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ABSTRACT

We consider the problem of dictionary learning over large scale mod-
els, where the model parameters are distributed over a multi-agent
network. We demonstrate that the dual optimization problem for in-
ference is better conditioned than the primal problem and that the
dual cost function is an aggregate of individual costs associated with
different network agents. We also establish that the dual cost func-
tion is smooth, strongly-convex, and possesses Lipschitz continuous
gradients. These properties allow us to formulate efficient distributed
ADMM algorithms for the dual inference problem. In particular, we
show that the proximal operators utilized in the ADMM algorithm
can be characterized in closed-form with linear complexity for cer-
tain useful dictionary learning scenarios.

Index Terms— dictionary learning, augmented Lagrangian,
ADMM, dual decomposition, consensus strategy, diffusion strategy

1. INTRODUCTION

Dictionary learning is a procedure that enables the representation of
input feature vectors as sparse linear combinations of dictionary el-
ements called atoms. The technique can be leveraged to solve some
useful problems such as image denoising [1, 2], dimensionality-
reduction [3, 4], bi-clustering [5], feature-extraction and classifica-
tion [6], and novel document detection [7]. The solution usually
involves two steps: (i) an inference step, where the coefficients used
to mix the dictionary elements are computed via a sparse coding
calculation and (ii) a dictionary update step, where the dictionary
elements are updated in order to improve future reconstructions.

In many dictionary learning tasks, and especially those involv-
ing big data applications, the dictionary size has been increasing
steadily. As a result, it is becoming prohibitive to execute the dictio-
nary learning task on a single processor or at a single physical loca-
tion since the data may be stored in a distributed manner. This diffi-
culty motivates us to develop a model-distributed dictionary learning
problem in which different agents in a connected network maintain
separate parts of the dictionary and they do not need to share their
dictionary elements or private information. In addition, we consider
a broad scenario where we will not assume that the feature vectors
are available at each agent, but only to a subset of the agents [8].

In comparison to our previous work in [8, 9], where strategies
of the consensus and diffusion type were considered, we shall in-
stead employ in this article the class of ADMM strategies (see, e.g.,
[10–12] and the references therein) to solve the inference step. The
motivation for doing so is the following. We will explain in Sec. 4
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that for some special penalty functions, but not always, the mini-
mization component of the inference step (corresponding to future
expression (32)) can be solved in closed-form. This observation will
imply that the computational complexity of the ADMM implemen-
tation for these special cases will become lower than the complexity
of solution techniques that rely on repeated iterations, which would
be needed for scenarios involving more general penalty functions
(see, e.g., [8]). However, as explained after (35) further ahead, for
these more general scenarios and when no closed-form solutions are
possible for (32), an ADMM implementation will end up involving
three separate time-scales, whereas diffusion or consensus strategies
will involve only two time-scales. Depending on the complexity of
the iterations in the third time-scale of the solution, this implementa-
tion can end up being more or less complex than consensus or diffu-
sion implementations. Regardless, it is important to note that having
a third time-scale necessarily requires faster processing units at the
agents for ADMM than would be required by consensus or diffusion
strategies.

Notation: We use boldface letters to represent random quan-
tities. The random variable x may have a realization x, which is
denoted in plain font.

2. PROBLEM FORMULATION

Consider the following dictionary learning problem over a connected
network of N agents:

min
W

E

[
f (xt −Wyo

t ) + hy(y
o
t )
]
+ hW (W ) (1)

s.t. W ∈W (2)

where E[·] denotes the expectation operator, xt ∈ R
M is a random

input data vector available at time t, and W ∈ R
M×N is a dictionary

matrix. The set W denotes a constraint set on W , and yo
t is the solu-

tion to the following inference problem for an input data realization
xt and for a given dictionary matrix W :

yo
t � argmin

y
[f(xt −Wy) + hy(y)] (3)

We assume that the penalty functions f(·) and hW (·) are convex
while the function hy(y) is strongly-convex. Observe that the dic-
tionary learning task consists of two steps: (i) the inference step
involving sparse coding for a given xt and W in (3), and (ii) the
dictionary update step in (1)–(2).

The q−th column of W is called an atom, and the constraint
set W may, for example, constrain the norm of each atom in the
dictionary, say, as [2]:

W = {W : ‖[W ]:,q‖2 ≤ 1} (4)
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Alternatively, if we are interested in the non-negative factorization
[2] and topic modeling [7] problems, the constraint set may instead
be defined as

W = {W : ‖[W ]:,q‖2 ≤ 1, W � 0} (5)

where the notation W � 0 indicates that each entry of the matrix W
is nonnegative.

We study the case when the atoms are distributed across the net-
work. Specifically, we partition the dictionary matrix W into block
columns and the vector y into row entries according to:

W =
[
W1 · · · WN

]
, y = col{y1, . . . , yN} (6)

where each agent k in the network is assumed to have access only to
Wk ∈ R

M×Nk and yk ∈ R
Nk×1. Observe that

N∑
k=1

Nk = N (7)

It is also assumed that the feasible set W can be decomposed as the
intersection of N independent convex sets, W = W1 ∩ . . . ∩WN ,
where Wk places constraints on the submatrix Wk. The regulariza-
tion functions hy(y) and hW (W ) are assumed to be decomposable
as well:

hy(y) =
N∑

k=1

hyk (yk), hW (W ) =
N∑

k=1

hWk (Wk) (8)

3. DISTRIBUTED DICTIONARY LEARNING

3.1. A well conditioned optimization problem

In our earlier works [8, 9], and following duality arguments, we ex-
plained that problem (3) can be transformed into another form that
is more amenable to distributed implementations. Specifically, we
showed that the solution of (3) can be obtained from the minimiza-
tion of the following sum-of-cost form over an auxiliary vector vari-
able ν ∈ R

M×1:

min
ν

N∑
k=1

Jk(ν;xt) (9a)

s.t. ν ∈ Vf (9b)

The individual costs that appear in (9a) are given by:

Jk(ν;xt) �

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
−νTxt

|NI |
+

1

N
f�(ν)+h�

yk (W
T
k ν), k ∈ NI

1

N
f�(ν)+h�

yk (W
T
k ν), k /∈ NI

(10)

where f�(·) and h�
yk (·) denote the convex conjugate functions of

f(·) and hyk (·), respectively, Vf is the domain of the conjugate func-
tion f�(·), and the notationNI denotes the set of “informed” agents
(i.e., k ∈ NI only if agent k in the network has access to xt). Recall
that the convex conjugate function of a function g(x) : RM×1 �→ R

(not necessarily convex) is defined by [13, pp.90-95]

g�(u) � sup
x

[
uTx− g(x)

]
, u ∈ Vg (11)

If the function g(x) happens to be strongly-convex, then the domain
of its conjugate function becomes Vg = R

M×1.
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Fig. 1. The data sample xt at each time t is available to a subsetNI

of agents in the network (e.g., agents 3 and 6 in the figure), and each
agent k is in charge of one sub-dictionary, Wk, and the correspond-
ing optimal sub-vector of coefficients estimated at time t, yo

k,t. We
useNk to denote the set of neighbors of agent k.

Problem (9a)–(9b) is better conditioned than problem (3). For
example, while the original objective function (3) is not necessar-
ily differentiable, the new aggregate cost function (9a) is strongly-
convex with Lipschitz gradient (and, hence, differentiable) when
f(·) is strongly-convex with Lipschitz gradients (reference [8] also
examines a case where f(·) is not strongly-convex, but the aggregate
cost in (9a) still possesses these desirable properties). This means
that we do not need to utilize subgradient techniques to optimize (3),
which are known to be slower than gradient-based techniques for
minimizing differentiable functions as in (9a)–(9b).

The optimizer of (3), yot , can be recovered from the optimizer of
(9a)–(9b), νo

t , in a distributed manner (see (34) further ahead). We
require that at least one agent has access to the data vector xt at time
t so that |NI | ≥ 1. Figure 1 illustrates the data setup and NI . In
[8, 9], the inference step (9a)–(9b) was solved by using a distributed
implementation of the consensus or diffusion type. For the reasons
explained before, we now examine an alternative solution method
that is based on using instead an ADMM procedure. As alluded to
earlier, our main motivation is to show in Sec. 4 that the resulting
ADMM algorithm can be made efficient by solving its minimization
step in closed-form for some special penalty functions f(·) and hy(·)
of the form shown further ahead in (36).

3.2. Related Works

Some related work appears in the studies [14,15]. However, there are
some key differences in problem formulation, generality, and tech-
nique. For example, these references do not deal with dictionary
learning problems and focus only on the solution of special cases of
the inference problem (3), as illustrated below. Their problem for-
mulations focus on determining sparse solutions to linear systems of
equations, and they can be interpreted as corresponding to scenarios
with dictionaries that are static and not learned from data and where
it is further assumed that all agents have access to the same data xt.
In comparison, in this article, we show how to jointly address the in-
ference and learning problems (1)–(3), allow the dictionary elements
to be updated dynamically, and require only a subset of the agents to
have access to the data.



For instance, one of the problems studied in [14] is the following
inference problem (compare with (3)):

yo
t � argmin

y

N∑
k=1

[
γ‖yk‖1 +

δ

2
‖yk‖2

]
(12a)

s.t.

N∑
k=1

Wkyk = xt (12b)

This formulation can be recast as a special case of (3) by selecting:

hyk (yk) = γ‖yk‖1 +
δ

2
‖yk‖2 (13a)

f(xt) = IB

(
xt −

N∑
k=1

Wkyk

)
(13b)

where IB(·) is the indicator function defined by:

IB(u) =

{
0, u ∈ B

∞, u /∈ B
(14)

and the set B is defined as

B � {0M} (15)

Constraints of the form (12b), or a residual function of the form
(13b), are not generally meaningful for problems involving both
learning and inference tasks since the measurements xt tend to be
subject to noise and, moreover, the dictionary matrix W will be con-
tinually adjusted over time rather than remain static. In [15], the
authors relax condition (12b) and consider instead:

yo
t � argmin

y

N∑
k=1

[
γ‖yk‖1 +

δ

2
‖yk‖2

]
(16a)

s.t.

∥∥∥∥∥
N∑

k=1

Wkyk − xt

∥∥∥∥∥ ≤ σ (16b)

for some σ ≥ 0, which again can be viewed as a special case of
problem (3) for the same hyk (·) from (13a) and with the indicator
function in (13b) replaced by IC(u) relative to the set

C �
{
u ∈ R

M×1 : ‖u‖2 ≤ σ
}

(17)

An alternative problem formulation that removes the indicator func-
tions is considered in [15, 16], namely,

yot � argmin
y

[
1

2
‖xt −Wy‖2 + γ‖y‖1

]
(18)

Here, we now have

hy(y) = γ‖y‖1, f(u) =
1

2
‖u‖2 (19)

However, the dictionary elements, as well as the entries of xt, were
partitioned by rows across the network as opposed to our column-
wise partitioning in (6):

W = [UT
1 , . . . , UT

N ]T (20)

In this case, it is straightforward to rewrite problem (18) in the form

yot � argmin
y

N∑
k=1

[
1

2
‖xk,t − Uky‖2 +

γ

N
‖y‖1

]
(21)

which is naturally in the sum-of-costs form (9a)–(9b) in the original
domain and does not require transformation under duality, as was the
case to arrive at (9a)–(9b) from (3). The more challenging problem
where the matrix W is partitioned column-wise, as we are consid-
ering in (6), was not examined in [15] where it was stated that this
case cannot be trivially recast into their sum-of-costs formulation.
Using the same dual argument that led to (9a)–(9b), we are able to
transform this column-wise partitioned problem into a sum-of-costs
problem, as already shown in [8,9], even for more general functions
f(·) and hy(·). For instance, expression (10) shows how the individ-
ual costs should be constructed in this case in terms of the conjugate
functions of the penalties.

3.3. ADMM-based inference over a network

We return to the general formulation (9a)–(9b) and proceed to solve
it via an ADMM scheme. We start by rewriting

min
ν

N∑
k=1

[
Jk(νk;xt) + IVf (νk)

]
(22a)

s.t. ν1 = ν2 = · · · = νN (22b)

where we introduced the variables {νk} and constrained them to be
the same through (22b), and where IVf (ν) is the indicator function
(14). We assume that the graph of the network is connected, i.e.,
there exists a path from any agent to any other agent possibly through
other agents in the network. We recall the following definitions for
the incidence and Laplacian matrices of a graph [17, 18].

Definition 1 (Incidence matrix of an undirected graph). Given a
graph G, the incidence matrix C is an E × N matrix, where E
is the total number of edges in the graph and N is the total number
of nodes, with entries defined as follows:

[C]ek =

⎧⎪⎨
⎪⎩
+1, k is the lower indexed node connected to e

−1, k is the higher indexed node connected to e

0, k is not connected to edge e
(23)

Thus, C1N = 0E . Self-loops are excluded.

Definition 2 (Laplacian matrix of a graph). Given a graph G, the
Laplacian matrix L is an N × N matrix whose entries are defined
as follows:

[L]k� =

⎧⎪⎨
⎪⎩
|Nk| − 1, k = �

−1, k �= �, � ∈ Nk

0, otherwise

(24)

where |Nk| denotes the number of neighbors of agent k (including
the agent itself). It holds that L = CTC, where C is the incidence
matrix of the graph.

Let C and L respectively denote the incidence and Laplacian
matrices of the graph. Each agent k has access to the k-th row and
column of the Laplacian matrix since they are aware of their local
network connections. In addition, each node k has access to each
row e of the incidence matrix where cek �= 0. It is then possible to
rewrite (22a)-(22b) as

min
w

N∑
k=1

[
Jk(νk;xt) + IVf (νk)

]
(25a)

s.t. CV = 0MN (25b)



where we introduced the extended quantities:

C � C ⊗ IM , V � col{ν1, . . . , νN} (26)

and where ⊗ denotes the Kronecker product operation [19]. The
augmented Lagrangian of the constrained problem (25a)–(25b) is:

L2({νk}, λ) =
N∑

k=1

[
Jk(νk;xt) + IVf (νk)

]
+ λT CV +

η

2
‖V‖2L

(27)

where λ ∈ R
EM is the Lagrange multiplier associated with the con-

sensus constraint CV = 0MN , L = CT C, and η is a non-negative
regularization parameter. The augmentation of the Lagrangian in-
troduces a penalty term that encourages nodes to reach agreement.
The variable V that minimizes (27) is in the consensus space due to
(25b). The dual function, g2(λ), is found by minimizing the La-
grangian L2(V, λ) over the primal variable ν, say,

g2(λ) = min
{ν�}

L2({ν�}, λ) (28)

The goal of the optimization procedure is to find the optimal La-
grange multiplier, λo

t , by maximizing the dual function:

λo
t � argmax

λ
g2(λ) = L2({νo

�,t}, λ) (29)

This task can be achieved by means of a gradient ascent recursion.
For example, once k obtains νo

k,t, the algorithm can adjust the La-
grange multiplier λ according to the recursion (where we are using
the subscript i to denote the iteration index):

λe�k,i = λe�k,i−1 + η∇λe�k
g2(λi−1)

= λe�k,i−1 + η∇λe�k
L2({νo

�,t}, λi−1)

= λe�k,i−1 + η

N∑
k=1

N∑
�=k+1

g�k(ν
o
k,t − νo

�,t)

= λe�k,i−1 + η(νo
k,t − νo

�,t), [� ∈ Nk, � > k] (30)

where g�k denotes the (�, k)-th element of the adjacency matrix G
of the topology graph, which is defined as g�k = 1 when � ∈ Nk,
and is zero otherwise. Moreover, the vector λe�k,i−1 ∈ R

M denotes
the block in λi−1 that is the dual variable associated with edge e that
connects nodes � and k (these nodes are the only agents with access
to this block). Observe that in (30), the dual step-size is chosen to be
the augmentation parameter η. Either of the two neighboring nodes
k or � can update λe�k at each time-step (for example, the lower-
indexed node).

We still need to address the minimization step (28) since its so-
lution is needed in (30). This task can be pursued via the Jacobian
ADMM approach [11, p.356] [12] [20, p.219]. First, each node k ex-
changes its variables {νk,i−1, λe�k,i−1} with its neighbors, and then
each node holds its neighbor variables fixed, and optimizes over its
own variable:

νk,i = argmin
νk

L2({νk, ν�,i−1}, λi−1), [� ∈ Nk\{k}] (31)

The agents in the network will repeat steps (30)–(31) until they con-
verge, i.e., the agents execute:{

νk,i = argmin
νk

L2({νk, ν�,i−1}, λi−1), [�∈Nk\{k}] (32)

λe�k,i = λe�k,i−1 + η(νk,i − ν�,i), [�∈Nk, � > k] (33)

The main difficulty associated with (32)–(33) is solving the first step
(32). In general, the optimization in (32) will be constrained when
Vf �= R

M×1 and agents may need to use an iterative scheme to
solve (32). We show later in App. A that step (32) can actually be
solved in closed-form for the important case f(·) = 1

2
‖ · ‖2 and

hyk (·) = γ‖ · ‖1 + δ
2
‖ · ‖2.

Now, once the algorithm converges, each node will have access
to νo

t since all nodes are expected to converge to the same optimizer
in the consensus space due to (25b). Once this is achieved, the nodes
can recover yo

k,t uniquely (since hyk (yk) is assumed to be strongly-
convex) from νo

t as follows [8, 9]:

yo
k,t = argmax

yk

[
(WT

k νo
t )

T yk − hyk (yk)
]

(34)

where yok,t is the k−th entry of the solution yo
t to the inference step

(3). Observe that each node can recover yok,t using its own informa-
tion Wk and νo

t without any further communication. As observed
in [8, 9], and as we will see in Sec. 4, the optimization in (34) can
also be computed in closed-form in some important cases.

3.4. Distributed dictionary update

Once yok,t is found at all nodes, it is still necessary to update the
dictionary elements. It was shown in [8, 9] that this task can be ac-
complished efficiently by using the following stochastic incremental
proximal gradient algorithm [21]:

Wk,t = ΠWk

{
proxμw·hWk

(
Wk,t−1 + μwν

o
t (y

o
k,t)

T )} (35)

where Wt−1 is sub-divided according to (6), ΠWk (X) is the projec-
tion of the matrix X onto the set Wk. This leads to the dictionary
learning algorithm listed in Algorithm 1. Observe that the ADMM
implementation in Alg. 1 requires three time-scales: (1) iteration
over t, (2) iteration over i between two successive time instants t,
and (3) iterations between two successive indices i to solve (32) by
means of some iterative procedure. In contrast, the diffusion-based
dictionary learning algorithm proposed in [8, 9] requires only two
time-scales corresponding to the t and i domains. We will see in the
next section that (32) can be solved in closed-form for the special
penalty functions (36), thus eliminating the need for the last time-
scale in the ADMM implementation in this particular case.

Algorithm 1 Distributed Dictionary Learning via Dual-Jacobian-
ADMM: General Algorithm

for each input data sample xt, each node k do

for Repeat until convergence: i = 0, 1, . . . do

Solve for {νk,i}:

νk,i=argmin
νk

L2({νk, ν�,i−1}, λi−1), [�∈Nk\{k}]

Update Lagrange Multipliers:

λe�k,i=λe�k,i−1 + η(νk,i − ν�,i), [�∈Nk, � > k]

end for

Set νot = νk,i.
Compute optimal local primal variable:

yok,t = argmax
yk

[
(WT

k νot )
T yk − hyk (yk)

]
Update the dictionary using:

Wk,t = ΠWk

{
proxμw·hWk

(
Wk,t−1 + μwνot (y

o
k,t)

T
)}

end for



4. EXPERIMENTAL RESULTS

In this section, we consider an image denoising application to illus-
trate the dictionary learning task. Let

f(u) =
1

2
‖u‖2, hy(y) = γ‖y‖1 +

δ

2
‖y‖2, hW (W ) = 0 (36)

Let Nk = 1 for each node and let all agents in the network have
access to xt so that |NI | = N and each agent in the network is
responsible for maintaining a single column of the dictionary W .
While Alg. 1 does not require these simplifications, we will see that
with this setup, step (32) can be solved in closed-form at every agent.
Specifically, in this case, equation (10) becomes:

Jk(ν;xt) � −νTxt

N
+

1

2N
‖ν‖2+S γ

δ

(
wT

k ν

δ

)
(37)

where

S γ
δ
(x) � − δ

2
·
∥∥T γ

δ
(x)

∥∥2

2
− γ ·

∥∥T γ
δ
(x)

∥∥
1
+ δ · xTT γ

δ
(x) (38)

and Tλ(x) denotes the entry-wise soft-thresholding operator on the
vector x:

[Tλ(x)]n � (|[x]n| − λ)+sgn([x]n) (39)

where (x)+ � max(x, 0). Substituting (37) into Alg. 1, we obtain
the listing of Algorithm 2 shown in the table (see App. A), where
Nk denotes the neighborhood set of node k, including node k itself.

Algorithm 2 Distributed Dictionary Learning via Dual-ADMM
for each input data sample xt, each node k do

for Repeat until convergence: i = 0, 1, . . . do

Solve (32) as follows:

ck,i =

k−1∑
�=1

gk�(λek�,i−1+ην�,i−1)−
N∑

�=k+1

g�k(λe�k,i−1−ην�,i−1)

(40)

ν1k,i =

((
1

N
+η(|Nk|−1)

)
IM+

wk,t−1w
T
k,t−1

δ

)−1

×
(xt

N
+

γ

δ
wk,t−1+ck,i

)
(41)

ν2k,i =

(
1

N
+η(|Nk|−1)

)−1 (xt

N
+ck,i

)
(42)

ν3k,i =

((
1

N
+η(|Nk|−1)

)
IM+

wk,t−1w
T
k,t−1

δ

)−1

×
(xt

N
− γ

δ
wk,t−1+ck,i

)
(43)

νk,i =

⎧⎪⎨
⎪⎩
ν1k,i, wT

k ν1k,i > γ

ν2k,i, |wT
k ν2k,i| ≤ γ

ν3k,i, wT
k ν3k,i < −γ

(44)

Update Lagrange Multipliers:

λek�,i = λek�,i−1 + η(ν�,i − νk,i), [� ∈ Nk, � > k] (45)

end for

Set νot = νk,i.
Compute the primal local primal variable yok,t =

1
δ
Tγ(wT

k,t−1ν
o
t ).

Update the dictionary using:

wk,t = ΠWk

{
wk,t−1 + μwνot (y

o
k,t)

T
}

(46)

end for

The computation of ν1
k,i, ν

2
k,i, and ν3

k,i in (41)–(43) can be done
efficiently by using the matrix-inversion lemma [19, p.48]:(

αIM+
1

δ
wkw

T
k

)−1

b=
b

α
− (wT

k b) · wk

α2 · (δ + 1
α
‖wk‖2)

(47)

We let N = 196 so that the dictionary W ∈ R
M×N is dis-

tributed over 196 agents. The network is generated randomly where
the probability that any two nodes are connected is 0.5, and the net-
work is ensured to be connected. We extract a total of one million
10×10 patches from images 101-200 of the the non-calibrated natu-
ral image dataset [22]. The border two pixels were discarded around
each image and the top-left 1019 × 1019 pixels were then used for
patch extraction. With each data sample being a 10× 10 patch from
a certain image, the dimension of the input data sample is M = 100
(vertically stacked columns). We initialize each entry of the dic-
tionary matrix W with a zero-mean unit-variance Gaussian random
variable. The columns are then scaled to guarantee that the sub-unit-
norm constraint (2) is satisfied. The patch extraction, preprocessing,
and image reconstruction code utilized (excluding dictionary learn-
ing and patch inference steps) is borrowed from [23].

Given the one million data samples {xt}, each of which satisfies
xt ∈ R

M , the network wishes to solve (1)–(3), where W = W1 ∩
. . . ∩WN and

Wk = {wk : ‖wk‖2 ≤ 1} (48)

for each atom q in dictionary wk. We use Alg. 2 and let the lower-
indexed node update (45). We utilize γ = 45, δ = 0.1, and η =
0.002. A step-size of μw = 5 × 10−5 was utilized for the adap-
tation of the dictionary elements {wk}. We chose to run Alg. 2
for 50 iterations (as opposed to the 300 iterations required for the
gradient-descent type algorithm in [8, 9]). The data were presented
in minibatches [24] of size four samples/minibatch and the update
gradients νo

t y
o
k,t were averaged over the four samples per step.

In the far right of Fig. 2, we show the dictionary learned over the
196 agents in the network (f) as well as the one learned by using the
centralized method in [2] as a benchmark (c). The original image
without corruption is listed in pane (a), while the corrupted image
— the input to the algorithms—is listed in (d). The parameters η
and iterations used for the denoising are the same as the training.
The corrupted image’s PSNR1 is 15.8dB, while the PSNR for the re-
covered image using the centralized solution of [2] was found to be
24.5dB. The average denoising PSNR performance across the dis-
tributed network is found to be 25.4dB with a standard deviation of
0.0024dB. Thus, the performance is uniform across the network.

A. CLOSED-FORM SOLUTION OF (32)

First, observe that the indicator function IVf (νk) = 0 in (27) since
f(u) = 1

2
‖u‖2 is strongly-convex and thus Vf = R

M . Therefore,
we have that L2({νk}, λi−1) becomes:

L2({νk}, λi−1) =
N∑

n=1

Jn(νn;xt)+
N∑

n=1

N∑
�=n+1

g�nλ
T
e�n(νn − ν�)+

η

2

N∑
n=1

N∑
�=n+1

g�n‖νn − ν�‖2 (49)

1PSNR is the peak-signal-to-noise ratio defined as PSNR �
10 log10(I

2
max/MSE), where Imax is the maximum pixel intensity in the

image and MSE is the mean-square-error over all image pixels.



Fig. 2. Application of dictionary learning to image denoising: (a)
original image; (b) denoised image by using the centralized method
from [2]; (c) dictionary obtained by the centralized method from [2];
(d) image corrupted by additive white Gaussian noise; (e) denoised
image by our proposed distributed method at agent 1; (f) dictionary
obtained by our proposed distributed implementation.

Taking the gradient of (49) with respect to νk and setting it to zero,
we obtain:

∇νkL2({νk}, λi−1)=∇νkJk(νk;xt)+

N∑
�=k+1

g�kλe�k−
k−1∑
�=1

g�kλe�k+

η

N∑
�=k+1

g�k(νk − ν�)+η

k−1∑
�=1

g�k(νk − ν�)

= 0 (50)

Now, observe that Jk(νk;xt) is piece-wise quadratic due to (38) and
the fact that ‖ · ‖2 is quadratic. We can obtain its gradient as

∇νkJk(νk;xt) =

⎧⎪⎨
⎪⎩

νk−xt

N
+ 1

δ
wkw

T
k νk− γ

δ
wk, wT

k νk > γ
νk−xt

N
, |wT

k νk| ≤ γ
νk−xt

N
+ 1

δ
wkw

T
k νk+

γ
δ
wk, wT

k νk < −γ
(51)

Substituting (51) into (50) and solving for νk, the solution reduces
to (40)–(44). Observe that this minimization only depends on vari-
ables from agent k’s immediate neighbors, and is done simultane-
ously across the nodes.
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