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ABSTRACT

The implementation of OFDM-based systems suffers from impair-
ments sich as in-phase and quadrature-phase (IQ) imbalances in
the front-end analog processing. Such imbalances are caused by
the analog processing of the radio frequency (RF) signal and can
be present at both the transmitter and receiver. The resulting IQ
distortion limits the achievable operating SNR at the receiver and
the achievable data rates. In this paper, the effect of both the trans-
mitter and receiver 1Q imbalances in an OFDM system is studied
and algorithms are developed to compensate for such distortions,

1. INTRODUCTION

A major source of impairment in high-frequency wireless system
implementations is the imbalance between the In-phase (I) and
Quadrature-phase (QQ} branches; or equivalently, the real and imag-
inary parts of the complex signal [1]. This imbalance can be in-
troduced at both the transmitter (during frequency up-conversion)
and the receiver (during frequency down-conversion). Usually, the
transmiitted baseband signal is first up-converted 1o a radio fre-
quency before transmission over the antenna. The signal received
by the antenna is then down converted from the radio frequency
(RF) to baseband before it is processed in the digital domain. Both
the up-conversion and down-conversion are implemented in the
analog domain by what is known as complex up-conversion and
complex down-conversion (for more information see [1, 21). A
complex up/down converter basically multiplies the signal by the
complex waveform e=/27/10¢ apd the spectrum of the signal is
shifted by £27 fi. To perform the complex frequency conver-
sion, both the sine and cosine oscillating waveforms are required.
The IQ imbalance results from any mismatch between the I and
branches from the ideal case, i.e., from the exact 90° phase dif-
ference and equal amplitudes. The performance of a receiver can
be severely limited by such IQQ imbalances at the transmitter and
receiver.

The effect of recefver I} imbalances on OFDM systems and
the resulting performance degradation have been investigated in
[3, 4]. Several compensation algorithms have been proposed in [5,
6,7, 8, 9]. In the works [3, 9], compensation algorithms for OFDM
receivers with IQQ imbalances have been developed for both cases
of SISO and MIMO communications. All these previous studies
have focused on the problem of 1Q imbalances at the receiver.

The contribution of this paper is to medel the effect of IQ im-
balances at borh the transmitter and receiver and to develop algo-
rithms that joinify compensate for these distortions,
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2. FORMULATION OF IQ IMBALANCES

Let y(f) represent the received baseband complex signal before
being distorted by the IQ imbalance at the receiver. The distorted
signal in the time domain can be modeled as [3, 4]:

yalt) = pry(t) + v y* (t) (M

where the distortion parameters, y, and v, are related to the am-
plitude and phase imbalances between the I and Q branches in
the RF/Analog demodulation process at the receiver. A simplified
model for the distortion parameters can be written as [4, 5]:

pr = cus(6-/2) + jor sin(fy /2)

v — ar cos(6,/2) — j sin(0r/2) @

where &, and «, are respectively the phase and amplitude imbal-
ance between the I and @ branches at the receiver. The phase im-
balance is any phase deviation from the ideal 90° between the I
and Q branches. The amplitude imbalance is defined as:

__aj~aQ
ar + ag

where gy and gg are the gain amplitudes on the I and Q branches.
When stated in dB, the amplitude imbaiance is 10 log(1+cx, ). The
values of 6, and o, are not known at the receiver since they are
caused by manufacturing inaccuracies in the analog components.

A similar approach can be used to model IQ imbalances at the
transmitter. Let s(¢) represent the iransmitted baseband complex
signal before being distorted by 1Q imbalances. Then the distorted
baseband signal in the time domain will be given by

sa(t) = mes(t) +wes™ (1) )

where the distortion parameters g, and 14 are defined as in (2).
The design of OFDM receivers in the presence of both transmitter
and receiver IQ imbalances is discussed next.

3. OFDM SIGNALS WITH IQ IMBALANCES

In OFDM systems, a block of data is transmitted as an OFDM
symbol. Assuming a block size equal to V (where N is a power
of 2, the transmitted block of data is denoted by

s 2 col{s(1),s(2),...,s(N)} ()
Each block is passed through the IDFT operation:

§=F"s (5
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Fig. 1. An OFDM system with both transmit and receive IQ imbalances and the notation used in the derivations.

where F is the unitary discrete Fourier transform (DFT)} matrix of
size NV defined by

[F]ik £ ﬁeXP :%v—ka i=+-1
t,k={0,1,...,N—1}
A cyclic prefix of length P is added to each transformed block of
data and then transmitted through the channel-see Figure 1. Due

to IQ imbalances at the transmitter, as modeled by (3), the distorted
transmitted vector is given by:

|€d = 8+ uf_conj(§ﬂ ()]

where the notation conj(.) denotes a column vector (or matrix)
whose entries are the complex conjugates of its argument. An FIR
model with L + 1 taps is assumed for the channel, ie.,

h:COl{ho,hl,..., hL} (7)

with L < P in order to preserve the orthogonality between tones.
At the receiver, the received samples corresponding to the trans-
mitted block § are collected into a vecior, after discarding the re-
ceived cyclic prefix samples. The received block of data before
being distorted by receiver IQ imbalances is given by [5]:

where
[ ho by e hg i
ho hi .-+ hr
H® = hoe m - hi C))
hz e hr ho h,l
| 1 hL ho |

isan N x N circulant matrix and +¥ is additive white noise at the
receiver. It is known that H® can be diagonalized by the N-point
DFT matrix as

H®=F*'AF (10

where
A = diag{A} an
and the vector A is related to h via
A=VNF [ N h ] (12)
(N —(L+1))x1
Substituting (5) and (6) into (8) leads to
¥ = H [118 + viconj(8)) + v (13)
or
¥ =H [1uF"s + neonj(FTs)] + ¥ (14)

The received block of data ¥ after being distorted by receiver 1Q
imbalances will be transformed into (using (1))

2=, + vyconi(y) | (15)

Now remember that the N -point DFT of the complex conjugate of
a sequence is related to the DFT of the original sequence through
a mirrored relation (assuming 1 < n < Nand1 < k < N):
z(n) 25 X (k)
DFT (18)
r'(n) = X" (N-k+2)

For notational simplicity, we denote the operation which gives the
DFT of the complex conjugate of a vector by the superscript #,
i.e., for a vector X of size N we write

X{(1n [ X
X(2) X*(N)
X(N/2 X (N2 42
2= X(J\('/2/+)1) —= X* = X*EN§2 + 13
X(N/242) X*(N/2)
X(:N) i X*:(Z)

(19)
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It can be verified similarly that z= (”‘"”‘dlag{)\} + ey diag {’\ }) s+
£ =F'X = o* = F conj (X) @ (proiog (3 + visiaing {X*}) s*+| - 28)
#
Now substituting (10) into (14) gives (,urv U )
§ = F*AF [ F"s + viconj(Fs)] + v ‘This result gives the exact input-output relation in an OFDM sys-
— LEA F* AFconj(F*s) + ¥ tem with both transmitter and receiver IQ imbalances as a function
= ST 4 conj(F”s) + v of the channel taps {A} and the distortion parameters pr, fy, Ve,
= uF " As + wF*As® +¥ 22) and r4. Note that (28) collapses to the input-output relation de-

= Fdiag{} (Ms + -’/15#) + %
where we used the fact that Feonj(F*s) = (FF*s)* = s¥,
Moreover, nsing (13), we can write
conj(y) = conj(H") [y conj(s) + 17 ()] + coni(v)  (23)

where conj(H®) is again a circulant maurix defined in terms of
conj(h) as in (9) so that

conj(HE) = F*diag {A#} F (24)
where
VNF* [ conj(h) =2 (25)
D (L41yxa
Substituting the above into (23) results in
conj(y) = Fdiag {A#} F [ conj(8) + v7'§] + conj(v)
26)

= F"diag {)\#} (,u’{s# - ut*s) + conj(v)

where we substituted F§ = s and Feonj(s) = s* using (5) and
(20).

After applying the DFT operation to the received block of data
Z given by (15} (as is done in an OFDM receiver) and using (22)
and (26), we obtain

A
z =F%

=p diag{)} (,UzS + ws#) + 27

vrdiag {)\#} (y{s# + V{‘s) + peV £ opv®
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rived in [5] for ys = 1 and 1, = 0, as a special case where ideal
IQ branches were assumed at the transmitter.

As seen from (28), the vector 2 is no longer related only to
the transmitted block s through a diagonal matrix, as is the case
in an OFDM system with ideal I and Q branches. There is also
a coniribution from s¥. In the sequel, we show how the system
of equations defined by (28) can be reduced to independent 2 x 2
systems of equations that can be used to estimate s. Discarding
the samples corresponding to tones 1 and N/2 + 1, 1.¢., (1} and
2(N/2 + 1), and defining two new vectors':

i z(2) ] [ s(2) ]
C 1 2(N/2) . s
=1 212 |0 BT s(v/2L9) &)
2" (N) s(N) ]
then equation {28) can be rewritten as
= A+ (30)

where A is given by (16) (with only diagonal and anti-diagonal
non-zero elemenis) and ¥ is related to v in a manner similar to
(29). Note that the matrix A in the above eguation is not diagonal,
as is the case for A in (11} for an ideal system, although it collapses
to a diagonal matrix by setting - and 1 equal to zero. Equation
(30) can be reduced to 2 x 2 de-coupled sub-equations, for k =
{2,...,N/2}, each written as

zx = Lisi 4 vi 31

I'The reason for discarding these rwo samples is that the transformation
(19) returns the same indices only for &k = 1 and k = N/2 4 1. Note that
in standardized OFDM systems these two tones do not carry information
due to implementation issues.



where

I LT B Y

and the 2 x 2 matrix 'y is given by (17). The objective is to
recover sg from zx in (31) for k = {2,..., N/2} or, equivalently,
§ from % in (30). Several algorithms, adaptive and otherwise, for
estimating channel/disortion parameters and recovering the s;. for
the special case with ideal transmitter {¢; = 1 and v, = 0) were
proposed in [S]. In the sequel, we extend some of these schemes
to the more general case of imbalances at both the transmitter and
receiver,

4. JOINT TX/RX COMPENSATION AT THE RECEIVER

4.1. Least-Squares Compensation

The least-squares estimate of sg, & = {2,...,N/2}, denoted by
8k, is given by [10]:

&k = (TiT%) 'Thax (33

Regularization could be used when it is desired to combat ill-
conditioning in the data I'y.. In order to implement the solution
{33). the channel information (A) and the distortion parameters
(pee.Vt,pir,r) are required. Training symbols are required to en-
able the receiver to estimate those values. Thus note that we may
use equation (31) for channel estimation by rewriting it as:

_[stk) 0 s(N—-k+2) 0
Zh = 50 s(k) ° 0 s*(N~k+2)]x

e (k) + vrf X (N — ke 4+ 2)

v A(k) + g AN —k+2) |

pev M) + v (N —k+2) | TV

veg A(R) + prpr AN — k4 2)

(34)

Assuming 1y OFDM symbols are transmitted for training, then
npy Iealizations of the above equation can be collected to perform
the least-squares estimation of the elements forming I'y.. The esti-
mated I';, can then be substituted into (33) for data estimation.

4.2. Adaptive Equalization

As in [5], the adaptive estimation of s(k) and s* (N — k + 2} in
(32) can be attained as follows:

é(k) = WiZk

é*(N —k+ 2) = WN_g4+22k (35)
where wy. and w_ k4o are 1 X 2 equalization vectors updated ac-
cording to an adaptive algorithm (for instance LMS or some other
adaptive form) for k = {2,..., N/2} [10]. To better illustrate the
update equations, we introduce the time (or iteration) index 1. As
a result, let w,(;) and wf\"})_ x4 2 Tepresent the equalization vectors
at time instant 4. Furthermore, let zf) represent the vector zy, de-
fined in (32) at iteration 4. Now, the egualization coefficients for
k ={2,...,N/2} are updated according to the LMS rules:

Wi = wl? 4 s (o) ef? G6)
G i NG
thlI:)+2 = WEV)-Hz + bums (zgc)) eg\f)wk+2 (37

where egj) = dg") - wff)zg) is the error signal generated at itera-
tion 1 for the tone index k using a training symbol df:), where the
training symbol dg) can be different for different tone indices k.
A similar relation holds for eg\?_ kpze Moreover, phys is the LMS
step-size parameter.

In LMS, the coefficients in (36) and {37) are usually initiated
with zero as their initial value. We use a different initialization
in order to enhance the convergence rate of the algorithm. The
compensation coefficients are initialized to values calculated as if
the receiver assumes ideai I and Q branches. Referring to (34) and
setting pr = p2¢ = 1 and 1. = 14 = 0, the system of equations
for channel estimation becomes

s(k) 0 A(k)
== :[ 0 s (N-k+2) ] [ AN —k+2) | TV
(3%
Due to the diagonal structure of the above system, it can be seen
that the least-squares solutions for A(k) and A* (N — £+ 2) in (38)
are given by (see also the notation defined in (32)):

T
AR = S s )

where nry is the number of training symbols. A new index i
has been added to represent the symbol time instant. In other
words, s;(k) and z;(k) are respectively the transmitted and re-
ceived kth tones at time instant ¢. A similar expression holds for
MN — k 4 2). Using the above estimation, which is derived as-
suming ideal IQ branches, the equalization vectors wi and Wy — k4.2
in (35) are initialized to

(39)

w =[ i) 0] (40)

W =0 MWN-k+2)] (41)

Using these initial values, equations (36) and (37) are then used
to calculate the LMS solution. These calculated initial values are
closer to the final value when compared to an all zero initialization,
since the parameters 1. and ¢4 in (17) are typically much smaller
than the parameters p» and p;.

5. SIMULATIONS

A typical OFDM system (similar to IEEE802.11a) is simulated to
evaluate the performance of the proposed schemes in comparison
to an ideal OFDM system with no transmit-receive IQ imbalance
and a receiver with no compensation scheme. The parameters used
in the simulation are: OFDM symbol length of N = 64, cyclic
prefix of P = 16. Each simulation configuration is repeated for
two different channel profiles: 1) additive white Gaussian noise
(AWGN) channel with a single tap unity gain and 2) a multipath
channel with (L + 1) = 4 taps where the taps are chosen in-
dependently with complex Gaussian distribution. Every channel
realization is independent of the previous one and the BER re-
sults depicted are from averaging the BER curves over indepen-
dent channels. The uncoded BER versus SNR are shown in Figure
2 for 64QAM constellation. The values used for phase and am-
plitude imbalances for both the transmitter and the receiver are
typical values achievable in practical integrated circuit implemen-
tauons.
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Fig. 2. BER vs. SNR simulated for the following configuration: 64QAM constellation, training length of 20 OFDM symbols in least-
squares and LMS solutions, LMS step-size of urars = 0.1, transmitter phase imbalance of 8; = 2°, transmitter amplitude imbalance of
«;=0.8dB, receiver phase imbalance of . = 2°, and receiver amplitude imbalance of a;=0.8dB.

6. CONCLUSIONS

The paper studied the problem of transmitter and receiver IQ im-
balances in OFDM systems. An input-output relation is derived
as a function of both transmit and receiver distortion parameters.
The input-output relation is then used to develop compensation
algorithms for the IQ imbalances in the digital domain. An im-
portant property of the schemes proposed in this section is that
they compensate for both transmit and receive imbalances jointly
at the receiver. In other words, the transmitter is not necessarily
required to achieve good IQ) matching. This is an advantage for
proprietary systems where the transmitter and the receiver are de-
signed by the same manufacturer, since it can significantly relax
the design specification on the transmitter. However, this may be
a concern for standardized systems where the transmitters and re-
cefvers may be designed and manufactured by different manufac-
turers. In such systems, the rransmitted signal’s distortion has to
be below a certain level specified by the standard, namely the error
vector magnitude (EVM), so that receivers by other manufacturers
can correctly decode it. In this case, the transmitter has to meet
a certain level of IQ matching. This issue can be addressed by a
pre-distortion scheme similar to [5] at the transmitter, such that the
final transmitted signal is sufficiently close to an ideal transmitter.
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