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Fixed-point steady-state analysis of adaptive filters

Nabil R. Yousef and Ali H. Sayed®"*
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SUMMARY

The steady-state performance of adaptive filters can vary significantly when they are implemented in finite
precision arithmetic, which makes it vital to analyse their performance in a quantized environment. Such
analyses can become difficult for adaptive algorithms with non-linear update equations. This paper
develops a feedback and energy-conservation approach to the steady-state analysis of quantized adaptive
algorithms that bypasses some of the difficulties encountered by traditional approaches. Copyright © 2003
John Wiley & Sons, Ltd.
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1. INTRODUCTION

This paper develops an approach to the roundoff error analysis of adaptive filters. The approach
is based on showing how a generic quantized adaptive filter can be represented as a cascade of
elementary sections, with each section consisting of a lossless mapping in the feedforward path
and a feedback interconnection, with roundoff errors acting as disturbances to the system. By
studying the energy flow through the cascade, we are able to establish a fundamental error
variance relation. Using this relation, we are able to extend results in the infinite precision case
to the quantized case with minimal calculations for a large class of adaptive algorithms. We also
derive new results.
Thus consider noisy measurements {d(i)} that arise from the linear model

d(i) = uw° + v(i) (1)

where w is a stationary deterministic unknown N x 1 vector that we wish to estimate, v(i)
accounts for stationary stochastic measurement noise and modelling errors, and u; denotes a row
input (regressor) vector of stationary stochastic elements. Many adaptive schemes have been
developed in the literature for the estimation of w” in different contexts (e.g. echo cancellation,
channel estimation, channel equalization). In this paper, we focus on the following general class
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Table I. Examples for f.(i)

Algorithm Je(i)
LMS e(i)
NLMS e(i)/ | ;|
LMF 0)
LMMN se(i) + (1 — 8)e(i)
SA sign[e(i)]
CMA yDIR2 = | y() ]
of algorithms:
Wit =W+l fo(i) ()

where w; is an estimate for w° at iteration i and y is the step-size. Usually, £.(i) is a function of the
output estimation error, defined by

e(i) = d(i) — ww; (3)

Different choices for f,(i) result in different adaptive algorithms. For example, Table I defines
£.(;) for several special cases of (2). ¥ In Table I, 0 < d < 1, R, is a positive constant, and y(i) =
u; w; is the adaptive filter output.

An important performance measure for an adaptive filter is its steady-state mean-square-error
(MSE), which is defined as

MSE = lim E(le(i)l*) = lim E(|v(i) + u;#;[?)

where w; = w’ — w; denotes the weight error vector.

Under the realistic assumption that (see, e.g. References [1-6]):

A.1. The noise sequence {v(i)} is independently and identically distributed (iid) and also
statistically independent of the regressor sequence {u;}.

we find that the MSE is equivalently given by"

MSE =0} + lim E(ju:W,*) 4)

Now the standard way for evaluating (4), and which dominates most derivations in the
literature, is the following. First, one assumes, in addition to A.1, that the regression vector u; is
independent of W;. Then the above MSE becomes

MSE =¢? + lim  Tr(RC)) (5)

where C; = E(W,W") denotes the weight error covariance matrix and R = E(u*w;) is the input
covariance matrix. As is evident from (5), this method of computation requires the
determination of the steady-state value of C;, say C..,. In quantized environments, finding C,

SThe list in the table assumes real-valued data. For complex-valued data, we replace ¢* by e|e|” and define sign [a + jb] by %
(sign[a] + jsign[b]).
The value of W; depends only on the past values of v(i) and the current and past values of u;. Thus, the expected value of
the cross terms between v(i) and u;W; vanishes since v(i) is white and statistically independent of wu;.
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ANALYSIS OF ADAPTIVE FILTERS 239

is a burden, especially for adaptive schemes with non-linear update equations. The following are
the contributions of this work:

1. We develop an energy-conservation approach for evaluating the MSE of a large class of
adaptive schemes when implemented in finite precision. This approach bypasses the need
for working directly with C; or with its limiting value, and it extends the results of [7] to the
finite precision case.

2. The approach further establishes the useful conclusion that the finite precision analysis of
an adaptive scheme can be obtained almost by inspection from the results in the infinite
precision case for a large class of algorithms, such as the LMS, NLMS, LMF, LMMN, and
sign algorithms. In contrast, analyses for both cases have usually been carried out
separately in the literature.

3. The approach allows us to derive a handful of new results, especially for adaptive filters
with non-linear updates for which approaches that require C; are not easily applicable,
such as the LMF, LMMN, and CM algorithms.

We may remark that quantization errors can affect the performance of an adaptive filter in
several ways. For instance, these errors may affect the stability of the adaptive algorithm, i.e.
they may cause the algorithm to diverge. They can also degrade the steady-state performance of
the adaptive algorithm by causing the filter to attain a higher MSE value than what is expected
in the infinite precision case. The instability behaviour is more serious for the class of recursive
least squares (RLS) algorithms. In this paper, however, we focus on LMS-like algorithms. Such
algorithms are known for their inherent stability and robustness in fixed point environments
(see, e.g. References [1-6]). This is because finite precision errors do not tend to affect their
transient performance significantly; gradient errors are relatively large in the transient phase,
which makes the finite precision effects less significant. However, when LMS-like algorithms
approach steady-state, the adaptation error becomes relatively smaller and thus finite precision
errors can cause performance degradation in the form of excess mean-square-error. The main
goal of this paper is to derive expressions for the MSE of such LMS-like algorithms in a
quantized environment.

2. A. MATHEMATICAL MODEL

Figure 1 shows the quantized model used in the paper,' and which is widely used in the context
of finite precision analyses of adaptive algorithms (see, e.g. References [9—14]). In this figure,
Qlx] denotes the fixed point quantization of the value x, and the superscript ¢ distinguishes
quantized quantities from infinite precision quantities. Throughout the paper, rounding
quantization is considered. It is also assumed that the saturation thresholds of the quantizers
are properly chosen such that overflow never occurs and saturation errors are negligible. Thus,
only rounding errors are considered. The variance ¢’ of the rounding error, for real-valued

"Figure 1 shows only the system model. It does not show the quantizers used to obtain (2). A modified version of this
model will be used for the case of the CMA.
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Figure 1. Quantization model.

quantities, is related to the quantizer saturation threshold L according to

2—ZBL2
6 = > (6)

where it is assumed that the quantizer uses B bits in addition to a sign bit. The values of B and L
considered for quantization of the data (u,, d(i), and y(i)) will be denoted by B, and L, , and the
ones considered for quantization of the filter coefficients will be denoted by B. and L.. The
corresponding values of ¢? will be denoted by ¢ and o2, respectively. For complex-valued
quantities, the variance ¢? is twice the value given in (6). Throughout the paper, we will use 6> to
denote the rounding error variance for both real and complex-valued quantities. However, the
value of ¢ differs in each case.

We can write

d(i) = d(i) +d(), uf =w+&, Y1) = uiw! +50) ()
where d(i) is the system output quantization error with variance a3, 0 is a vector of input data
quantization errors with 7 being the variance of each of its entries, and (i) is the quantization
error that occurs in computing the term u/w?. The variance of j(i), aﬁ, depends on the procedure
by which »7(i) is computed. If all N products involved in u!w? are computed with high precision,
summed, and the final result is quantized to B, bits, then a§ is approximately equal to ¢2. If each
one of the N products is quantized to B, bits first, a% is equal to N ¢2. The quantized estimation

error ¢ (i) is given from (7) by
e1(i) = di(i) — y1(i) = e(i) + &(i) ®)

where é(i) = c?(i) — (i) — w;w" + @i;W;. Obviously, &(i) is a zero-mean sequence. Here, we note
that, in steady-state, the variance of the term &W; is equal to 7 E (|IW;|[*). If we assume that
E (IWi][*) < 1 in steady-state, which is usually valid in practical applications, then we can
approximate &(i) by &(i) ~ d(i) — (i) — ,;w°, with variance a§ =a’+ 0% + oﬁ,lleH2 . We denote
the quantized error function by f4(i).
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Taking the above quantizations into consideration, the adaptive recursion (2) becomes
wiy = wi+ Q™ fI0)]
=w! + pu™ £9G) — m, )

where m; is a vector of multiplication quantization errors in the update term ,uu?* f4(i), which is
defined for convenience of notation by

m; = puf® f9G) — Oluuf® f10)]

each entry of m; has variance ¢2. The weight error vector is now defined as

wi=wl —w! (10)

3. QUANTIZED ENERGY RELATION

We start by defining the a-priori and a-posteriori estimation errors,
e (i) = ulW;, e,(i) =ul(Wy —m,)
Using (3) and (8), it is easy to see that the errors {e?(i),e,(i)} are related via
(i) = e, (i) + v(i) + é(i)

If we subtract w° from both sides of (9) and multiply by u/ from the left, we also find that the
errors {e,(i), e(i), (i)} are related via

e i) = e,(i) — plluf I £2(0) an
Substituting (11) into (9), we obtain the update relation
q
Wil =W — W[ea(i) —ep(D)] +m;

By evaluating the energies of both sides of this equation and using a similar procedure to that
used in References [7, 8], we obtain

1 1
~ 2 N2 ~ 112 N2
1 — Iy = ||W; — 12
(Wi "+ ||u§’||2|e“(l)| [IWill” + ||u?||2|ep(l)| (12)
When uf = 0, it is obviously true that

Wiy — my]l* = [|W]1° (13)

Both results (12) and (13) can be grouped together into a single equation by defining
) = (1)
in terms of the pseudo-inve rse of a scalar,™ so that we obtain
i — mill> + A@Dlea @) = [Will* + aG)le,(0) (14)
This energy conservation relation, first established in References [15-17], holds for all adaptive

algorithms whose recursions are of the form given by (2). No approximations or assumptions are

**For a scalar x, the pseudo-inverse T s equal to 1/x for x#0 and equal to zero for x = 0.
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Figure 2. Lossless mapping and a feedback loop.

needed to establish (14); it is an exact relation that shows how the energies of the weight error
vectors at two successive time instants are related to the energies of the a priori and a posteriori
estimation errors. The relation also has an interesting system-theoretic interpretation. It establishes
that the mapping from {W;, \/a(e ()} to {Wii —m;, +/f(i)e,(i)} is energy preserving (or
lossless). Furthermore, combining (14) with (11), we see that both relations establish the existence
of the feedback configuration shown in Figure 2, where T denotes a lossless map and z ' denotes
the unit delay operator. Here, we can see that the quantization error vector m; acts as a disturbance
input to the system. Such a disturbance plays the same role as that of system non-stationarity [18].
On the other hand, the data quantization error &(i) is added to the plant noise v(i).

3.1. Relevance to fixed point analysis

Relation (14) has several ramifications. It was used in References [15-17] to study the robustness
and /,-stability of adaptive filters and in References [7, 18] to study the steady-state and tracking
performances of various adaptive algorithms. It was also used in References [19, 20] to study the
transient performance of adaptive filters. Here, we show its significance to finite precision
analyses of adaptive algorithms.

First, we impose the following modelling assumption.

A.2. Quantization errors are zero-mean, mutually independent, and independent of all other
signals.

This assumption is typical in the context of finite precision analysis of adaptive algorithms
(see e.g. References [9-14]), and it enables the derivation of closed-form expressions for the
steady-state MSE. A more sophisticated non-linear model for treating quantization errors,
which takes into account quantizer underflow effects, has been used in Reference [21] for the
LMS algorithm; though it does not lead to closed-form expressions.

Imposing the equality E (|W;i.1|[*) = £ (||W:]|?) in steady-state, and using (11) and A.2 it is
straightforward to verify that the energy relation (14) leads to

2
) (15)
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where M = E(m;m{). For iid multiplication errors, Tr(M) = N ¢?2. This equation can now be
solved for the steady-state excess mean-square-error (EMSE):

(2 lim E (ea()P)

Observe from (4) that the desired MSE is given by MSE = o2 + {, so that finding { is equivalent
to finding the MSE.

3.2. A class of error functions

We now focus on the class of algorithms whose error functions satisfy the following
condition:

S0 = [, e(D) = fe(uf, e’ (D) + n(i) (16)

where 7 (i) is a zero-mean random variable, which is statistically independent of all other
algorithm quantities. Note that # (i) is the error in calculating f4(u?, ¢?(i)) from u! and ¢?(i). The
variance of 5 (i) also depends on the adaptive algorithm used.

For the LMS and sign algorithms, we can see that this condition is satisfied with a% = 0. For
the LMF and LMMN algorithms, if the quantity (e4(/))’ is calculated via a look-up table or if
the term is first calculated in a high precision, then both algorithms satisfy the condition in (16),
with g7 equal to o and 20 + (1 — d)*a> for the LMF and LMMN algorithms, respectively. To
obtain the error function of the NLMS algorithm, the norm ||u;’||2 is usually calculated in 2B,
bits precision, then 1/ ||u;’||2 is obtained using a look-up table, multiplied by ¢4(i), and quantized
to B, bits [12]. In this case, we have

nNLMS(i) = e1(0)el(i) + e (i)

where e;(i) and e,(i) are two zero-mean random variables of variance ¢2. In this case, the NLMS
algorithm does not generally satisfy condition (16). However, note that, in steady-state and due
to A.2, the variance of the term e;(i)e?(i) is equal to 63 (MSE + ¢2), which can be neglected with
respect to 2, since (MSE + 63) < 1, which is reasonable in practical applications. In this case,
the NLMS satisfies condition (16) with G% = 05. On the other hand, the CMA does not satisfy
(16).

Using (8), (16), and A.2, we can rewrite the error variance relation (15), in terms of e,(i) and
where Tr(R?) = Eu/*uf) = Tr(R) + No>.

(i) = v(i) + (i) as
2
) (17)
Moreover, for the infinite precision case, Equation (17) is given by [7]:

2
> (18)

where all the quantities are now defined in terms of {u;, v(i)} instead of {u?, 17(1')}. Comparing
(17) with (18), we can observe the following. If we replace {u;, v(i)} by {u?, 17(1')}, and add the

ea(i) -

fe(uf, eq(i) + (7))

E((i)leq(D)) =Tr(M) + o, Tr(R?) + E <ﬂ(i) %

E(i(Dle(D]’) = E <ﬁ(i) eq(i) = ——fe(ui, eq(i) + v(7))

H
(i)
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two terms Tr(M) and ,uzaiTr(Rq) to the right-hand side of the infinite precision variance relation
(18), we obtain the finite precision variance relation (17).

Thus, instead of directly solving (17) for {, we can do the following. First, we evaluate both
sides of the infinite precision variance relation (18). Second, we replace terms in the result that
are related to {u;, v(i)} by the corresponding terms that are related to {u?, 5(1’)} and add the two
terms Tr(M) and ,uza%Tr(R") to the right-hand side. Finally, we solve the resulting equation for
(=FE (|ea(i)|2). Fortunately, we do not need to perform the first step as this is already done in the
infinite precision analysis [7]. This is a useful observation in the context of finite precision
analysis of adaptive algorithms, as it shows how to extend the results of the infinite precision
case to those of the quantized case with minimal effort if (16) is satisfied. In the literature, both
cases have generally been studied separately.

Here, we want to stress that the approach presented in this paper is not restricted by the
validity of (16). In fact, it can be used regardless of (16). If, for a specific algorithm, (16) is valid,
then the infinite precision results can be extended to the finite precision case. If not, then
Equation (15) can be solved to get the EMSE in the general case. In this paper, we will find the
EMSE for CMA, for which (16) does not hold.

4. QUANTIZED ANALYSIS

We now apply the above general procedure to various adaptive algorithms from Table 1. Due to
space limitations, we omit some trivial details and only highlight the main steps in the
arguments. The reader will soon realize the convenience of working with (18).

4.1. The LMS algorithm

First, we solve both the infinite and finite precision energy equations (18) and (17) for the LMS
algorithm, and show how to extract the results of the quantized case from those of the infinite
precision case. Later we directly apply our procedure to other algorithms.

Infinite precision case: For LMS, in the infinite precision case, we have f,(i) = e(i) = e,(i)
—+u(i). Substituting into (18) and using A.1, it follows immediately that

2#CLMS _ MzE(||ul‘||2|€a(i)2|) 4 #262Tr(R) (19)

v
To solve for { LMS we consider three cases:

1. For sufficiently small x, we can assume that the term p’E (||u,-||2|ea(i)2) is negligible relative
to the second term on the right-hand side of (19), so that

(IMS — goiTr(R) (small p) (20)

2. For larger values of u, Equation (19) can be solved by imposing the following
assumption: T’
A.3. At steady state, |Ju;||* is statistically independent of |e,(i)’|.
This assumption in fact becomes realistic for long filter lengths. Furthermore, it becomes

exact for the case of constant modulus data that arises in some adaptive filtering applications

"By larger values of u we do not mean a large p, but rather step-size values that are not infinitesimally small and still
guarantee filter stability.
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(see, e.g. Reference [22]). Using A.3, and (19), we directly obtain [1, 2]

ims _ HoiTr(R)
¢ —m (large w) (21)

3. For Gaussian white-input signals (R = o2I), Equation (19) can be more accurately solved
by imposing the widely used independence assumption [2]:

A.4. At steady state, w; is statistically independent of u;

to yield the well-known result

LMS uaiTr(R)

: 2 — u(N + A)a?

(Gaussian) (22)

where N is the filter length, 2 = 1 if the {u;} are complex-valued and / = 2 if the {u;} are real-
valued.

Finite precision case: Now for the quantized case, substituting in (17) and using A.1 and A.2,
we obtain

2™ = Tr(M) + 2E (] IPlea(i)l) + w2 Tr(RY)

For small enough values of p, we have
(MM = J(u ! Te(M) + pof Tr(RY)) (23)

2

b . .
where g5 = o; + o5. For larger values of u, using A.3, we obtain

LMS _ " Tr(M) + paz Tr(RY)

: 2 — uTr(RY)

24

For Gaussian white-input signals, the quantized error variance relation can be solved using
A.4. to yield

“ITr(M) + po2Tr(R?) .
¢S — K 5 u)(N i /1)02( (Gaussian) (25)

2 2.0 2
where o7, = 0, + 75

The same results were obtained in the literature by analysing the finite precision LMS
recursion (see, e.g. References [9, 13]). This can require some tedious algebra. Here, we see that
instead of solving the finite precision energy relation (17), we used the solution of the infinite
precision energy relation (18), replaced {uw;, v(i)} by {uf, 1')(1')}, and added the two terms Tr(M)
and p*, Tr(RY) to the RHS. Solving for { = E (Je,(i)°[), we obtained the quantized results. We
may add that most of these steps can be done just by inspection.

Moreover, we can see that, unlike the infinite precision case, the EMSE is not a monotonically
increasing function of u. In the finite precision case there exists an optimum step-size (i), which

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2003; 17:237-258
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minimizes the EMSE. This value is given by

ivs _ 1 [Tr(M)
Ho o3 \/ Tr(RY)

The corresponding minimum achievable EMSE C(%MS is given, from (20), by

(&™) = a3/ Tr(M)Tr(RY)

The same expressions were obtained in Reference [13].

4.2. The NLMS algorithm
For the normalized NLMS algorithm,

fli) = e(i)/llul?

In this case, relation (18) and assumption A.l lead to the equality

)
2 — 2E<|e“(’)|>: 2 ?E( ! ) 26
CliOE ) = (20

Again this is an exact equality. We consider two cases.
(1). Under assumption A.3, we have

|ea(z')|2> » ( 1 >
E = E(le, El —
(u2||u,-||2 (eaF) £\

Thus, the solution of (26) becomes

_2 12 LY 2o 1
Gre—n )E'e"(’)'E(nuI-nz) ! ””E<||u,-||2> 7

This result is in fact exact for constant modulus data. Now, replacing {u;, v(i)} by {u?, E(i)},
and adding Tr(M) + ,uzaf,Tr(Rq) to the RHS, the quantized energy relation is given by

Qu— uZ)E|ea(i)|2E< ) = Tr(M) + 1?0, Tr(R?) + p*o3E (n 3,H2> (28)
u;

2
o

Solving for {, we obtain

1
p ' Tr(M) + po3Tr(R?) + ,ucr%E( q||2>

u
1

2 — wE

G- <||u?||2>

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2003; 17:237-258
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The values of u)"™MS and (§™® are thus approximately given by

HMS = J Tr(M)/

0 Tr(RY) + o2E <;>] (30)

2
(w1

1 1
TH(RY) + 62E (Iqullzﬂ JE <||u9||2> (31)

(2). In some works (see, e.g. Reference [3] p. 443), the following approximation is instead used:

E<|ea(i>2|> < E(lea@’))

lwl? )~ E(wlP)

0 = J Tr(M)/

in which case the solution of (26) becomes

Qu— u?) 2N 22 ( 1 )
“TrR) E(lea(i)’]) = W’o,E e (32)

Again, replacing {w;, v(i)} by {uf,3(i)}, and adding Tr(M) + p*¢3Tr(R?) to the RHS, the
quantized energy relation is given by

CH I p,(1) = Tr(M) + 126 Tr(RY + 2o2E (II : II2> -
u;

Tr(RY)

Solving for {, we obtain

o Tr(M) + pog Tr(RY) + pozE (

2-w

Here CONLMS is still given by (30), while g‘LMS is now given by

q112
[Ju |

) Tr(RY) (34)

NLMS
C =

NEMS — Tr(RY) J Tr(M)

0Tr(RY) + o2E <;>] (35)

Juf |
The finite precision analysis of the NLMS was previously done in Reference [12] in a less direct

way and under stronger assumptions.

4.3. The LMF and LMMN algorithms

For the least-mean mixed-norm (LMMN) algorithm with real-valued data (the case of complex-
valued data is considered further ahead towards the end of this section), we have [23]:

feli) = de(i) + (1 = 9)e* (i)

The least-mean fourth (LMF) algorithm corresponds to the special case 6 = 0 [24]. Introduce,
for compactness of notation,

s=1-0, E(WO") =¢&. E(0))=¢

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2003; 17:237-258
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By ignoring higher-order terms and by using A.1, the energy equation (18) implies that

2ubl"™MMN = 1 2aTr(R) + ¢ ([lwlPlea(i)) (36)
where we introduced the constants
a= 0% + 2008, 4 5°¢ (37)
b=+ 365> (38)
¢ = 0% +12050% 4 155¢, (39)

We again consider three cases:
(1). For values of y that are small enough so that the term 12cE (||u;|1*|e,(i)|*) could be ignored,
Equation (36) becomes

2ub™MMN — 24 Tr(R)

Replacing {w;, v(i)} by {uf,#())}, and adding Tr(M) + 1%(2 + 6%)c2Tr(RY) to the RHS, the
quantized energy relation is given by

2ub?™MMN — Tr(M) + 12 2+ 52)a§Tr(Rq) + (fa Tr(RY)

where the constants «, b, and ¢ are now defined by

a= %2 + 2008 4 3 (40)
b =0+ 3d02 (41)
¢ =6+ 120002 + 156¢; (42)
& = E([s()[*), and & = E(|5(i)|°). Solving for {, we get
(IMMN %[;flTr(M) + (24 6)o2Tr(RY) + pa Tr(RY)]  (small p) (43)
The values of usMMN and (FMMN are thus given by
WMN = STeVD/[(2 + 82) 03 Tr(RY) + @ Tr(RY) (44)
PR %\/ Tr(M)[(2 + 62) 62 Tr(RY) + a Tr(RY)] (45)
For 6 = 0, the above expression collapses to
(MF = 6%5["1“(1“) +3po Tr(RY) + p&gTr(RY)] - (small p) (46)
Corresponding values of ufM and (§MF are given by
pME =\ TrV)/ [363Tr(RY) + ETr(RY)] (47)
= 5 T o3 TeR TR (48)

Note that we did not need the independence assumption (A.4) to obtain these results.
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(2). For larger values of u, using A.3 again, and following the same procedure, we get the
following new expressions for the EMSE:

imn ATTIM) + (2 + 6%) 62 Tr(RY) + pa Tr(RY)

‘ 2b — ucTr(RY)

(large p) (49)

(IMF _ p~ ' Tr(M) + 3uc? Tr(RY) 4 uél Tr(RY)

_ large 50
602 — 1518 Tr(RY) (large 11 (50)

(3). For Gaussian white-input signals (R = o2I), using A.4 instead of A.3, we obtain the
following new expressions

p Tr(M) + p(2 + 62) o3 Tr(RY) + Mo,

(IMMN _
2b— u(N + 2)2,.)

(Guassian) (51)

and

(IMF _ ' Tr(M) + 3uc Tr(RY) + uMo2, &

. Guassian 52
602 — 15u(N + 2)a2, &} ( ) 62

2 2. 2
where o7, = 0, + 05

For the case of complex-valued data, we replace ¢ by ¢| e |* and assume the noise is circular,
i.e., E(v*(i)) = 0. Then repeating the above arguments we find that the three expressions (43),
(49), and (51) are still valid but with b and ¢ replaced by

b =5+ 200>
¢ =% + 83502 + 93¢,

Corresponding expressions for the LMF algorithm can be obtained by setting 6 = 0. Here, we
may also add that more precise values for u, and {, can be obtained by minimizing the more
general expressions for { over p.

Figure 3 compares the simulation and theoretical results of the steady-state MSE of the
LMMN algorithm, with 6 = 0.5, for a large range of y and two values of the wordlength. In the
simulations, the unknown system weight vector w® is of length 10 and the elements of the input
vector, u;, are white Gaussian of unit variance. The plant noise is chosen to be a linear
combination of normally and uniformly distributed independent random variables of variances
02 =10"% and o2 = 1072/12, respectively. Each simulation result is the steady state statistical
average of 50 runs, with up to 20,000 iterations in each run. We can see from the figure that the
theoretical and experimental MSE are in good match.

4.4. The sign algorithm
For the sign algorithm (SA), we have

Je(i) = sign[e(i)]
In this case, relation (18) leads to the equality:

2uEfea(i) sign(ea(i) + v(i)] = 12 Tr(R) (53)
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Figure 3. Theory and simulation MSE for the LMMN vs u.

By assuming that e(i) and v(i) are real-valued jointly Gaussian [25], and by using A.1 and Price’s
theorem™ 7 [26], we obtain

N2
Emmmm@@+wm:¢i E(lea(dr)

o2 + E(lea(i)*])

Substituting into (53), we get [27]

N2
“\/i E(le(i)*) — 2Tr(R)

02 + E(le,()*)

Using the assumption that the quantization of the estimation error does not introduce any
errors in its sign [14], replacing w; by u, and adding Tr(M) to the RHS, the quantized energy

relation is given by
E(le()
'u\/g (|e (l)| ) _ Tr(M) —I—,uzTr(Rq)
/o2 + E(lea))

S For two jointly Gaussian real-valued random variables x and y, we have: £ (x sign(y)) = \@ GLPE(x V).
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Figure 4. CMA quantization model.

Solving for E (e (i)*), we find that

(A = % <a /o2 + 4(;5) (54)

where o = |/Z (' Tr(M) + uTr(R?)) Corresponding values of u3* and (3" are given by

SA Tr(M)
oo = ey 42
X 12
oA — %Tr(M)Tr(Rq) 4 EaﬁTr(M)Tr(Rq) +%Tr2(M)Tr2(Rq) (56)

These results are the same expressions obtained in Reference. [14] by additionally using the
independence assumptions.

4.5. The CMA

We now study the finite precision performance of the well-known constant modulus algorithm
(CMA), whose error function is given by [28]

fu(i) = (i) [Ry — ()] (57)

In this case, we use a modified version of the quantization model used in the previous section.
This model is shown in Figure 4. The quantized error function of the CMA is given, from (57),
as

fG) = oD [R - o[y P]]]

= Y[R — Y OF +e1()] + ead) (58)
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where e;(i) and e,(i) are two quantization errors of variance o7 = g3 = ¢3. Furthermore, we now

define the a priori and a posteriori estimation errors by
eq(i) = s(i — D)/’ — y1(i) = ulw? — ulw; = ufW;

ep(i) = uf (Wip1 —my)

Unfortunately, for the case of the CMA, we cannot express f(i) in the form given by (16). Thus,
we need to solve the quantized energy relation (14) for the CMA recursion. For mathematical
tractability of the analysis, we impose the following two reasonable assumptions in steady-state
(i > 00) —for more motivation and explanation on these two assumptions, see References [8,
29]:

A.5. The transmitted signal s(i —D) and the estimation error ¢,(i) are independent in steady-
state so that E(s*(i — D)e,(i)) = 0, since s(i —D) is assumed zero mean.

A.6. The scaled regressor energy 12||lu;|” is independent of 14(i) in steady-state.

We consider first the case of real-valued data {s(-), »%(-), u;}. In this case, we can assume
that the zero forcing response (i.e., the convolution of the channel and the equalizer) /1 that the

adaptive equalizer attempts to achieve can be of either form 4p = +[0, ..., 0, 1,0, ..., O].
In the following, we continue with the choice Ap =1[0, ..., 0, 1, 0, ..., 0], which yields
e,(i) = s(i — D) — y4(i). A similar analysis holds for the case ip =10, ..., 0, — 1,0, ..., O]

Substituting (58) into (14), we obtain
E(a()leq()) = Tr(M)

eali) — %(ym) RS — (19(0))* + e1(D)] + ex(d))

+E (ﬁ(z’)

2
> (59)
We write more compactly

ZG), y=y10), wEul, s=s(i—D), e =ei(i), erx=exi)

ea é ea(i)s la

for i — 0o, so that (59) becomes, after expanding,
2uE(eqy [R— V' +ei]l + eser) =Te(M) + E((Ie/]P (v[RS — ' + e1] +2)?))

Using this equality we can now obtain an expression for the steady-state MSE, E (eg).
Replacing y by s — e,, using assumptions A.1, A.2, A.5, and A.6 and neglecting 2uE(el) for
sufficiently small x and small €2, it is straightforward to show that the steady-state MSE can be
approximated by

Tr(M)/u + ,uE(s2Rg2 —2R%s* + 5207 + 55 + o*%)E(Huqllz)
- 2E(3s% — RY)

CMA
¢

This result implies that the steady-state MSE is composed of two terms. The first term decreases
with u and increases with the multiplication error variance Tr(M). The second term increases
with p and the received signal variance, E (||uq||2). Thus, unlike the stationary case (see, e.g.
References [8, 29]), the steady-state MSE is not a monotonically increasing function of u. We
can also see that in the noiseless case, and for non-constant modulus data {s(-)}, there exists a
finite optimal value of the step size, pg, that minimizes the above expression for the steady-state
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MSE, which is given by

HEMA = TRV [E (2R — 2R3s* + 2% + 59 + o3) E(Jwe|)]

where E(|u/|*) = E(uf*u!) = E(|lu||*) + No2. This expression shows that p decreases with the
signal variance, E (||uq|| ), and increases with the multiplication error variance Tr(M). The
corresponding minimum value of the steady-state MSE is then given by

\/Tr(M)E(szRgz — 2Ris* + 5207 + 50 + ag)E(||uq||2)

E(3s> — RY)

CMA _
oMA =

Here, we may add that for complex-valued data, the steady-state MSE will have a different
expression than that in the real-valued case. Following the same derivation, and assuming signal
constellations that satisfy the circularity condition E (sz(i)) =0, in addition to the condition
E(2Is(i)]* = R2) >0 (both of which hold for most constellations [28]), we can show that the
steady-state MSE for complex-valued data, and for sufficiently small step-sizes, can be
approximated by

\/Tr(M)/u + ,uE(|s|2Rgz —2RYsl* + |sfPo? + Is|° + o—g)E(nuqnz)

CCMA ~
2E(2s]* — RY)

In this case, the optimum value of the algorithm step size still has the same value as in the real-
valued data case, while the minimum achievable steady-state MSE is given by

2
\/Tr(M)E(|s|2Rg — 2RYIs* + IsPPa? + IsI® + J%)E(Huq”z)

E(2Is — RY)

CMA _
VA =

Finally, we may add that, for the infinite precision case (67 = 67 = 0), the expressions for the

steady-state MSE reduce to the expressions obtained in References [8, 29].

We now provide some simulation results that compare the experimental performance with the
one predicted by the derived expressions. The channel considered in this simulation is given by ¢
= [0.1; 0.3, 1, —0.1, 0.5, 0.2]. A 4-tap FIR filter is used as a %—fractionally spaced quantized
equalizer, with Bc = Bd = 8, and 9. In this simulation, the transmitted signal was 6-PAM,
s(i)ye {1,0.6,0.2,—0.2,—0.6, —1} with E<S6) = 0.3489, E(s4) =0.3771, E(sz) = 0.4667, and
R, = 0.808. The value of |ju;||* is the norm of the received signal vector. The value of E(Iluillz)
was computed as the average over 10,000 realizations of |ju;||*. The value of experimental MSE
was obtained as the average over 100 repeated runs. Figures5 and 6 are plots of the
experimental MSE and the theoretical MSE versus the step-size u for B, = B; = 8 and 9 bits,
respectively. It can be seen from the figure that the theoretical results reasonably match the
experimental results. We can also see that, for B. = B; = 8 bits, the experimental MSE reaches
a minimum value of —30.13 dB, which corresponds to an optimal value of u equal to 1.5 X
102, while our theory predicted a minimum achievable MSE of —30.38dB at xo = 0.94 x
1072, For B, = B, = 9 bits, the experimental MSE reaches a minimum value of —32.11dB,
which corresponds to an optimal value of u equal to 1072 On the other hand, our theory
predicted a minimum achievable MSE of -33.38 dB at uy = 0.47 x 1072
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Figure 5. Theoretical and simulation MSE of CMA for B. = B; = 8.
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Figure 6. Theoretical and simulation MSE of CMA for B. = B; = 9.
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Table II. Expressions for EMSE in a quantized environment.

Algorithm EMSE
LMS (small p) ITr(M) /462 Tr(R?)
Tr(M)/p + uo; Tr(RY)

NLMS

LMF (real, small p)

LMF (real, large p)

LMF (complex, small p)

LMF (complex, large u)

LMMN (real, small u)

LMMN (real, large u)

LMMN (complex, small u)

LMMN (complex, large p)

SA

CMA (real, small p)

CMA (complex, small )

2 — uTr(RY) 1
pw I Tr(M) + po?Tr(RY) + uo’E (H q|2>
u;

2 — uTr(RY)

p ' Tr(M) + 3ua Tr(RY) + uél Tr(RY)
652 — 15u& Tr(RY)

52 + 342

LTr(M) /u + %( 2

) Tr(RY)

p ' Tr(M) + 3uc? Tr(RY) + uél Tr(RY)
402 — 9uéi Tr(RY)

1 Tr (M) + p(2 + 8) a2 Tr(RY) + pa Tr(RY)
2b

p ' Tr(M) + 2ue3Tr(R?) + ua Tr(RY)
2b — ucTr(RY)

1 Tr(MD + p(2 + 8) a2 Tr(RY) + pa’ Tr(RY)
2l

1 Tr(MD) + p(2 + 8) a3 Tr(RY) + pa’ Tr(RY)
2b" — uc'Tr(RY)

o

2(0( + /02 + 402)

w I Tr(M)/u + ,uE(szRg2 — 2Ris* + 5702 + 55 + o%)E(IquIF)
2E(3s* — RY)

W)+ (JsPRE = 2RYl* + P07 + Isl° + 03 ) (|10 )
2E(2|s]* — RY)

Here, we note that the experimental value results validate that the steady-state MSE is not a
monotonically increasing function of u, as predicted by our analytical results. Furthermore, the
experimental values of the minimum achievable MSE match reasonably well the analytical
values. Thus, the derived results for the minimum MSE can be reliable in predicting the best
steady-state performance, which the CMA can achieve for a given word-length. However, the
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Table III. Optimum algorithm step-size and minimum EMSE.

Alg. o ¢
1 [Tr(M)
LMS o\ TRy o5/ Tr(M)Tr(RY)
Tr(M) |63 Tr(RY) + o2E <|| ‘1]”2>]
u;
NLMS Tr(M) 1 1
2 q 2 S
7R + o3k (nuf-’ |2> E(Ilu? ||2>
Tr(M) 1 Tr(M)
LMF _ — _
[362Tr(RY) + ETr(RY)] 302\/ [362Tr(RY) + ELTr(RY)]
Tr(M) l 5) 62 q q
LMMN \/ (27 3) 7 TrRY) 1 0 TH(RY)] b\/ Tr(M)[(2 + 8)a3Tr(RY) + a Tr(RY)]
Tr(M) I
T n? 12
+ {EofTr(M)Tr(Rq )+ ETrZ(M)(R‘f)}
ik TrovD Tr(M)E (szRgz — 2RI + 207 + 55 + ag)E(nuqnz)
E(2RE = 2R + 5207 + 5° + 3 ) E ) E(35° — RY)

experimental values for the optimum step size are lower than the corresponding predicted
analytical values. This is due to quantizer underflow effects that were not taken into
consideration in our quantization model. Thus, a more conservative (larger) design value for pq
should be taken into consideration to account for this effect.

4.6. Summary of results

Table IT summarizes the derived expressions for the finite precision steady-state EMSE for
several of the algorithms of Table I. For the first three EMSE results in the table, the derivation
provided in the article is different from prior approaches in that it relies on energy conservation
arguments. In the SA case, the EMSE expression has been obtained without relying on the
independence assumption. All other EMSE expressions in the table appear to be new. Table III
lists the derived expressions for the optimum step-size of each algorithm and the corresponding
minimum achievable EMSE.
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5. CONCLUSIONS

In this paper, we developed a framework for the finite precision steady-state analysis of adaptive
filtering algorithms that, in our opinion, facilitates the derivation of earlier results and also leads
to some new results, especially for adaptive algorithms with complex update equations.

One of the main features of the framework developed herein is that its starting point is the
fundamental energy (or variance) relation (15). Comparing this relation to the corresponding
infinite precision variance relation (18), we can extend the infinite precision results to the finite
precision case with minimal effort for a large class of adaptive algorithms. In the general case,
the finite precision variance relation could be solved to arrive at the desired EMSE. We could
also find expressions for the optimum algorithm step-size that minimizes the EMSE and the
corresponding minimum achievable EMSE, for each algorithm.
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