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ABSTRACT
We develop an effective distributed strategy for seeking the Pareto
solution of an aggregate cost consisting of regularized risks. The focus is on stochastic optimization problems where each risk function
is expressed as the expectation of some loss function and the probability distribution of the data is unknown. We assume each risk function is regularized and allow the regularizer to be non-smooth. Under
conditions that are weaker than assumed earlier in the literature and,
hence, applicable to a broader class of adaptation and learning problems, we show how the regularizers can be smoothed and how the
Pareto solution can be sought by appealing to a multi-agent diffusion strategy. The formulation is general enough and includes, for
example, a multi-agent proximal strategy as a special case.
Index Terms— Distributed optimization, diffusion strategy,
smoothing, proximal operator, non-smooth regularizer, proximal
diffusion, regularized diffusion.

1. INTRODUCTION AND RELATED WORK
We consider a strongly-connected network consisting of N agents.
For any two agents k and , we attach a pair of nonnegative coefﬁcients {ak , ak } to the edge linking them. The scalar ak is used
to scale data moving from agent  to k; likewise, for ak . Strongconnectivity means that it is always possible to ﬁnd a path, in either
direction, with nonzero scaling weights linking any two agents. In
addition, at least one agent k in the network possesses a self-loop
with akk > 0. Let Nk denote the set of neighbors of agent k. The
coefﬁcients {ak } are convex combination weights that satisfy

ak ≥ 0,
ak = 1, ak = 0 if  ∈
/ Nk
(1)
∈Nk

If we introduce the combination matrix A = [ak ], it then follows from (1) and the strong-connectivity property that A is a leftstochastic primitive matrix. In view of the Perron-Frobenius Theorem [1–3], this ensures that A has a single eigenvalue at one while
all other eigenvalues are inside the unit circle. If we let p denote the
right-eigenvector of A that is associated with the eigenvalue at one,
and if we normalize the entries of p to add up to one, then it also
holds that all entries of p, denoted by {pk }, are strictly positive, i.e.,
Ap = p,

1T p = 1,

pk > 0

(2)

We associate with each agent k a risk function Jk (w) : RM → R,
assumed differentiable. In most adaptation and learning problems,
risk functions are expressed as the expectation of loss functions.
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Hence, we assume that Jk (w) = EQk (w; x) for some loss function
Qk (·) and where x denotes random data. The expectation is computed over the distribution of this data (note that, in our notation,
we use boldface letters for random quantities and normal letters for
deterministic quantities). We also associate with agent k a regularization term, Rk (w) : RM → R, which is a known deterministic
function although possibly non-differentiable. Regularization factors of this form can, for example, help induce sparsity properties
(such as using 1 or elastic-net regularizers) [4–6].
The objective we are interested in is to devise a fully distributed
strategy to seek the minimizer of the following weighted aggregate
cost, denoted by wo :
wo  arg min
w

N


pk {Jk (w) + Rk (w)}

(3)

k=1

The weights {pk } indicate that the resulting minimizer wo can be
interpreted as a Pareto solution for the collection of regularized risks
{Jk (w) + Rk (w)} [3,7]. We are particularly interested in determining this Pareto solution in the stochastic setting when the distribution
of the data x is generally unknown. This means that the risks Jk (w),
or their gradient vectors, are also unknown. As such, approximate
gradient vectors will need to be employed. A common construction
in stochastic approximation theory is to employ the following choice
at each iteration i:

∇
w J k (w) = ∇w Qk (w; xi )

(4)

where xi represents the data that is available (observed) at time
i. The difference between the true gradient vector and its approximation is called gradient noise. This noise will seep into the
operation of the distributed algorithm and one main challenge is
to show that, despite its presence, the proposed solution is able to
approach wo asymptotically. A second challenge we face in constructing an effective distributed solution is the non-smoothness
(non-differentiability) of the regularizers. Motivated by a technique
proposed in [8] in the context of single agent optimization, we
will address this difﬁculty in the multi-agent case by introducing a
smoothed version of the regularizers and showing that the solution
wo can still be recovered under this substitution as the size of the
smoothing parameter is reduced. We adopt a general formulation
that will be shown to include a distributed proximal solution as a
special case.
There are several useful works in the literature that study optimization problems with non-smooth regularizers. For example, the
work [9] relies on the use of sub-gradient iterations but requires that
the sub-gradients of the regularized risks, Jk (w) + Rk (w), should
be uniformly bounded. Unfortunately, this condition is not satisﬁed in many important cases of interest, for example, even when
Jk (w) is simply quadratic in w or when the Rk (w) are indicator
functions used to encode constraints. Variations for speciﬁc choices
of Jk (·) are examined in [10–13] where only the subgradients of
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Rk (·) are required to be bounded. For the case when the Rk (w) are
chosen as indicator functions in constrained problem formulations,
a distributed diffusion strategy based on the use of suitable penalty
functions is proposed in [14].
Some more recent studies pursue distributed solutions by relying
on the use of proximal iterations (as opposed to sub-gradient iterations); an accessible survey on the proximal operator and its properties appears in [15]. For example, for purely deterministic costs, distributed proximal strategies are developed in [16, 17]. In the singleagent case, the behavior of the forward-backward algorithm under
stochastic perturbations is investigated in [18]. Distributed variations for mean-square error costs with bounded regularizer subgradients are proposed in [19, 20] for single-task problems and in [21]
for multi-task environments. A strategy for general stochastic costs
with small, Lipschitz continuous regularizers is studied in [22].
Most of these prior works involve requirements that limit their
application to particular scenarios, whether in terms of requiring
bounded sub-gradients, or focusing on quadratic costs, or requiring
small regularizers. The purpose of this work is to propose a general
distributed strategy and a line of analysis that is applicable to a wide
class of stochastic costs under non-differentiable regularizers. The
ﬁrst step in the solution involves replacing each Rk (w) by a differentiable approximation, Rkδ (w), parametrized by δ > 0, such that
Rkδ (w) ≤ Rk (w)

and

lim Rkδ (w) = Rk (w).

δ→0

(5)

The accuracy of the approximation is controlled through δ. Subsequently, we approximate problem (3) by
wδo  arg min
w

N




pk Jk (w) + Rkδ (w)

A useful property of conjugate functions is that Rk (w) is always
closed convex regardless of whether Rk (w) is convex or not [26,27].
Deﬁnition 1 (Distance function). A distance function dist(·) for a
closed convex set C is a continuous, strongly-convex function with
C ⊆ dom dist(·). We normalize the function so that
min dist(w) = 0,

w∈C

∇w Jk (x) − ∇w Jk (y) ≤ λU x − y

(7)

Assumption 2 (Strong Convexity). The weighted aggregate of the
differentiable risks is strongly-convex, namely, for any x, y ∈ RM :

dist(w) ≥

1
w − wcent 2
2

(10)

for some wcent , which means that the strong-convexity constant is
set to one.
Deﬁnition 2 (Smooth approximation). We choose a distance function over C = dom Rk (w) and deﬁne the smooth approximation of
Rk (·) as:


Rkδ (w)  max  wT u − Rk (u) − δ · dist(u)
u∈dom Rk



= (Rk + δ · dist) (w)

k=1

Assumption 1 (Lipschitz gradients). For each k, the gradient
∇w Jk (·) is Lipschitz, namely, for any x, y ∈ RM :

(x − y)T ·

u∈dom Rk

(6)

In the next sections we explain how to construct the smooth approximation, Rkδ (w), by appealing to conjugate functions and will show
that the distance wo − wδo  can be made arbitrarily small as δ → 0.
We then present an algorithm to solve for the minimizer of (6) in a
distributed manner. The analysis will rely on the following common
assumptions [3, 23, 24].

N


agents (rather than a single agent) working together to solve the aggregate optimization problem (3) or (6) and, second, the risk functions involved are now stochastic costs deﬁned as the expectations
of certain loss functions. In this case, the probability distribution
of the data is unknown and, therefore, the risks themselves are not
known but can only be approximated. The challenge is to devise
a distributed strategy that is able to converge to the desired Pareto
solution despite these difﬁculties.
To begin with, we explain how smoothing of the regularizers
is performed. Thus, recall that the conjugate function, denoted by
Rk (w), of a regularizer Rk (w) is deﬁned as


Rk (w) 
sup
(9)
wT u − Rk (u) .

(11)

Thus, observe that the smooth approximation for Rk (w), which we
are denoting by Rkδ (w), is obtained by ﬁrst perturbing the conjugate
function Rk (u) by δ · dist(u) and then conjugating the result again.
The perturbation makes the sum Rk (u) + δ · dist(u) a stronglyconvex function. The motivation behind this construction is that the
conjugate of a strongly-convex function is differentiable everywhere
and, therefore, Rkδ (w) is differentiable everywhere. This intuition is
formalized in the following statement [8].
Theorem 1 (Smooth approximation). Any Rkδ (w) constructed according to (11) satisﬁes (5) and is differentiable with gradient vector
given by


∇w Rkδ (w) = arg max wT u − Rk (u) − δ · dist(u) . (12)

u∈dom Rk

pk (∇w Jk (x) − ∇w Jk (y)) ≥ λL x − y2

(8)

k=1

Assumption 3 (Regularizers). For each k, Rk (·) is closed convex.
2. ALGORITHM FORMULATION

Furthermore, the gradient is co-coercive, i.e., it satisﬁes for any x, y:


(x − y)T ∇w Rkδ (x) − ∇w Rkδ (y) ≥ δ∇w Rkδ (x)−∇w Rkδ (y)2
(13)
From this result, we can establish that:
lim wo − wδo  = 0

2.1. Construction of Smooth Approximation

δ→0

Smoothing non-differentiable costs is a popular technique in the optimization literature [8, 25]. Nevertheless, this method has been
mainly applied to the solution of deterministic optimization problems by single stand-alone agents. In this work, we are pursuing an
extension in two non-trivial directions. First, we consider networked

(14)

Obviously, the feasibility of stochastic-gradient algorithms for the
minimization of (6) hinges on the assumption that (12) can be evaluated in closed form or at least easily. Fortunately, this is the case
for a large class of regularizers of interest – see [28] for the case
dist(·) = 12  · 2 and [8] for other distance choices.



2.2. Regularized Diffusion Strategy

In this way, recursions (20)–(22) reduce to:

Now that we have established a method for constructing a differentiable approximation for each regularizer, we can solve for the minimizer of (6) by resorting to the following (adapt-then-combine form
of the) diffusion strategy [3, 23, 24]:
δ

ψ k,i = wk,i−1 − μ∇
w J k (w k,i−1 ) − μ∇w Rk (w k,i−1 )

wk,i =

N



φk,i = wk,i−1 − μ∇
w J k (w k,i−1 )


μ
μ
ψ k,i = 1 −
φk,i + proxδRk (φk,i )
δ
δ
N

wk,i =
ak φ,i

(15)

(27)
(28)
(29)

=1

ak ψ ,i

(16)

=1

where μ > 0 is a small step-size parameter. In this implementation,
each agent k ﬁrst performs the stochastic-gradient update (15), starting from its existing iterate value wk,i−1 , and obtains an intermediate iterate ψ k,i . Subsequently, agent k consults with its neighbors
and combines their intermediate iterates into wk,i according to (16).
Motivated by the construction in [14], we can reﬁne (15)–(16) further as follows. We introduce an auxiliary variable φk,i and perform
(15) in two successive steps by writing:

φk,i = wk,i−1 − μ∇
w J k (w k,i−1 )

(17)

ψ k,i = φk,i − μ∇w Rkδ (wk,i−1 )

(18)

wk,i =

N


ak ψ ,i

which is a damped variation of the proximal diffusion algorithm proposed in [22] under the stronger assumption of small Lipschitz continuous regularizers (setting μ = δ in (28) leads to the algorithm
in [22]).
3. CONVERGENCE ANALYSIS
3.1. Centralized Recursion
We now examine the convergence properties of the diffusion strategy
(20)–(22). To do so, it is useful to introduce the following centralized
recursion to serve as a frame of reference:
w̄i = w̄i−1 − μ

(19)

=1

ψ k,i = φk,i −
wk,i =

N


ak ψ ,i

Tc (x)  x − μ
(20)



pk ∇w Jk (x) + ∇w Rkδ (x)

(31)

so that the reference recursion (30) becomes w̄i = Tc (w̄i−1 ). The
proof of the following result is omitted for brevity.

(21)

Lemma 1 (Contraction mapping). For sufﬁciently small μ, the mapping Tc (·) is a strict contraction and the recursion w̄i = Tc (w̄i−1 )
converges exponentially to the minimizer, wδo , of problem (6).

(22)

Example 1 (Proximal diffusion learning). Choosing dist(w) =
1
w2 turns the smooth approximation (11) into
2


δ
Rkδ (w) = Rk (w) + w2
(23)
2
which is the well-known Moreau envelope [15, 28, 31]. It can be
rewritten equivalently as


1
Rkδ (w)  min Rk (u) +
(24)
w − u2
u
2δ
where the minimizing argument is identiﬁed as the proximal operator:


1
(25)
w − u2 .
proxδRk (w) = arg min Rk (u) +
2δ
u
For many costs Rk (w), the proximal operator can be evaluated in
closed form. The gradient of the Moreau envelope (23) can be veriﬁed to be given by
1
w − proxδRk (w) .
δ

N

k=1

=1

∇w Rkδ (w) =

(30)

This recursion amounts to a gradient-descent iteration applied to the
smoothed aggregate cost in (6) under the assumption that the risk
functions are known. For convenience of presentation, we introduce
the central operator Tc (x) : RM → RM deﬁned as follows:

Algorithm: (Regularized Diffusion Strategy)

μ∇w Rkδ (φk,i )



pk ∇w Jk (w̄i−1 ) + ∇w Rkδ (w̄i−1 )

k=1

We can now appeal to an incremental-type argument [29,30] by noting that it is reasonable to expect φk,i to be an improved estimate
for wδo compared to wk,i−1 . Therefore, we replace wk,i−1 in (18)
by φk,i and arrive at the following regularized diffusion implementation.


φk,i = wk,i−1 − μ∇
w J k (w k,i−1 )

N


(26)

3.2. Network Basis Transformation and Error Bounds
We are now ready to examine the behavior of the diffusion strategy
(20)–(22). We employ the following common assumption on the
perturbations caused by the gradient noise [3, 23, 24].
Assumption 4 (Gradient noise process). For each k, the gradient
noise process is deﬁned as

sk,i (wk,i−1 ) = ∇
w J k (w k,i−1 ) − ∇w Jk (w k,i−1 )

(32)

and satisﬁes
E [sk,i (wk,i−1 )|F i−1 ] = 0
2

(33a)
2

2

E sk,i (wk,i−1 ) |F i−1 ≤ β wk,i−1  + σ

2

(33b)

for some non-negative constants {β 2 , σ 2 }, and where F i−1 denotes
the ﬁltration generated by the random processes {w,j } for all  =
1, 2, . . . , N and j ≤ i − 1.



We begin by introducing the following extended vectors and matrices, which collect quantities of interest from across all agents in the
network:

A  A ⊗ IM




g(wi )  col ∇
w J 1 (w 1,i ), . . . , ∇
w J N (w N,i )


δ
(φN,i )
r(φi )  col ∇w R1δ (φ1,i ), . . . , ∇w RN

From (14), it then follows that
lim lim sup Ewo − wk,i 2 = 0.

(38)

(39)

By construction, the combination matrix A is left-stochastic and
primitive and hence admits a Jordan decomposition of the form A =
V JV−1 with [3, 24]:
 T 


1
1 0
−1
V  = p VR , J =
, V =
(40)
0 J
VLT
where J is a block Jordan matrix with the eigenvalues λ2 (A)
through λN (A) on the diagonal and  on the ﬁrst lower subdiagonal. The extended matrix A then satisﬁes A = V J V−1
with V = V ⊗ IM , J = J ⊗ IM , V−1 = V−1 ⊗ IM . Multiplying
both sides of (39) by VT and introducing the transformed iterate
vector wi  VT wi , we obtain
wi = J T wi−1 − μJ T VT g(wi−1 ) + r(φi−1 )

(45)

(37)

(41)

Motivated by the arguments in [3, 33], we partition the transformed
network vector into wi = col {wc,i , we,i }, where wc,i ∈ RM ×1
and we,i ∈ R(N −1)M ×1 . Then, recursion (41) can be decomposed
as


(42)
wc,i = wc,i−1 − μ pT ⊗ IN g(wi−1 ) + r(φi−1 )
T
(43)
g(wi−1 ) + r(φi−1 )
we,i = JT we,i−1 − μJT VR
N

T
It can be veriﬁed from wi = V wi , that wc,i =
k=1 pk w k,i .
That is, wc,i is the weighted centroid vector of all iterates wk,i
T
across the network. From wi = V−1 wi on the other hand,
it follows that wi = 1 ⊗ wc,i + VL we,i , so that VL we,i can be interpreted as the deviation of individual estimates from the weighted
centroid vector wc,i across the network.
Further inspection of recursion (42) for the centroid vector
wc,i and comparison to the central recursion (30) reveal that (42)
is a perturbed version of (30), where ∇w Jk (w̄i−1 ) is replaced by
δ
δ

∇
w J k (w k,i−1 ) and ∇w Rk (w̄i−1 ) is replaced by ∇w Rk (φk,i−1 ).
It is therefore reasonable to expect that wc,i will evolve close to the
central variable w̄i from (30), which was already shown to converge
to wδo in Lemma 1. This observation is formalized as follows. Let
 c,i = wδo − wc.i denote the error vector relative to the smoothed
w
Pareto solution wδo . The proof of the following result is omitted for
brevity.

4. APPLICATION TO PATTERN CLASSIFICATION
Consider random binary class variables γ k = ±1 and denote by
hk ∈ RM the corresponding feature vectors. During the training
phase, at each time instant i, agent k receives {γ k (i), hk,i }. Using a
logistic regression formulation, we are interested in ﬁnding a global
k (i) = hTk,i wo and
decision rule, parametrized by wo , such that γ
wo  arg min
w

N






T
pk E ln 1 + e−γ k hk,i w + ρ1 w1 + ρ2 w22

k=1

(48)

where we are employing elastic-net regularization [4]. Let
T

Jk (w) = E ln 1 + e−γ k hk,i w + ρ2 w22

(49)

and Rk (w) = ρ1 w1 . Then, problem (48) is of the form (3). The
Moreau envelope of w1 is the Huber penalty. Its proximal operator is available in closed form and given by the soft-threshold or
shrinkage operator [31, 34]. Each agent in the network can hence
solve for wo by iterating (27)–(29).
The performance is illustrated in Fig. 1. The network consists
of 10 agents and hk ∈ R20 is constructed according to hk =
γ k · col {1, 1, 0, . . . , 0} + v k , where v k ∈ R20 is drawn from
2
N (0, σv,k
I). Note that only the ﬁrst two elements of each feature
vector contain information about γ k (i) and hence wo is sparse, as is
often the case in large-scale machine learning problems. At each iteration, classiﬁcation accuracy is evaluated on a seperate testing set.
We compare performance to the optimal linear classiﬁer in terms
of error-propability, which, for this data model can be evaluated in
closed form from the statistical properties.
2
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Theorem 2 (Mean-square-error dynamics). Given δ, the variances
 c,i and we,i are coupled and recursively bounded as
of w




 c,i−1 2
 c,i 2
Ew
Ew
2
(44)
Γ
2
2 + O(μ )
Ewe,i 
Ewe,i−1 

(47)

i→∞

μ,δ→0

2

g(wi−1 ) + r(φi−1 )



(36)

(35)

σv,k

wi = A wi−1 − μA

T

O(μ)
J  + O(μ2 )

and J  < 1. It follows that, there exists small enough μ such that

 

O(μ)
 c,i 2
Ew
lim sup
(46)
2
2
O(μ )
Ewe,i 
i→∞

(34)

where ⊗ denotes the Kronecker product [32, Ch. 13]. Using these
deﬁnitions, iterations (20)–(22) show that the network vector wi
evolves according to the following dynamics:
T

1 − O(μ)
Γ=
O(μ2 )

Testing Accuracy

wi  col {w1,i , . . . , wN,i }

φi  col φ1,i , . . . , φN,i



where

0

Diﬀ usion s t r at e gy ( 27) –( 29) w it h ρ 1 = 0.1
Diﬀ usion st r at e gy w it hout  1 -nor m
Opt imal line ar c las s iﬁe r
500

1000
Iteration

1500
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Fig. 1. Noise proﬁle, network structure and algorithm performance,
μ = 0.01, δ = 0.01, ρ2 = 0.001.
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