hjz;). (29b)

The value of J(xo,u,y) (with either S; = 0 or S; # 0) at
the stationary point is

J(‘%OIN7 {L!Na y) = y*Rgly

A. The Conditions for a Minimum

As mentioned earlier, the important point is that the condi-
tions for minima in these two problems are different: R, > 0
in the stochastic problem, and

M2R, - R.,R;'R,. >0 where z= col{zo,u}

in the deterministic problem. In the state-space case R, is
given by (27). In this section we shall explore the condition
for a deterministic minimum under the state-space assumption.
First note that for M we have (30) as shown at the bottom
of the page.

Now we know that M > 0 iff both the (1, 1) block entry in
(30) and its Schur complement are positive definite. The (1,
1) block entry may be identified as the Gramian of the error
Xo — f:0|N, ie.,

I N . A
Iy — MoO*R; ' OTly = (o — &o|n, To — Zojn) = Poyn-
(31)
To obtain a nice form for the Schur complement of the (1,

1) block entry, say A, we have to use a little matrix algebra.
Recall that

R, = OT,0" + [T 11[3* }SQ}[I]

0 o*
QJIr+qs

Using the second expression for R, and a well-known matrix
inversion formula leads to the expression

_ mt 0 O~
M 1=[ 0 Q_1]+[P*+Q_1S]
x (R-8*Q718)71[0 T +5*Q~1'].

—[© r+yQﬂﬂ%
+R—S5*Q'8.

(32

27

Now we use another well-known fact: the (2, 2) block element
of M1 is just A~! (where A~ exists since M is positive-
definite). Therefore the condition now becomes

QT+ T +QI)R-8Q7IS) I +5Q7) >0

so that we have the following result.

Lemma 8 (A Condition for a Minimum): If @ and R —
S*Q~1S are invertible, a necessary and sufficient condition
for the stationary point of Lemma 7 to be a minimum is that

i) F N > 0.

i) Q71+ (T +Q1S)(R-8*Q 1) 1 (T+5*Q~1) > 0.
When 8§ = 0, the second condition becomes Q' +T*R™T" >
0.

The conditions of Lemma 8 need to be reduced further to
provide useful computational tests. This can be done in several
ways, leading to more specific tests. One interesting way is
by showing that @~ + (I'* + Q71S)(R - S*Q~15)"1(T' +
S*Q~') may be regarded as the Gramian matrix of the output
of a so-called backward dual state-space model. This identifi-
cation will be useful in studying the H°°-control problem (and
in other ways), but we shall not pursue it here.

Instead we shall use the alternative inertia conditions of
Lemma 5 to circumvent the need for direct analysis of the
matrix R, — R.yR;'R,.. Recall from Lemma 5 that if R, >
0, a unique minimizing solution to the deterministic problem
of Theorem 2 exists if, and only if, Ry and Ry — R,.R;'R,,
have the same inertia. For the state-space structure that we are
considering, however

I, ¢
Rzz[o‘) Q}

so that after some simple algebra we have

Ry — Rysz_lRZy
=R-5*Q7'S
= (Ro - 55Q0'S0) ® -+ ® (Ry — SyQy'Sn). (33)

Thus R, — R,,R;'R,, is block-diagonal, and we have the
following result.

Lemma 9 (Inertia Condition for Minimum): If Iy > 0 and
Q@ > 0, then a necessary and sufficient condition for the
stationary point of Lemma 7 to be a minimum is that the
matrices R, and R — S*Q~'S have the same inertia. In
particular, if S = 0, then R, and R must have the same inertia.

As we shall see in the next section, the Krein space-Kalman
filter provides the block triangular factorization of R,, and
thereby allows one to easily compare the inertia of R, and
R — 5*Q18.

M

i

I

[m-nquwm

[I})O g] - l:r(l)o g] [1"* +OC;_1S] X Ry_l[O I‘_}_S*Q—l][r(l)o g]
~o0* B, 1(IQ + §*)

] . (30)
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VI. RECURSIVE FORMULAS

So far we have obtained global expressions for computing
projections and for checking the conditions for deterministic
and stochastic minimization. Computing the projection re-
quires inverting the Gramian matrix R, and checking for the
minimization conditions requires checking the inertia of R,
both of which requite O(N?®) (where N is the dimension of
R,) computations.

The key consequence of state-space structure in Hilbert
space is that the computational burden of finding projections
can be significantly reduced, to O(Nn®) (where n is the
dimension of the state-space model), by using the Kalman
filter recursions. Moreover, the Kalman filter also recursively
factors the positive definite Gramian matrix R, as LDL*, L
lower triangular with unit diagonal, and D diagonal.

We shall presently see that similar recursions hold in Krein
space as well, provided

R, is strongly nonsingular (or strongly regular) (34)

in the sense that all its (block) leading minors are nonzero.
Recall that in Hilbert space if the {y;} are linearly indepen-
dent, then R, is strictly positive definite; so that (34) holds
automatically. In the Krein-space theory, we have so far only
assumed that R, is invertible which does not necessarily imply
(34). Recursive projection, i.e., projection onto L{yg, -, y;}
for all 4, however, requires that all the (block) leading subma-
trices of R, are nonsingular; recall also that (34) implies that
R, has a unique triangular decomposition

R,=LDL". (35)
Therefore, In(Ry) = In(D), and in particular, B, > 0 iff
D > 0. This is the standard way of recursively computing the
inertia of R,.

The standard method of recursive estimation, which also
gives a very useful geometric insight into the trangular
factorization of R, is to introduce the innovations

ej:yj_‘.flp 03 <N (36)
where 4; 2 ;-1 = the projection of g; onto L {y,
Yo

Note that due to the construction (36), the innovations form
an orthogonal basis for L{y,, ---,yx} (with respect to the
Krein-space inner product) which simplifies the calculation of
projections. For example, we can express the projection of the

fundamental quantities xp and #; onto £{Yy, -, Yy} as
N
A~ -1 T
oy = 3 _(zo,e:)(en,ei) e 37
1=0
and

N
ﬁj|N = Z(uj,eiﬂei,ei)'lei 38
=0
where the state-space structure may be used to calculate the
above inner products recursively.
Before proceeding to show this, however, let us note that
any method for computing the innovations yields the triangular

factorization of the Gramian R,,. To this end, let us write

Y =1+ e
= (yi>eO>R;é€0 + oy 6i—1>R;3_1€i—1 +e

and collect such expressions in matrix form

Yo
Y1
y= )
LY N
1o e
(y1,€0) R, 5 1 e
= _ “ = Le
[(yn-eo)Rog (yn,en)RZy -+ I] lew

where L is lower triangular with unit diagonal. Therefore,
since the e; are orthogonal, the Gramian of ¥ is

R,=LR.L*, where R.=R.g®Re1® - ®Ren.
We thus have the following result.

Lemma 10 (Inertia of R,): The Gramian R, of y has the
same inertia as the Gramian of the innovations, R.. The strong
regularity of R, implies the nonsingularity of R. ;, 0 <7 < N.
In particular, By > 0, if and only if

Re; >0, forall =0,1,---,N.

‘We should also point out that the value at thé étationary point
of the quadratic form in Theorem 2 can also be expressed in
terms of the innovations

J(z0,y) = y*Ry—ly =y* L *R;'L7y

N .
= e*Re’le = Z e;R;;ej. (39)
—

A. The Krein Space-Kalman Filter

Now we shall show that the state-space structure allows
us to efficiently compute the innovations by an immediate
extension of the Kalman filter.

Theorem 3 (Kalman Filter in Krein Space): Consider the
Krein-space state equations
Tiy1 = P+ Gu;, 0<i<N
40
{yi = Hiz; + v; (40

with

uj || ug Qi 55,
< Vi, |V > = [{S; Rj 6]k 0
g g 0 IIp
Assume that R, = [(yi,yj)] is strongly regular. Then the
innovations can be computed via the formulag

e;=y;,—H;3;, 0<i<N (41
Bipr = Fifi + Kpo(y; — Hi®i), £0=0 (42)
Kpi = (FiPH] + G:S))R,} (43)
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where
R.; = {(e;,e;) = R, + H;P,H}

and the {P;} can be recursively computed via the Riccati
recursion

Piy1 = FiGF] —Kp R K i +GiQiGy,  Po=1o. (44)
The number of computations is dominated by those in (44)
and is readily seen to be O(n®) per iteration.

Remark: The only difference from the conventional
Kalman filter expressions is that the matrices P; and R, ;
(and, by assumption, IIg, @; and R;) may now be indefinite.

Proof: The same as in the usual Kalman filter theory (see,
e.g., [13]). For completeness and to show the power of the
geometric viewpoint, however, we present a simple derivation.
There is absolutely no formal difference between the steps in
the (usual) Hilbert space case and in the Krein-space case.

Begin by noting that

e =y, — 9 =y, ~ (Hi%; + 9;)

=y, - H;®; = Hx; +v; 45)
where &; is the projection of =; on L{y, - -,y;_1} and where
we have defined Z; = z; — &;. It follows readily that

Re,i = (ei,ei) =R, + HszH,*a P é (.'iz,il) (46)

Recall (see Lemma 10) that the strong nonsingularity (all
leading minors nonzero) of R, implies that the {R.;} are
nonsingular (rather than positive-definite, as in the Hilbert
space case). The Kalman filter can now be readily derived by
using the orthogonality of the innovations and the state-space
structure. Thus we first write

i
Tit1)i = Tit1 = Z($i+1,ej)(ej,ej);2 €;j
=0
and to seek a recursion we decompose the above as
i-1 .
Fip1 = R tej+ Ky
i1 =) (Big1,€5) e,j€ T £pi€
=0
A -1
Ky = (Tip1,e) R ;.
Now

(Tip1,e5) = Filmi, e;) + Gi(us, ;)
= Fi(ﬂ:i, H,z; + vi) + G¢<'ui, H,%; + ‘Ui)
= Fi(z;, Hz,)+0+04 Gi(ui,vi)
= F,P,H} + G;S;.

Note also that the first summation can be rewritten as

i1 7—1
F; Z(zi, e].)R;Jl.ej + G; Z(ui, ej)R;;ej = F;&; + 0.
=0 =0

Combining these facts we find

Eip1 = Fi%i + Ky e 47
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and

K,i= (F,PH} + G;S)R_}. (48)
It now remains to find a recursion for P;. To this end, note that
if we define the Gramians II; = (z;, ;) and I; = (&;,%;),
then the orthogonality of the #; and Z; yields

P =1L -%,.

The state-space equations (22a) show that the state variance
II;, obeys the recursion

1L, = EILF] + G,Q;G;.

Likewise, the orthogonality of the innovations implies that (47)
will yield

Tiyr = BEF + KpiRe i Ky ;, o =0.

D2
Subtracting the above two equations yields the desired Riccati
recursion for P,

Py = FiPF! + GiQiG} — Kp iR . K ; 49)
Py =1I,. ‘

Equations (46)—(49) constitute the Kalman filter of Theorem
3. O
In Kalman filter theory there are many variations of the
above formulas and we note one here. Let us define the filtered
estimate, &;; = the projection of z; onto L{yy, -, ¥;}.
Theorem 4 (Measurement and Time Updates): Consider
the Krein state-space equations.of Theorem 3 and assume
that R, is strongly regular. Then when S; = 0, the filtered
estimates &;); can be computed via the following (measurement
and time update) formulas
Zi1)iv1 = Tiv1 + Kpip1€i01, £0=0
(50)
(63Y)

— D. * -1
Kfiv1 = PipHI RO
Tip1 = Figy);

where e;, R.;, and P; are as in Theorem 3.
Corollary 4 (Filtered Recursions): The two step recursions
of Theorem 4 can be combined into the single recursion

Eiv1jiv1 = Fidia + Ko (Yiy — Hi1 Fidigi), £-1-1 =0.
(52)
For numerical reasons, certain square-root versions of the
KF are now more often used in state-space estimation. Fur-
thermore, for constant systems or in fact for systems where
the time-variation is structured in a certain way, the Riccati
recursions and the square-root recursions, both of which take
O(n?) elementary computations (flops) per iteration, can be
replaced by the more efficient Chandrasekhar recursions which
require only O(n?) flops per iteration [17], [18]. The square-
root and Chandrasekhar recursions can both be extended to
the Krein-space setting, as described in {22].
Before closing this section we shall note how the innova-
tions computed in Theorem 3 can be used to determine the
projections &g and 4y using the formulas (37) and (38).
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Lemma 11 (Computation of Inner Products): We can write

(IO, 6,‘) = HOQ}'—KH(Z'J O)H (53)
and
(uj,e;) = QG ®r g (6,7 + 1 HT + Siby; J Sl:
T 0 j>i
(54)
where
Cr_gm(i,g) H(Fk ~ Kp 1 Hy).
These lead to the recursions
ﬁ0|i = ﬂAT0|i_1 +H0(§*F~KH(Z'7 O)Hl*R;zle,, :i'ol_l =0 (55)

and (56), found at the bottom of the page, where @5 _ (2, 7)
(i > j) satisfies the recursion

Op_xu(i+1,5) = ®p_gpu(i,d)(Fi — KpiHi)*
@}—KH(J.J') =1
Proof: Straightforward computation. O

B. Recursive State-Space Estimation and Quadratic Forms

Theorems 5 and 6 below are essentially restatements of
Theorems 1 and 2 when a state space model is assumed and
a recursive solution is sought.

The error Gramian associated with the problem of projecting
{zg,u} onto L{y} has already been identified in Lemma 6 and
(55), and (56) furnishes a recursive procedure for calculating
this projection. The condition for a minimum is Ry > 0, where
R, has been shown to be congruent to the diagonal matrix F..
This gives the following theorem.

Theorem (Stochastic Problem): Suppose z = col{zg,u}
and y are related through the state-space model (22a) and (22b)
and that R, is strongly regular. Then the state-space estimation
algorithm (55), (56) recursively computes the stationary point
of the error Gramian

(z—Kk'y,z—k"y)

over all k*y. Moreover, this stationary point is a minimum if,
and only if
R.; >0 for j=0,---,3

Similarly, the scalar quadratic form associated with the
(partially) equivalent deterministic problem has already been

identified in Lemma 7

N
I (zo,u,y) = z5lly @0 + Z[U; (5 —

=0

—1
R
Sy R;| |y —Hjz;

In particular, £o;y and iy are the stationary points. of
JIn{zo,u,y) over zo and w; and subject to the state-space
constraints z;41 = Fjz; + Gjug, 5 = 0,:---,N. In the
recursions, for each time 7, we find £q; and 4;;; which are
the stationary points of

Hjz;)* ]

67

Ji(zo,u,y) Zxéﬂal.’bo +Z[u — Hjz;)*]
. j=0

(3 2] L)
Sy Ri| |y - Hyzg

Theorem 6 (Deterministic Problem): If Ry is strongly reg-
ular, the stationary point of the quadratic form

(38)

Ji(z0,u,y) = z1ly ‘oo + Z[uJ

J=0
JERI R
S* Rj yj——Hjxj

over zg and u;, subject to the state-space constraints ;41 =
Fizj+ Gju;, 7 =0,1,--+,4 can be recursively computed as

(yj — Hz;)"]

(59

o IS . —1 -
Zop = Fopi—1 + Mo @p_gxem (1, 0)HI R jei,  Zoj-1 =0
and see (x), shown at the bottom of the page, where the
innovations e; can be computed via the recursions

Tip1 = FiZi + Kpiei, £0=0

w1th K,, = (F;RHf + G, S)Rez, e = R + H;P,H,
; = y; — H;Z;, and P; satisfying the Riccati recursion

Piy1 = FiPF} + GG} — K, ;R7IK), Py =Tl
Moreover, the value of J;(zo,u,y) at the stationary point is
given by

J xOf’u u|z7

Ze RGJ

Wjli =

Uji =

: {“m 1+ QG kg (67 + 1)H*R iei, iy = SR je:

{aﬂi_l + QG % _ gy (i + 1)H;R;}ei,
0

Jj<i

j>i (56)
@), = S;R;ze; j<i @)

j>i
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Proof: The proof follows from the basic equivalence be-
tween the deterministic and stochastic problems. The recur-
sions for £g); and i, are the same as those in the stochastic
problem of Lemma 11, and the innovations e; are found via
the Krein space~Kalman filter of Theorem 3. O

As mentioned earlier, the deterministic quadratic form of
Theorem 6 is often encountered in estimation problems. By
appeal to Gaussian assumptions on the v;, u;, and xp, and
maximum likelihood arguments, it is well known that state
estimates can be obtained via a deterministic quadratic mini-
mization problem. Here we have shown this resuit using simple
projection arguments and have generalized it to indefinite
quadratic forms.

The result of Theorem 6 is probably the most important
result of this paper, and we shall make frequent use of it in
the companion paper [1] to solve the problems of H* and
risk-sensitive estimation and finite-memory adaptive filtering.
In those problems we shall also need to recursively check for
the condition for a minimum, and therefore we will now study
these conditions in more detail.

Recall from Lemma 9 that the above deterministic problem
has a minimum iff, R, and R—5*Q~15 have the same inertia.
Since R, is congruent to the block diagonal matrix R., and
since R — 8*Q~'8 is also block diagonal, the solution of
the recursive stationarization problem will give a minimum
at each step if and only if all the block diagonal elements of
R. and R — S*Q~1S have the same inertia. This leads to the
following result.

Lemma 12 (Inertia Conditions for a Minimum): If Iy > 0,
@ > 0, and R is nonsingular, then the (unique) stationary
points of the quadratic forms (59), for ¢ = 0,1, --- N, will
each be a unique minimum iff the matrices

R.; and R; - S;Q;'S;

have the same inertia for all j = 0,1,-.- N. In particular,
when S; = 0, the condition becomes that R, ;, and R; should
have the same inertia for all 7 = 0,1,--- V.

The conditions of the above Lemma are easy to check since
the Krein space—Kalman filter used to compute the stationary
point also computes the matrices R, ;. There is another
condition, more frequently quoted in the H° literature, which
we restate here (see, e.g., [4]).

Lemma 13 (Condition for a Minimum): If Illg > 0, @ > 0,
R is invertible, Q—SR™'S* > 0, and [F; G;] has full rank for
all j, then the quadratic forms (59) will each have a unique
minimum if, and only if

ijjl =P '+ H;R;'H; >0 j=0,1,---,N.
It also follows in the minimum case that P;;; > 0 for
j:0717"'7N- .
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Remark: In comparison to our result in Lemma 12, we
here have the additional requirement that the [F; G;] must
be full rank. Furthermore, we not only have to compute the
P; (which is done via the Riccati recursion of the Kalman
filter), but we also have to invert P; (and R;) at each step
and then check for the positivity of P;* + H}R;'H;. The
test of Lemma 12 uses only quantities already present in the
Kalman filter recursion, viz. R.; and R;. Moreover, these
are p X p matrices (as opposed to 'Pﬂjl which is n X n) with
p typically less than n and whose inertia is easily determined
via a triangular factorization. Furthermore it can be shown [22]
that even this computation can be effectively blended into the
filter recursions by going to a square-root-array version of the
Riccati recursion. Here, however, for completeness we shall
show how Lemma 13 follows from our Lemma 12.

Proof of Lemma 13: We shall prove the lemma by induc-
tion. Consider the matrix

| P H}
0 -Q" QoS
Ho S§Q¢" Ro—55Qq So

Two different triangular factorizations (lower-upper and upper-
lower) of the above matrix show that

Iyt 0 0
0 -Qgt 0
0 0  Ro+ HollgHg

and (y), shown at the bottom of the page, have the same inertia.
Thus, since Iy > 0, Qg > 0, and Qg — SORO_IS{)‘ > 0, then
the matrices R, o = Ro + HollgH{ and Ry — S§Qq ' So will
have the same inertia (and we will have a minimum for Jp) iff

;' + Hy Ry Hp > 0.

Now with some effort we may write the first step of the Riccati
recursion as '
Mt o H
P=[F G 0 I e }
1 [ 0 0]([ 0 Qol:l [QOISO
(5 - 50q"s0) i 5505"1) £ .

Moreover, the center matrix appearing in the above expression
is congruent to

Iyt +HE Ry Hy 0 '
0 - (Qo—SoRy*S3)!

and hence is positive definite. Thus if [Fy Go] has full rank,
we can conclude that P; > 0. We can now repeat the argument
for the next time instant and so on. |

We close this section with yet another condition which will
be useful in control problems.

—(Ig" + H3 Ry H)
0

0

—(Qo ~ SoRy"S5) ™ 0

0 0
)
0 Ro — S5Q5"So
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Pi+l 0
0 (Qi— SRS~ — Gi PG
[Piy1 G;
| Gi (Qi— S:B718))™
_[Piy1 = Gi(Qi - S:R;1SHGY 0
] 0 (@i — S;R;7'Sy)~1
_[(F - GiS:R7H) (P + HE‘RZIHJ*I(E — QSR H) 0
mll 0 (Qi— SiR7'S)™*
(Pt + HfR;VH;)™ 0 @
~ 0 (Qi - SiR7'SH)™ | ,

Lemma 14 (Condition for a Minimum): If in addition to the
conditions of Lemma 13, the matrices F; — G]-SjRj'lH ; are
invertible for all 7, then the deterministic problems of Theorem
6 will each have a unique minimum iff Py41 > 0 and

(Q; — S;R;*85)™ = GjPj11G; >0 j=0,1,---,N.

Proof: Let us first note that the Riccati recursion can be
rewritten as

P = FRF + GiQiG; — (F P H! + G;5;)
X (R; + H P H} )" N(F P Hf + GiS;)*
= (F; — G:S;R; H,)P,(F; — G;S: R H;)*
+ Gi(Q; — S;R7YSHGY — (F; — GiS: Ry H,) P, HY
x (R; + H; P H} ) H; P,(F; — G:S; R H;)*
=(F; — G;S;R7TH)(P7Y + HY R H) ™!
% (Fy — GiSiR;7TH) 4 Gi(Qs — SiR71SHG:.

The proof, which uses the last of the above equalities, now
follows from the sequence of congruences, found in (z) at the
top of the page, and Lemma 13. O

VII. CONCLUDING REMARKS

We developed a self-contained theory for linear estimation
in Krein spaces. We started with the notion of projections and
discussed their relation to stationary points of certain quadratic
forms encountered in a pair of partially equivalent stochas-
tic and deterministic problems. By assuming an additional
state-space structure, we showed that projections could be
recursively computed by a Krein space—Kalman filter, several
applications for which are described in the companion paper
[1].

The approach, in all these applications, is that given an
indefinite deterministic quadratic form to which H°, risk-
sensitive, and finite-memory problems lead almost by inspec-
tion, one can relate them to a corresponding Krein-space
stochastic problem for which the Kalman filter can be written
down immediately and used to obtain recursive solutions of
the above problems.
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