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A fast-array Kalman filter solution to active noise control
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SUMMARY

A Kalman filter solution to active control and its fast-array implementation are provided. The adaptive
control problem is formulated as a state-estimation problem and no interchanging of the adaptive filter and
the secondary-path is imposed. Moreover, no estimate of the disturbance signal is needed, and we exploit
the structure in the state—space matrices to derive a fast-array implementation. A minimum variance
estimate of the controller coefficients and the secondary path state is obtained. When there is no
uncertainty in the secondary path, state equivalence with the modified filtered-RLS algorithm is proven.
Using exponential forgetting, the analysis shows that in the generation of the filtered reference signal in the
modified filtered-RLS, exponential forgetting should be incorporated too. Simulations show the superiority
in convergence of the fast-array Kalman algorithm over the fast-array modified filtered-RLS algorithm.
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1. INTRODUCTION

Active noise and vibration control (ANVC) systems usually deal with a large amount of
dominant, relatively weakly damped, resonance modes (in the order of 10-50) and need
controllers with a large impulse response to obtain good disturbance rejection (in the order of
100-1000 taps). Furthermore, sampling rates are often in the order of 1-10 kHz to have
sufficient control bandwidth. Besides, the controller should be able to adjust for variations in the
system, like temperature variations. These constraints make ANVC a challenging control
problem even in a time of fast increasing computer power.

Because of its computational efficiency and robustness properties, the filtered-X LMS
(FXLMYS) algorithm is very popular in ANVC systems (see, e.g. Reference [1]). However, in
applications with broadband disturbances, and especially in the case of multiple channels, the
convergence and tracking capacity of FXLMS is poor. This problem has encouraged many
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126 R. FRAANIJE ET AL.

researchers to develop alternatives to the FXLMS algorithm, see, e.g. References [2-8].
Also IIR adaptive LMS algorithms are proposed, which may allow a reduction of the number of
filter coefficients. However, it is hard to analyse its convergence rate and the adaptive algorithm
may very well convergence to a local minimum due to the non-linearity of the IIR filter
structure.

Almost all algorithms proposed for ANVC are of the so-called filtered-X or filtered-
reference type. They rely on the assumption that the adaptive filter and the controlled
system, the so-called secondary path, may be interchanged. Neglecting transients from
initial states, this is true for systems that are constant in time. However, since the adaptive
filter varies in time this is not true anymore and algorithms based on this assumption may
yield bad performance. This observation has motivated the introduction of the so-called
modified filtered-X algorithms, in which the disturbance is estimated from the residual
signal and an internal model of the secondary path, see References [2,9]. It is interesting to
note that in Reference [10] (especially Equation (13)) for detereministic disturbances, the
modified filtered-X algorithms, though not named this way, were already derived from a self
tuning regulator point of view. Although this is still an approximation in non-stationary
applications where the optimal controller is varying in time, the modified filtered-X algorithms
yield better convergence than the filtered-X algorithms, at the expense of increased
computational load.

The problem of interchanging the adaptive filter and the secondary path was addressed
in Reference [6] by reformulating the ANVC control problem as a state estimation problem.
The state to be estimated contains the unknown filter coefficients and the unknown state
of the secondary path system. However, this approach required an estimate of the disturbance
signal.

In this paper, we reformulate the ANVC control problem also as a state-estimation problem,
but without using an estimate of the disturbance. The state-estimation problem is solved by a
Kalman filter, which has been chosen from an optimality point of view. Uncertainty in the
secondary-path state, due to initial state uncertainty and/or noise, can be taken into account
explicitly with improved convergence. We also show that in case there is no uncertainty in the
secondary-path state, then the Kalman algorithm is equivalent to a modified filtered-RLS
algorithm. The analysis of the equivalence of both algorithms also shows that the exponential
forgetting needs to be applied to filtering the reference signal as well. Furthermore, a fast-array
implementation of the Kalman filter algorithm is derived, which enables practical application of
the algorithm. The derivation of this fast algorithm is based on the observation that although
the underlying state—space model is not time-invariant, it is nevertheless a structured model in
the sense defined in References [11, 12]. This article only addresses the single-channel case to
focus on the concepts. However, the analysis and the proposed algorithms can be
straightforwardly extended to the multiple-channel case, though might ask for carefull
bookkeeping.

The paper is organized as follows. Section 2 formulates the estimation problem, provides
necessary and sufficient conditions for a solution of this problem in terms of observability and
persistency of excitation and presents the Kalman algorithm to solve this problem. Section 3
derives the new fast-array implementation of the Kalman algorithm. Section 4 compares the
Kalman algorithm and a modified filtered-RLS algorithm and presents the conditions for
equivalence of both algorithms. Section 5 illustrates the (fast-array) Kalman algorithm by
simulation and Section 6 concludes the paper.
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2. THE KALMAN FILTER SOLUTION

2.1. The state estimation problem

Consider the active feedforward control problem illustrated in Figure 1. The objective is to
counteract the disturbance signal d(k) by a secondary signal y(k), which yields the residual signal
e(k). It is assumed, that the primary path can be decomposed into a series connection of an
optimal feedforward controller W°(¢~') and a secondary path S(g~!), which contains the
dynamics between the actuators and the sensors. Usually this assumption is not satisfied, but the
error due to imposing this assumption can often be neglected. Assuming that the noise signals
vy(k) and v,,(k) are uncorrelated with the disturbance reference signal r(k), it can be verified
easily that the residual signal is minimized if the feedforward controller Wi(g~') equals
W°(g~"). In this way, the feedforward control problem is reformulated in an estimation context [6].
We will assume that the unknown optimal controller is a FIR filter of length n,,

Woqg )y =wo+wig '+ w,, g (1
and that Wy(¢~") has the same structure
Wilg™") = wo(k) + (kg™ + -+ by, 1 (kg™ 2
Let
w® =wo wy -+ Wy, 11" 3)
(k) = Dio(k) wi(k) - b, 1 (R)]" “4)
Py = [rGk) k= 1) -+ r(k —ny + D] (%)
v (k)
v,(k)
k u®(k) d(k)
"0 w(g ™) S
+ N + e(k)
7 O W,
A
b | S(q”
- /,94 (O 0
I
—={ Kalman filter

Figure 1. A block diagram representation of a feedforward active control configuration with a

feedforward controller Wy(g~') estimated by a Kalman filter to minimize the residual disturbance e(k).

The primary path is assumed to consist of a series connection of the (unknown) optimal feedforward
controller W°(g~!) and the secondary path S(g!).
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then the optimal control signal is given by
u(k) = r) (kyw° (6)
and the actual control signal by
uky = —ry (k)w(k) (7

We will also allow for small time variations in the optimal filter coefficients, which are taken into
account by an exponential forgetting factor A:

(IR VR
Then (6) is replaced by
(k) = ry, (kyw(k) @®)
where w(k) is iteratively defined by
wk + 1) = 272w(k),  w(0) = w° ©9)

This model of the dynamics in the optimal filter coefficients may allow better tracking capacity,
see, e.g. Reference [11]. In Equation (9) also an innovation term can be included to model a
larger set of variations in the optimal filter coefficients, which may further improve tracking
behavior. However, in the derivation of the fast-array algorithm in Section 3 an innovation term
in (9) cannot be taken into account.

The secondary path S(¢~") will be described in state-space form. Usually, the state dimension
ng 18 high (in the range 20-100) for acoustical or vibrational systems. For this reason, using a
FIR model of sufficient length to model the dynamics of S(g~!) can help lower the
computational complexity, especially for well damped systems. Because the FIR model
structure is contained in the state—space model structure, i.e. a FIR model is a state—space model
with particular structure, it is just a matter of straightforward computation to derive the
expressions for secondary path models with FIR structure. Other (canonical) parameterizations
contained in the state—space structure can be used as well.

The noise signal v (k) € R™ distorts the secondary-path state and v,,(k) distorts the measured
output e(k). We assume vy (k) and v,,(k) are both stationary zero-mean white-noise signals that
are independent of r(k) and satisfy

T
[Vs(k)] [Vs(l)] _[ 0 Onv><1‘|5kl’ 050, R0 (10
v’”(k) Vm([) 01 XNy R

with dy; the Kronecker delta function (if £ =/ then J;; = 1, otherwise d;; = 0). Note that the
assumption that vy(k) is white is not restrictive, since this can always be assured by incorporating
the noise-shaping filter into the secondary path system. The disturbance reference signal r(k)
may be white or colored noise, a sinusoid, stationary or non-stationary. We will only impose a
persistency of excitation condition on r(k), which will be stated in Theorem 1 in Section 2.1.

Let (A4, By, C,, D) be the state—space matrices that model the secondary path S(g~!), then the
disturbance d(k) is written as

0'(k + 1) = A,0' (k) + Bau®(k) + Gyvy(k), 0'(0) = 0, (11)

d(k) = C,0" (k) + Dau° (k) (12)
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and the secondary signal y(k) as

0*(k + 1) = A,0°(k) + Bsu(k), 0%(0) = 6; (13)
y(k) = Cs0°(k) + Dyu(k) (14)
with 0'(k), 0*(k) € R™. Since
e(k) = d(k) + y(k) + vn(k) (15)
and the state—space matrices in (11)—(12) and(13)—(14) are the same, we can write
O0(k + 1) = A,0(k) + By(u° (k) 4+ u(k)) + G,vy(k), 0(0) = 0, (16)
e(k) = Cs0(k) + Ds(u®(k) + u(k)) + vu(k) 7

with 0y = 0§ + 07 and 0(k) = 0' (k) + 0%(k).
Substituting (7)—(9) into the state—space equations (16)—(17) gives the final state—space
description of the active control system considered in this paper

WY(k + 1) iil/z[nw Onwxns wy(k) Ny XMy A(k)
= - w
0(k + 1) Byl (k) A, 0(k) Byri
Onw XNy w (0) w°
+ V‘\‘(k)a = (18)
Gy 0(0) 0o
T w(k) .
e(k) = [Dyr, (k) C;] — Dyr,, (K)W(k) + viu(k) (19)
w G(k) w
For ease of notation, we define
}vil/zln ) On ) X1,
Ak _ W w s (20)
Byr, (k) Ay
Onn-xnn- 1
| -BaL (k) b
0nw><nw
G- l 22)
Gy
Cr = [Dyry (k) C] (23)
Dy = —Dyr, (k) (24)
and the augmented state
w(k)
x(k) = (25)
0(k)
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With these definitions, (18) and (19) are rewritten more compactly as
x(k + 1) = Arx(k) + Biw(k) + Gvy(k) (26)

e(k) = Crx(k) + Dyyb(k) + v (k) 27

2.2. The relation between observability and persistency of excitation

Before we derive algorithms to estimate the augmented state x(k), we investigate the
observability of system (26)—(27).

Definition 1 (Rugh [13])

The state—space system (26)—(27) is said to be observable over the interval [ko, ko + N] if any
initial state x(kg) is uniquely determined by the corresponding zero-input response e(k) for
k =ky,...,kg+ N — 1 (i.e. the response corresponding to w(k) = 0, vy(k) = 0 and v,,(k) = 0).

Since the zero-input response for k = kg, ...,ko + N — 1 of (26)—(27) can be written as

e(ko) i Cr,
e(ko + 1) Cro+14k,
e(ko +2) — Cryr2Akyg+14k, x(ko) (28)
Le(ko + N — 1) | | Croen—1Argsn—2++ Ag,
—T(kokg+N—1)

a necessary and sufficient condition for observability on [ko, ko + N] is that ['(kg,ko + N — 1)
should have full column rank. Hence, C, and Ay, kK = ky,...,ko + N — 1 should be such that
there exists an N such that I'(ky, kg + N — 1) has full column rank. Before stating the theorem
which provides necessary and sufficient conditions for observability in terms of conditions on
(A4y, Cy) and the reference signal r(k), let us have a closer look at I'(kg, kg + N — 1).

Using definitions (20) and (23) it can be verified (e.g. by induction) that

Cko = [Dsr;“.(kO) Gl

Crpr1diy = [CiByrl (ko) + 7' PDyrl (ko + 1) CAy]

Ck0+2Ak0+1Ak0 = [CSASBS”EM,(kO)ﬁ’/"fI/ZCSBSFEWH (ko + 1)+ )leXr;{erz(ko +2) C;Af]

Crosn—tAkgsn— - Ay = [CAY 2B (ko) + A7 PCAY BT L (ko + 1)
+oo ATNIRCBT (kg + N - 2)
+ATNDEDGT (ko + N — 1) CoAN]
Hence, I'(kg, ko + N — 1) can be written as
[(ko,ko + N — 1) = [HyZn(ko) T'w] (29)
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where Zy(ko) is the Toeplitz matrix defined by

rh (ko) ] r(ko) rko— 1) oo 1k —my + 1)
T (ko + 1) r(ko + 1) r(ko) o (ko — ny +2)

(k) = ' - | ' | (30)
_r;_(ko—&-N— l)_ rtko+N—-1) rtko+N—-2) - rtko+ N —ny)

Hy is the lower triangular matrix with impulse response coefficients weighted by powers of the
inverse square-root of the forgetting factor 4

_ D, -
C,B; 272D,
Hy = CyA,B; /lil/ZC‘YBA' iilDA\' (31)
[(CAY 2By (7'PCAYEB) - YR CB) (YD) |
and I'y is the extended observability matrix
Cs
C.YA.Y
I'y = (32)
CyAN!

Suppose that the secondary path has ¢ samples delay. Then, the first ¢ terms of the impulse
response

S(g™") = Dy + CByg " + CyAByg > + CsA2Byg > + -+

are zero and thus the first 7 rows and the last # columns of Hy are filled by zeros. In this case, the
product Hy%(k() can be simplified to

HyAn (ko) = HyZ(ko) (33)
where Zy(ko) (Hy) is defined as the matrix which consists of the first N — # rows (columns) of
(ko) (Hy). Since we do not consider the case S(g~!) = 0 and since (4, Cy) will be assumed to

be observable we have that r<ny, i.e. the number of pure delays is smaller than or equal to the
order of S(¢~'). Now we establish the following result.

Theorem 1
Let k>0 and N >n,, + n,. Then, the state—space system (26)—(27) is observable on [k, k + N] if
and only if the following conditions are satisfied:

® the pair (4, C,) is observable;
® the Toeplitz matrix Zy(k) has full rank #n, and is such that the columns of Hy%y(k) are
not in the range space of I'y.
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Proof
ift First, note that Hy € RV~ is guaranteed to have full rank N — ¢, which can be directly
verified from its structure. Then, using Sylvester’s rank condition we have

rank(H y) + rank(Zy(k)) — (N — 1) < rank(HyZy(k)) < min(rank(H y), rank(Zy(k)))
n, < rank(HyZy(k)) < n,

and thus HyZx(k) has full (column) rank n,. Since, the pair (4y, C,) is observable and N =
n,, + ng=n, the extended observability matrix I'y has full (column) rank n,. Finally, using the
assumption that #Zy(k) is such that the columns of Hy%x(k) are not in the range of 'y, we can
conclude that

T(k,k+ N — 1) =[HyZx(k) T'y] (34)

has full column rank n, + n,. Hence, the state—space system (26)—(27) is observable on
[k, k + N].

only if: This can be proven by contradiction. First, assume that (A, C;) is not observable.
Then, I'y does not have full rank and thus I'(k,k + N — 1) does not have full rank. Second,
assume that Zy(k) does not have full rank. Then by using Sylvester’s rank condition we have
rank(H y#y(k))<n, and thus I'(k,k + N — 1) does not have full rank. Third, assume that
Z (k) has full rank and (4, Cy) is observable, but #y(k) is such that at least one column of
Hy2y(k) is in the range of T'y. Then, I'(k, k + N — 1) has columns which are linearly dependent
and thus does not have full rank. Concluding, all conditions stated in the theorem are necessary
to guarantee that I'(k,k+ N — 1) has full column rank, and thus necessary to guarantee
observability of the state—space model (26)—(27) on [k, k + N]. O

The condition that Ry(k) has full rank n, can be seen as a persistency of excitation condition
on the reference signal r(k), which is natural in system identification and adaptive filtering
algorithms, see, e.g. [14]. For example, when r(k) is a single sinusoid 7,, should be n,, <2, which
is in agreement with the fact that a single sinusoid can be perfectly cancelled using an FIR filter
with two taps. Furthermore, it may be possible that, even in case n, is chosen properly,
Ry (k) e RY""" will not be full rank for N = n,, + n,, e.g. due to the r<n, samples pure delay.
But in general for each signal r(k) there exists N > n,, + n, such that Ry(k) is guaranteed to be
full rank (for all k).

Note that Hy is a convolution matrix. Hence, each column of H yZy(k) can be interpreted as
a filtering operation of the corresponding column of Zy(k) by the secondary path system
weighted by exponential forgetting (determined by A). In addition, the column space of I'y is
equivalent to the space spanned by the initial state responses up to N. From these facts, it
follows that it is quite accidental that there should exists a column of HyZy(k) which is
contained in the range of I'y. Or, stated otherwise, that there exists a reference signal r(k) such
that filtering it by the secondary path and weighted by the exponential forgetting factor is the
same as an initial state response. In the following we assume that the conditions stated in
Theorem 1 are satisfied.

Note, that from Theorem 1 it is inferred that at least n,, + 1y samples are necessary to estimate
the state. In practice more samples are necessary due to the presence of state and measurement
noise.
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2.3. The Kalman filter

Since the Kalman filter provides a minimum variance estimate of the state at every sampling
instant given the model of the system and the covariances of the white-noise signals vy(k) and
vm(k), we will use this filter to estimate w(k) as well as 0(k).

To apply the Kalman filter, we assume that the initial state is uncorrelated with vy (k) and
vm(k), i.e.
T

x(0) x(0) T, Oy rngxny  Onptngx1
El | v | | vs(D) = | Onpxnytny  QOki Oy 1
Vin(K) | | vm(0) Otsntng Oty Rok
where
ww 0
" 1

EGv(Ow"(0) = I, E(w(0)0"(0) = Iy’ = TI5"" . E(0(0)0"(0)) = T1¢!

The Kalman filter can be described in at least two forms: the time/measurement update form
and the prediction form [15]. The output of the time/measurement update form is an estimate of
x(k) given the measurements {e(0),e(1),...,e(k)}, denoted as x(klk), together with its error
covariance matrix Pyy. The output of the prediction form is an estimate of x(k + 1) given the
same measurements {e(0), e(1),...,e(k)}, denoted as X(k + 1]k) or just X(k + 1), together with its
error covariance matrix Py or just Pri;. Because, we need an estimate of w(k + 1) to
calculate the control signal at the (next) iteration k + 1, we will use the prediction form in the
sequel.
The Kalman filter in prediction form is given by the following equations for k>0:

32(0) = Onn,--o—nsxl (35)

Py =Ty (36)

&(k) = e(k) — CyX(k) — Dipw(k) (37)

Rex = R+ Cr Py CY (38)

Ky = A/\'PkaT (39)

Rk + 1) = Ac2(k) + Bow(k) + Ki R, e(k) (40)

Py = AcPeAp — KiR, K} + GOG' 41)

For further reference, we partition Pj similarly to Il as

P P}(v()

Pr = 6 o (42)
P Py
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Note that using definitions (20)—(25) and partitioning

K, — Kk' Kw Rn“-xl KO RnsXI 43
=1 .1 Kie » M € @
k

then expression (37) for innovation ¢g(k), and expression (40) for the state-estimate update
equation X(k + 1) can be simplified to

e(k) = e(k) — C,0(k) (44)
Wk + 1) A k) Ky
. = . R (k) (45)
0(k + 1) A0(k) .

The resulting Kalman filter algorithm, to solve the active control problem, is listed in the first
column of Table I.

Table I. Kalman algorithm in covariance and fast-array forms.

Kalman covariance form Fast-array form
Assumptions:
0«A<l1 idem
R>0 idem . 0
0 >0 such that the pair (4,, G,0'/?)
0=0 ; L
is unit-circle controllable;

the pair (4, Cy) is observable

= [ G

onx XMy H(iol
I Hw9 with
I, = {n%"' H‘,}g} >0 ™ = /6 - diag{4, 22,....2"™}, >0
0 0 and % > 0 satisfies the DARE

n% = 40" 47 + G,0GT+
—A,09CcT(R + ;1% N~ 'c,n% 4T

r(ky=0 for —n, — 1<k< — 1 (i.e. prewindowed data)

Initialization:
W(O) = On %1 .
A ! idem
{ 0(0) = 0,,x1
r’lw(_ 1) = [r(_l) r(—2) e r(—n",)]T rnn-+1(_1) = Onw+1><1
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Table 1. Continued.

Kalman covariance form Fast-array form
1 0
- Omy—1x1 Omy—1x1
L*l = \/5 ! 0 ;vnw/2
PO = 1_IO Onle Onxxl
R =R+ "'
K[] = On“-xl
o 00 -1/2
K(il = ASH—IC:'FRL»,—/I

Iterate for k=0:

ra, (k) = [r(k) 7ok = DI P 1 (k) = (k) 1y (k = D]
A = |:)“71/21’7n' O g /]] — ;~7l/2lnw+1 Onw+1xnl\v
By, (k) A ) Byl (k) A,
Cr = [Dyry (k) Ci] Cr =Dyl L1 (k) C]
a(k) = e(k) — C,0(k) idem
Perform J-unitary rotation to make the 1—2 block in the
Ky post-array equal to zero, J = (I, ® —1),0,_,JO] | =J
{K@]:Kk:AkPkc{ 2 a g T O
k Ry Cilia R O
R, =R+ CkPkC;{ 0 R
T 1T T _ .~ s Qi1 = k .
Pk+] :AkPkAk _KkRe,kKk +GQG K}271 AkLk—l 0 Lk
K, K}
W+ D AT | TKY o, ® ok + 1] [a i) R R
Ok + 1) 4,000) Kg e 0k + 1) A,0(k) R |Fex ©

Now, the implementation of the Kalman filter using expressions (38), (39) and (41) is
computationally complex for most practical applications. For instance, recursion (41) has at
least O((n,, + n,)*) complexity, assuming that A, is just a shift matrix, which is the case when an
FIR model is used for the secondary path (if 4, has no structure at all, the complexity will be at
least O + (1, + ny)%).

In Section 4 we will show that by setting

wl owT 00
HO = 1_[0 = Onwxn,\" 1_IO = Onxxnsa and Q = Onvxnv

which assumes perfect knowledge of the secondary path initial state and v,(k) = 0 for all k=0,
the Kalman algorithm simplifies to a modified filtered-RLS algorithm. However, this
assumption is rather strong, and may degrade the performance of the algorithm severely in
case it is not satisfied, as will be illustrated by simulation in Section 5.

For now we proceed to derive a fast-array implementation of the Kalman filter algorithm by
exploiting structure in the state—space matrices, thus reducing the computational complexity
down to O(n,, + ny) per iteration.
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3. THE FAST-ARRAY KALMAN FILTER

3.1. The structure in the state—space model

We will base our derivation on Reference [12], where a fast implementation of the Kalman filter
for certain time-varying systems with structure was derived. Consider the definition of r,, (k) in
(5). Itis clear that r,, (k) and 1, (k + 1) have n,, — 1 entries in common but at shifted positions of
each other. Let us define the shift-matrix Z, € R™*™ as the matrix with ones on its first
subdiagonal and zeros elsewhere. Then, we can write

rn (k) =1y (k+ 1)Zy, + [O1xn,—1 1k —ny + 1)]

Using this result, we are able to relate A, and Ai,; to each other as well as C; and Cy, .
In our case, G does not depend on k, but should satisfy a particular condition given
below. Though the state—space matrices B, and Dj are also related to By,; and Dj.; we
do not need this relation in the derivation of the fast-array Kalman filter, since they
determine the deterministic part of the state update which does not influence the Kalman filter
expressions (38)—(41). Note, that we already exploited the structure in By and D; in Equations
(44) and (45).

To relate 4, and Ay, and C; and Cj.;, we will first introduce the augmented state—space
system, which is equivalent to (26)—(27):

Rk + 1) = A x(k) + Boi(k) + Gvy(k) (46)
e(k) = Crx(k) + Dp(k) + vin(k) (47)
where
1—1/2
~ A ]nw Onw X1
P ] (48)
BSrnWJrl(k) AN
~ Onw 1xny,
Bo=| " (49)
- Bs "Eu, (k)
N Ot 1,
=" (50)
Gy
Ck = [Dsr;mq(k) Gl (51)
and the augmented initial state is given by
w°
)Z'(O) _ 0 c Rnw+1+m (52)
0(0)

Because the (n,, + 1)th entry of %(k) is uncontrollable from the deterministic input w(k) as well
as from the stochastic input vy(k), it will keep its initial zero value. It can be verified easily using
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(46) that (k) has a similar form, namely
w(k)
Xk)y=1 0 |, Vk=0
0(k)

and thus the output given by (47) is exactly the same as the output given by (27). Because there is
no uncertainty in the (n,, + 1)th entry of %(0) we define

Hg’w Onu' x1 HB’O
E(®(0)X7(0)) =TTy = | Otxn, 0 Opsn,
" Oy 1Y

and it is clear that E(X(0)[vL.(k) vs(k)]) = Onp15mysmyt1-
Now, let us define

an—H Onw+1 X Ry
¥= (53)
Onsxanrl Ins
then it is straightforward to verify that

AV + AL = WA, (54)
G=YG (55)
Cr = Cr¥ + A (56)
AZ, _ Onw+1><nw+l Onw+1><ns (57)

[Onsxnw Bsr(k - nw)] Ons X g
Ap = [01xn, Dsr(k —ny)  Opxn] (58)

where (54)—(56) are, up to the A-terms, equal to (a special case of) the relations in Reference [12].

3.2. The fast-array iterations

The Kalman filter equations of the augmented system (46)—(47) are given by

$(0) = 0y 14y x1 (59)

Py =11, (60)

(k) = e(k) — CrX(k) — Dp(k) (61)

Rox =R+ C P CY (62)

Ky = A, PCT (63)

Rk + 1) = AcX(k) + Bow(k) + KR, e(k) (64)
Pry = Ak PeAf — KRR + GOGT (65)
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Because the augmented system (46)—(47) is equivalent to the original system (26)—(27), the
Kalman filter of the augmented system should provide the same state-estimate, state-error
covariance, and innovations. By straightforward computation, it can be verified (e.g. by
induction) that for all £=0:

P Oy Y

P = | Oixp, 0 01 xn,
P Ot P
Ryx = Rex
Ky
B =0
Ky
Hence, we also have for all £>0:
w(k)
Xk) = 0
0k)
k) = k)

The idea behind fast-array algorithms is to update the difference
dPy = P — WP P!

rather than Py itself. In many cases, depending on the choice of Tly, it can be shown that d P, has
a low rank o with o< (n,, + 1 + ny) (in the next subsection, we will exhibit a choice for Iy such
that o« = 2). Hence, dP;, or a factorization for it, can be updated very efficiently [11, 12].

Let us define also the difference quantities

dRe,k = Re,k — Re,k—l
dKy = Ki— YK
Then, using (62), (63) and (65) together with relations (54)—(56) we get
dR,; = C dPCT (66)
dRy = Ay dP,CT (67)
APy = Ay dB AT + PR R)RT T — ReRIRT (68)

Suppose dP; can be factored as
dPy = L My (L] |

where Lk e RIS and My e R** for some o<ny +ny+ 1. Then it turns out that
Re w—1, Ki_1 and L;_, can be updated to Rek, Ky and L as follows. Multiply the pre-array on
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the left-hand side below by a transformation @y _;

R(I,{,f_] Crli Rzl’7/162 Ot
e m T2 37 Orr=1 pT2 | )
WK R, ') ArLy- KiR, Ly

so as to result in the 1 x « zero block in the post-array on the right hand side. The matrix ®;_; is
required to be Jx_j-unitary, i.e. it should satisfy

O 115109, = Ji1

1 01><oc
Ji—1 =
Oyx1 Mi_q

This fact can be verified by ‘squaring’ the left and the right hand sides of (69) and using relations
(66)—(68). By ‘squaring’ the left hand side of (69) we obtain

where

~1/2 ~1/2

Re,k—l Ckikfl T Re,k—l Ckikfl
. s Ok-1Jk-10;_, . ah s
_ _
WK1 R, 1y ArLi— g WK1 R, 1y ArLi—
Rej1 + Crlx 1My L}, CT KU YT+ Coly My L] (AT

\Pkk_l + /lelzk_le_liz_léz \Pkk_lﬁ’;]i_lk;g_llPT + Izlkik—le—ll:/-g_l;lz

Rex KT

]%k /ledﬁk/‘]z—l—q’kk,lié_l lk;\l;]qﬂ"

ek—

And, on the other hand, by ‘squaring’ the right hand side of (69) we obtain

~ ~ T
R(l;,//? Ol X o R!,,/kz 01 X0
> —T/2 ~ T > —T/2 ~
KR Ly KR Ly
Re,k k}{
kk kkﬁe_,llk;{'i_[:kMkfle
Re,k kg ]
]Zk [zkﬁ;]lkz + di)k+1

Equality (69) then holds once we make the identification
dﬁk+1 = ikMkiz with M, = M_ (70)

We thus conclude that if d?; has (low) rank o, then dP;, also has (low) rank o. Furthermore,
the matrix My in the factorization of d Py, is equal to M;_; and thus we may set

1 lea
M:Mk and J = :J/c
00(><1 M
for all k=0.
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Now, the problem is to determine an initial factorization
dPy = I \MIT,
with M e R*** and « as small as possible. This problem will be solved in the next subsection.

Note that the update equation (69) is independent of R, G and Q. These parameters enter into
the initialization of the algorithm.

3.3. Initialization
We now seek a matrix IT_; such that the difference
Py—WP_ W' =1[_ML_,

has low rank o« (n,, + 1 + n;). Note that since we iterate beginning from k& = 0, we only need to
know L_; and M. In the following, we will assume the prewindowed-data case, i.e.

rky=0, —n,—1<k< -1 (71)
and thus
N AL Ot N
A71 _ ny+1 myp+1Xng and C7] = [OIX”w+1 CY]
0}15><}’l\1-+l As

Then, according to (62), (63), (65) and
PP Ot Py
Pe=|01n, 0 Opup,
PI 0y PP
we get

i)() 21:1_1]3_1;111 — k—ll’é;llkfl + GQGT

T2 P 0,0 ATVAPMOAT 2712 pre T
= 01 xmy 0 01, — 0 (R+ P Ty
LA7124,P% 0,0 AP AT APYCT

- . , T
A 1/2P11(-1) C_;r Onw XMy Onw x1 Onw Xng
0 + 01 X Ry 0 Ol><ns
L Aspef)l C:r Onsxnw Onsxl GSQG;F

For simplicity, we set the 1-2 and 2-1 blocks in P_; to zero, i.e.
I Oy ]
Ons XMy H(i@]

Ww
P -1 Onn'xns
P71 =

00
O”x XMy P -1
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with IT"] > 0 and H‘i"l > () to be determined. Then, we get

ww ww
—1 Hil 0”1w><] H71 Oan] T
A - Znu-+1 Zn +1
w
PO . IPP 1‘PT _ Ol><nn~ 0 1xn,, 0
Ons Xnyp+1
Onw+1 X1

A% AT — 4% CI(R + N cH~ ¢, AT + G,0GT — 1%

Let us choose

" = sdiag{l, A%,..., 2™} (72)
which yields
ww ww ! 01 el 0
.1 H71 Onwxl 1_I—] Oanl T
A - Znu'+1 an+l =9- Onw*le Onwflxnn'*l Onw*lXI
Ol XNy O 01 XMy Ny
0 01><n,.-71 =

Furthermore, if, in addition to observability of the pair (4, C,), the pair (4, G,Q'/?) is
stabilizable, then there exists a unique H(iel > 0, such that the discrete algebraic Riccati equation
(DARE)

A.vnﬂelA;r - A.vn(iel C;F(R + C.vn(iel C})71CVH€91 A;r + GvQG;r - Hef)l = OI1S><I15 (73)
holds [15, Theorem E.6.2, p. 786]. Hence, H‘iel can be found by solving the DARE (73), and the
loss of freedom in choosing H(i()l is the price to be paid for the fast-array algorithm. Note that to

ensure the pair (4,, G,0'/?) is unit-circle controllable Q should be positive definite, Q > 0. Let
IT"} and H‘igl satisfy (72) and (73), respectively, then we have

1
~ ~ T Onw—] Xny—1
Py—¥YP_ ¥ =90
7/1nw
On_yxnx
=L MLT, (74)
where
1 0
. Omy—1x1 Ony—1x1 1 0
L= | M= (75)
0 Al 0 -1

Ons x1 Ons x1
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Hence, we have obtained a factorization for d P, with rank o = 2. Note that now we have

1 0 0
J=(l@eM)=|0 1 0
00 —1

Due to the —1 in the 3-3 element of J, the transformations @;_; in (69) are hyperbolic. For
comments on the implementation and numerical accuracy of these rotations, we refer to
Reference [14, Chapter 14], see, also Reference [11, Section 2]. The resulting fast-array
implementation of the Kalman algorithm, is listed in the second column of Table I.

4. COMPARISON WITH MODIFIED FILTERED-RLS

Figures 2 and 3 show the block diagrams of the filtered-RLS and the modified filtered-RLS
algorithm respectively. Because the adaptive filter Wi(¢~') significantly varies in time, the
adaptive filter and the secondary path system may not be interchanged as assumed in the
filtered-RLS algorithm. For this reason, the modified filtered-RLS algorithm has been proposed
[2], which shows better convergence. In the filtered-RLS algorithm the reference signal r(k) is

d(k)

r(k) ~ | uh 1 yk) + e(k)
’Wkgq_ ) S(qi ) I\

\
\

RLS

S

Figure 2. Block diagram of the filtered-RLS algorithm.

d(k)
7
r(k) ] W\kéiy/’/') u(k) Sg’™h y(k) L e(k)
L +
S -0

\ \\\ ,4 d(k)
. Pl 7] YR e

Sh -Wyig™") 7O

RLS

Figure 3. Block diagram of the modified filtered-RLS algorithm.
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replaced by a filtered reference signal (k) that is generated by*
0. (k 4+ 1) = 2124,0/(k) + 21> Byr(k),  0.(0) = 0,1 (76)

r'(k) = C0,(k) + Dyr(k) (77)

Note that in the expression for 6/ (k + 1) we are using the exponential forgetting factor Z; this
choice for generating (k) is motivated by the proof of Theorem 2. The adaptive filter W(g~")
is tuned by the RLS algorithm such that the error

&:(k) = d(k) + (k) (78)
is minimized, where c?(k) is the estimated disturbance determined by
0.0k + 1) = 4,0,(k) + Bau(k),  0,(0) = 0,1 (79)
(k) = C,0,(k) + Du(k) (80)
d(k) = e(k) — y(k) 1)
and j(k) is the output of the adaptive filter given by
Fk) = =1y} (i (k) (82)
where
W, = Dio(k) wi(k) - v, 1(k)]T (83)
r;w(k) =[/(k) F(k—1)---F(k —n,+ D" (84)

Table II lists the modified Filtered-RLS algorithm in its standard covariance and fast-array
forms, which are derived according to Reference [11]. The computational complexity of the
modified Filtered-RLS algorithm can be reduced further by using the Fast Transversal Filter
(FTF), see Reference [14, Chapter 14], but often at the expense of numerical accuracy. The
derivation of the modified RLS algorithm is quite ad hoc, and no systematic derivation of the
modification and conditions for its optimality have been given yet.

In this section, we will compare the Kalman algorithm with the modified RLS algorithm. Our
main result in this section is that the modified RLS algorithm is a special case of the Kalman
algorithm of the previous section when there is no uncertainty on the secondary-path state (due
to initial-state uncertainty and/or noise). By showing the equivalence, we have thus provided a
systematic derivation of the modified filtered-RLS algorithm and conditions for its optimality.

Theorem 2
The Kalman algorithm listed in Table I and the modified filtered-RLS algorithm listed in
Table II are equivalent, under the condition that

00 wl owT
Ho = Onsxnsa Ho = Ho = Onwxnsa Q = Onvxnv

in the Kalman algorithm and r(k) = 0 for —n,, <k <0.

*Variables with subscript , or superscript " refer the variables from the modified filtered-RLS algorithm (in order to
prevent confusion with variables from the Kalman filter algorithm of Table I).
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Table II. Modified filtered-RLS algorithm in Kalman covariance and fast-array forms.

Kalman covariance form Fast-array form
Assumptions:
0« il idem
" >0 I = /6 - diag{i, A%,...,0"™}, 6>0
¥ (k) =0, for —n,, — 1<k< — 1 (i.e. prewindowed data)

Initialization:

i) — 0 —
[tz
{r,l“.(fl) =[r(=1) 1(=2) - r(=n)]" {idem

(1) = 0p51 Ty 1 (=1) = O 151

1 0
i, = Vo | Opmtxt Onyix
Py =T1p" ) 0 il
K, =0
R _1/2=R'?

Iterate for k=0:

AS 0.(k) + Byr(k) (standard)
M2 A400(k)+ 22Bor(k)  (new)  idem
(k) = C0'(k) + Dyr(k)

0/ (k + 1)—

(k) = [r(R) 7T,k — DY {idem
7 (&) = [P R) T (k= DI P (0) = 7GR T (k= 1"

C0,00) — DT (ki (k) idem
J(ky = =1} (), (k) )
) = el) — 5(K) + 7(K) idem

Perform J-unitary rotation to make the 1—2 block in the

0,k + 1) = A,0,(k) — Bar} (kivn(k)
V) =

=i \py (k) post-array equal to zero, J = (L, ® —1),0; JO] | =J
RiA =K +’;I (k)ch":m(k) . R:;,lk/zl n.‘+l(k)l‘/< 1 ® R;,lk/z 012
Py =2 ' P, — K{R, 1K} 0 L = | [R] 5,
R e b 0| Lk
Wk + 1) = 27 0,(k) + KER] e, (k) Wk + 1) = 272000 + KGR, e (k)
Proof
First, let us define
R 11/2 R 1/2 T X
Sk+l =4 / ASSk + A / B‘vrnw(k)’ SO = On;xnw (85)
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Using expression (76) and the expression for r,, (k) from Table II it can be verified that

Sk =[0.(k) 0.(k —1)---0.(k — n,, + 1)] (86)
Substituting this result into expressions (77), (82) and (84) yields
(k) = CSk + Dyr,, (k) (87)
7)== CSpi(K) = Darl (ki (k) (88)
and thus
(k) = 3(k) = Cs0,(k) + CeSin (k) (89)

The relations just derived will be used in the sequel in the proof.
By induction the following relations can be verified:

KALMAN: RLS:

(k) = (k) (90)

(k) = 0,.(k) + Spv,(k) 1)

Ry =R, (92)

K¢ =K (93)

K! = S\ K} (94)

P = pir P = If“’ P[L, ST (95)
Py Py Sk

The first step is to show that (90)—(95) hold for & = 0, which can be verified readily from the
initialization of the algorithm from Tables I and II and the assumptions in the theorem. Note
that if (91) holds, then also &(k) = ¢,(k) holds. Further, since Sy = 0,,,x,, equivalence (95) yields

ww wl W
P HO HO Hg ! O”w Xng
0 o | o 0
0 0 ng XMy ng Xng

which is the reason to assume I}, T13” and I1}" to be zero in the theorem.

The second step is to show that if (90)—(95) hold for k, then (90)—(95) also hold for k + 1.
Assume (90)—(95) hold for k. That (90) holds for k& + 1 directly follows from (91) (i.e. &(k) = ¢, X
(k)), (92) and (93) and the update rules of w(k) and w,(k).

To show that (91) holds for k + 1, we write

Ok + 1) = A,00k) + Sk KgRL e, (k)
= A,(0,(6) + Spivn(k)) + Sks1 KR e, ()
= A(0,(k) + Sp, (k) + Sicr1 00,k + 1) — 271 40,(k))
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On the other hand, we have
0,(k + 1)+ Spavip(k + 1)
= A,0,(k) — Byry, (k)or(k) + 212 A8,k + 1) + 22 Byr) (kv (ke + 1)
= A,(0,() + Spvn(k)) + (A2 A Si + 22r) ()i (K + 1) — 27 40,(k))
= A,(0,(k) + Sp0n(k)) 4 S 00p(k + 1) — 27 1200,(k))

and thus 0(k + 1) = 0,(k + 1) + Sg 1w, (k + 1).
Before showing that (92)-(94) hold for k + 1, we show that (95) holds. Using the fact that
(92)—(95) hold for k and the assumption that Q = 0, we can write

)»._1/2111w Onwxny Il‘lw — }“71/21)‘1 ) rn (k)B;r
P;( [ Inw SZ }

Pry1 = —
Bsr;{w (k) As Sk 011‘; XMy A’Sr

Iy, - - / - —1. - S
- [ 11 2P ()R + 1Y (k) Pyr, (k)77 (P2~ [ L, ST ]

Sk+1
Inw !
Sk

I,
B [SM

Lyl o [ ]’
)]

Thus (95) holds for k + 1.
Using this result, we can write

Repi1 =R+ (Dyry (k+ 1) + CySi)Ppy ((Dyry (k + 1) + CoSiir)”
=R+ (k+ )P 7, (k+1)

T
Inw Inw
i e KiR_ K" l ] ]
Sk+1

Sk1

:R;kﬂ
KW I Inw In,v '
Kk+1=l ’;“]z " ] ]i“/szﬂl-‘ Dyt (k+1) €T
Yol LAPBar) (k4 1)+ A8i) Skt
=| " VPP D (k4 1)+ oS!
| Sk+2
[ Inw
Bl KI:I
_Sk+2‘| "

Thus (92)—(94) hold for k + 1.
Hence, (90)—(95) hold for all k>0 and we conclude that the Kalman algorithm of Table I and

the RLS algorithm of Table II (with 6/(k + 1) given by (76)) are equivalent under the conditions
given in the theorem. Il
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Table III. Computational load of the fast-array RLS (Table II) and fast-array Kalman (Table I)
algorithms, with the secondary-path in full state—space and FIR parameterization in number floating point
additions or multiplications (neglecting terms not depending on dimensions n,, and ny).

RLS Kalman
Action: State—space FIR State—space FIR
Filtered-reference 212 + 3ny 21, — —
Disturbance estimate Zn% + 3ny 2ng — —
Calculation innovation 2n,, 2n,, 2ny 0
Construction pre-array 6n,, 6n,, 6n,, + 4nf 6n,, + 2n;
Performing rotations 12n,, 12n,, 12n,, + 12n; 12n,, + 12n;
Updating coefficients/state 3n,, 3n,, 3n,, + n% + ng 3n,, + 2n;
Calculating control 2n,, 2n,, 2n,, 2n,,
Total 25n,, + 4n? + 6n, 25n,, + 4ny 23n,, + 512 + 15n; 23n,, + 16n,

The effect of A in the expression for 6/(k + 1) in (76) (see also Table II) yields
F(k) = Dyr(k) + 21> CByr(k — 1) + 2Cs A, Byr(k — 2) + 132 C A2 Byr(k — 3) + - -

and thus 4 has the effect of exponential forgetting in the generation of the filtered reference signal
(k).

Finally, Table III compares the computational complexity of the fast-array implementations
of the modified filtered-RLS and the Kalman algorithm proposed in this paper. From this table,
we infer that the number of floating point operations are linearly increasing with #n,,. The main
computational step is the evaluation of the rotations. Each elementary rotation is of the form

Xnew < O{(.X' + PJ/)
Ynew < PXnew — ﬁy

which takes six floating point operations. The rotations need to be evaluated for all rows in the
pre-array and by operating on the elements in the column pair 1-2 and the column pair 1-3.
Alternative implementations are also possible, see, e.g. Reference [14, Chapter 14].

5. SIMULATION RESULTS

To illustrate the method, simulations are performed on an n, = 19th order discrete acoustic duct
system, which has been obtained by physical modelling and discretized using a sampling rate of
1 KHz. Figures 4 and 5 show the impulse response coefficients of the disturbance path and the
secondary path, respectively. The signal-to-noise ratio is chosen to be 30 dB and r(k) is a zero-
mean white-noise signal with unit variance. The number of filter coefficients was chosen to be
n,, = 150. Only the fast-array implementations contained in Tables 1 and 2 are used, with 2 =1
(no exponential forgetting). The measurement noise variance was R = 2.1 x 1073, The value of
0, which determines the magnitude of the initial state covariance P_, was set to 6 = 1073, In the
(fast-array) Kalman filter algorithm Q has chosen to be Q = 2 x 1073, For comparison, also the
FxLMS and the preconditioned FXLMS as proposed in Reference [5] (where the secondary path
system is preconditioned by its inverse outer factor) have been used with the normalized stepsize
chosen to be 0.05, optimized by trial and error. All algorithms are turned on after 1000 samples.
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Figure 4. Impulse response of the disturbance path.
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Figure 5. Impulse response of the secondary path.
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Figure 6 shows the learning curves obtained by the algorithms, averaged over 50 experiments.
From this figure, it can be concluded that both the RLS and the Kalman filter algorithm
converge to (approximately) the same performance level. However, the RLS algorithm shows a
significant overshoot directly after turning on the algorithm. This overshoot can be explained by
the fact that the uncertainty in the secondary path state is not taken into account, contrary to the
Kalman filter algorithm for Q #0. The FxLMS and the preconditioned FXLMS are converging
much slower, as is expected since they are based on an LMS estimated gradient update.

But, note that the computational complexity per iteration of FXLMS and preconditioned
FxLMS is still lower than the computational complexity of the fast-array implementations of
the RLS and Kalman filter algorithms.

The same experiment was performed by choosing ¢ in the RLS and the Kalman filter
algorithm to be § = 107*, see Figure 7. From this figure, it is clear that the overshoot of the RLS
algorithm with 6 = 1073 can be considerably reduced by lowering é to 6 = 107, but at the
expense of convergence rate. Using § = 10~* in the Kalman algorithm, shows fast convergence
at the first few hundred samples, but then its convergence rate slows down to the convergence of
the RLS algorithm.

From these observations, we conclude that the overshoot or bad convergence of the RLS
algorithm at startup can be prevented by the Kalman filter algorithm, since uncertainty in the
secondary path state is accounted for.

To get insight in the robustness of the algorithms, the same experiment has been repeated for
an erroneous secondary path model, which contains 1 sample pure delay in addition to the
secondary path system. Figure 8 shows the learning curves obtained by the Kalman and the

10° i i T i RE i i

e, /RIS 5=107
1 "/

107k ot o o o o 3 o 2k

L PMS. =005

[y

(Z) 10% ¢ i A e N
v o i
K:a:lman N :l:’:recon. FxLMS,,u: 0.05
9=103
103 0=24+107 ‘
(SRR o \
10 : ' '
1000 1500 2000 2500 3000

Time [samples]

Figure 6. Learning curves obtained by the Kalman, RLS, FxXLMS and the preconditioned FxLMS
algorithm, averaged over 50 experiments.
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10° R T

RLS, 3= 107
107 o

@ 102
=

103}

10'4 ! ! !
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Figure 7. Learning curves obtained by the Kalman and the RLS algorithm for § = 10~ and for 10~%,
averaged over 50 experiments.

10°

| Kalman
=103

SN Ve .,u,rw.l:\.wﬂ‘,.\‘“;‘)_\ 1

108 L.

10'4 | | |
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Figure 8. Learning curves obtained by the Kalman and the RLS algorithm for § = 1073 and for 10~* with
1 sample delay uncertainty in the secondary path model, averaged over 50 experiments.
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RLS algorithm for 6 = 10~ and 10~*. From this figure, we observe that the algorithms are, to
some extent, robust for the model uncertainty in the secondary path model, at least no
divergence is obtained. However, all algorithms converge to a suboptimal solution (c.f. with the
performance obtained in Figures 6 and 7), which is lower § = 10~* than for 103 for both the
Kalman and the RLS algorithms. From this observation, we conclude, that the robustness w.r.t.
model uncertainty (for this particular case) can be improved by lowering  to § = 10~*. But
both, the Kalman and the RLS algorithm, converge to suboptimal solutions, and do not show
significant different convergence behaviour for this model uncertainty (apart from the
uncertainty in the secondary-path state).

The simulation examples merely demonstrate the potential of the (fast-array) Kalman filter
solution. Further research will be devoted to analyse its robustness w.r.t. secondary path model
errors. Such a robustness analysis is well known for the (modified) FXLMS type algorithms, for
a recent contribution see Reference [16]. We will also investigate the potential of exploiting H,
state-estimation [17] and robust Kalman filtering [18].

6. CONCLUSIONS

The active control problem can be reformulated in state-space form, which overcomes
formulating the control problem in terms of interchanging the adaptive filter and the secondary
path. In this way, uncertainty due to initial-state and time-variations are taken into account
explicitly. The state-estimation problem was solved by the Kalman filter and the structure in the
state—space matrices was exploited to develop a fast-array implementation of the algorithm.
Under the theoretical condition that there is no uncertainty in the secondary path state, it is
proven that the Kalman algorithm is equivalent to the modified filtered-RLS algorithm. Hence,
the Kalman algorithm can be seen as a generalization of the modified filtered-RLS algorithm. At
the same time, conditions for optimality of the modified filtered-RLS algorithm are derived.
When using exponential forgetting in the modified filtered-RLS algorithm, the forgetting factor
should also be applied to the reference signal.
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