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Abstract—Under uncertain channel conditions, local and global
power control factors for amplify-and-forward relay processing
and source-destination beamforming are jointly and iteratively
designed based on a minimum mean-square-error (MMSE)
criterion. The influence of imperfect channel information on
system performance is examined by computer simulation. As
a result, it is verified that the proposed power control methods
can relieve the performance degradation arising from channel
uncertainties.

I. INTRODUCTION

Power allocation strategies have attracted considerable at-
tention in an effort to reduce the network power and/or im-
prove the performance of the cooperative relay networks [1]-
[4]. In cooperative relay networks, multiple relays cooperate
to retransmit data. In [2], power control factors are designed
to maximize a signal-to-noise ratio (SNR) upper bound. Under
the assumption that the source node uses some reasonable
fraction of the total network power, optimal allocation of
the remaining power among the relay nodes was found to
maximize the throughput and minimize the outage probability
[3]. In addition, minimum global power design under the SNR
constraint was considered in [4].

For single relay networks, power allocation methods have
also been studied as an important part of the relay sys-
tem design. Various multiple-input multiple-output (MIMO)
techniques can be implemented with a single relay having
multiple antennas. Among them, beamforming provides array
and diversity gain at the cost of knowing the channel state
information (CSI) at both the transmitter and receiver. The
optimal beamforming and relay processing tasks have been
realized in [6] by maximizing the received SNR with perfect
CSI at every node. In the mean time, local equality transmit
power constraints on the source and the relay were considered.
In the local equality power constraint case, transmit power at
the source and the relay is fixed by its own maximum available
power. To mitigate the burden of full CSI at the transmitters, a
codebook-based beamforming and antenna selection method,
which is a special case of beamforming, have been proposed

(51, [6].

This work was supported in part by NSF grants ECS-0601266 and ECS-
0725441 and by the Korea Research Foundation Grant funded by the Korean
Government [KRF-2008-357-D00179].

jl 1 jl 1

2 2 2 2
1 = | A
a0y [P Ch YT e T g g
Zaist) : MY W x@® : YO b £
RO A cad
n (1) n.(1)
Fig. 1. Two-hop amplify-and-forward MIMO relay system model with one

source and one destination nodes.

In this paper, we focus on the beamforming relay networks
as in [6] and propose power allocation methods to minimize
mean-square-error (MSE) under imperfect CSI conditions. In
this minimum MSE (MMSE) optimization, we consider local
and global inequality power constraints at both the source
and the relay. In the local inequality power constraint case,
the transmit power at the source and the relay is locally
bounded instead of being fixed. In the global power constraint
case, the network power for the source and the relay in
half-duplex mode is globally bounded. For the beamforming,
we adopt scaled eigen beamforming at each node similar
to [6]. The scaling factors perform power adjustment in
relay networks. Accordingly, the MMSE-based design for
the optimal beamforming vectors and relay processing matrix
become identical to the MMSE-based design for the optimal
power control factors in the equivalent single-input single-
output (SISO) relay network model. Following an alternating
optimization procedure, where variables are optimized one at
a time while keeping all others fixed [7], [8], closed form
Karush-Kuhn-Tucker (KKT) conditions [9] are derived, and
iterative algorithms are then developed with the entangled
KKT equalities to achieve MMSE performance. Computer
simulation illustrates that performance degradation arising
from the channel uncertainties can be reduced by the proposed
beamforming.

Notation. Throughout this paper, for any vector or matrix,
the superscript ‘*’ denotes complex conjugate transposition.
I, is a g-dimensional identity matrix; Re(-) represents the real
part; for any scalar ¢ and vector g, the notations |¢| and | q/|
denote the absolute value of ¢ and 2-norm of g, respectively;
and ‘E’ stands for expectation of a random variable.
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II. RELAY SYSTEM AND SIGNAL MODEL

A two-hop half-duplex beamforming relay system model
is shown in Fig. 1. The source, relay, and destination nodes
have Ng, Ng, and Np antennas, respectively, where Ng and
Np are greater than or equal to two for beamforming purpose
while Nr > 1. For convenience of illustration, the relay is
shown with separate transmit and receive antennas. Direct
path from the source to the destination in this model is not
considered in this paper [10]. The channel matrices of the
first- and second-hops are represented by F € CNe*Ns and
G € CNoxNr_ respectively. The elements of F and G are
independent and identically distributed (i.i.d) and zero-mean
complex Gaussian random variables with unit variance without
loss of generality. Path loss from the effects of shadowing
and large scale fading can be taken into account by adjusting
the noise variance at the receiver side. It is assumed that
every channel remains static during one data block (or frame)
transmission. Data symbols at time ¢ are denoted by d(t),

whose average power over time E |d(t)|? = 1, so that the
transmitted symbol vector from the source is given by
s(t) = ad(t) € CNs*1 (1)

where a € CVs*! is a transmit beamforming vector. Through
the first-hop, the received signal vector at the relay is

r(t) = Fs(t) + n,(t) € CNrx! )

where n,(t) € CVr¥1 is a zero-mean additive white Gaussian
noise (AWGN) vector and En(t)n}(t) = o2 Iy, . The relay
multiplies 7(¢) by the relay processing matrix W € CNexNr
and forwards z(t) € CV#*! through the second-hop, where

x(t) = Wr(t). 3)
At the destination, the received signal vector is
y(t) = Ga(t) + n,(t) € CN2*! )

where n,(t) € C p*1 is an AWGN vector and
En,(t)n}(t) = 02 In,. The destination combines the re-
ceived signal as follows:

d(t) = by(1) )
by using a receive beamforming vector b* € C™Np . For
simplicity, the time index ¢ is henceforth omitted whenever
convenient.

1II. EIGEN BEAMFORMING WITH CSI UNCERTAINTIES

Using (1)—(5), the overall signal model can be written as
d=b"GWFad+ b*GWng + b*n,. (6)

By employing eigen beamforming at each node [6], we define
the beamforming vectors and relay processing matrix in (6)
as:

w2 Quguy (7a)
a = PBuy (7b)
b £ Vg (7¢)
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Fig. 2. Probability density function (pdf) of Gaussian random variables

(illustrated line) and that of 6 (illustrated dots) when Ng = N = {2, 4, 8}.

where u} and vy are the left and the right singular vectors,
respectively, corresponding the largest singular value o} of
F'; and u; and v, are the left and the right singular vectors,
respectively, corresponding the largest singular value o, of G.
Here, «, [, and -y are used as power control factors. Now, we
design the power control factors «, 0, and « for the relay,
the source, and the destination, respectively. Here, we assume
that the required channel information can be estimated by
training sequences and fed back via a broadcasting feedback
channel. In practice, estimates of the channel matrices, F and
é’, should be available instead of F' and G. The estimated

channel matrices are represented as
F=F+A;
. ®)

G=G+ A4,

where Ay and A, are channel estimation error matrices con-
sisting of independent zero-mean Gaussian random variables
with variances 03  and o3 , respectively. This model is valid
when the orthogonal pilot sequences are used for channel
estimation [11]. Accordingly, using (7) and (8) in the overall
signal model (6), the received signal model is given by

(G - Asz)O“”sLlu;:,l(131 - Af>ﬁvf,1d
+ 'yu;l(é — Ay)avg 1up g +yuy n,
= aﬂ’Y(“ZJGvQ,l - u;,lAgvg-,l)

X (u; 1F‘vf 11— u;ylAfvf_yl)d

d= VUZJ

+ ay(uy, G“g 1= Uy 1 AgVg,1)US T + VUG 1 Mg
=afBy(6f1 4 85)(6g1 + 0g)d+ ay(6g.1 + dg)ns + s

9

where 6 1 and G4, are the largest singular values of Fand G,
respectively, obtained from the estimated beamforming vectors
and relay processing matrix; the singular value distortion
factors 0y = fu}’lAf'vf’l and 6, = fu;lAgvg’l; and the
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Fig. 3. Equivalent SISO system model with source-destination beamforming
and relaying.

equivalent AWGN ng = u’ FaMs and n, = ug 1Mz. Note that
dr and é4 can be modeled as complex Gaussian random vari-
ables from the fact that singular vectors are orthonormal and
finite sum of independent normal random variables is normally
distributed. Figure 2 illustrates the probability density function
(pdf) of Gaussian random variable and 6¢ by line and dots,
respectively, when Ng = Ng = {2,4,8}. In this figure, we
can see that pdf of 6 matches well with that of Gaussian
random variable. Similarly, ns and n, in (9) have the same
variances 02 and O’ as ng and n,. From (9), the MIMO
channel model can be equlvalently represented as SISO signal
and channel model including source-destination beamforming
and relaying as shown in Fig. 3. In order to compensate for
the expected degradation in performance, we design the power
control factors o, 3, and +y in (9) with the estimated and given
CSIs in next section.

IV. MMSE PROBLEM FORMULATION

In this section, we aim for jointly designing the power
control factors {a, 8,~} in order to minimize MSE under CSI
uncertain condition. For the power allocation, local and global
constraints are included in MMSE formulation.

A. Local Inequality Power Constraints

Local inequality power constraints are considered first. In
this case, the transmit power of the source and the relay signals
are limited by Pg and Pg, respectively and independently. The
desired MMSE problem is then

arg min E|d — d|?
{e.B7}

s.t. E|s||?> < Ps and E|jz||? < Pg

(10)

The minimization problem (10) with three inequality con-
straints can be transformed into

arg min JL
{a.8,7,As, AR}

where

Jr =E|d—d* + \s (E||s||> = Ps) + Ar (E||z||*> — Pgr).
(11)

Here, A\g and Ay are non-negative Lagrange multipliers. By
substituting (7) and (9) into (11), we can derive
Jp =1 —2a6’yag10f1—|—a B2y 0915']”1

+ a272072h6(] 1+ 7202 + As (ﬁ — Ps)

+)\R(aﬂaf’1+a U?zs_PR)'

12)

TABLE I
MMSE DESIGN UNDER LOCAL INEQUALITY POWER CONSTRAINTS

Step 1: Initialization, k = 0
Bo=vw=LAs=Ar=1J50=0.
Step 2: ITteration: k «— k + 1
ar = fa (Bk—1,7k—1,AR) in (142)
Bk = fp (ks Vk—1,As, AR) in (14b)
Vi = fvy (ak, Br) in (14c)
AR = fag (Br;Yk) in (152)
As = fag (ks Yk, AR) in (15b)
Jrk = fip (o, B, Yk, As, Ar) in (11)
Step 3: If 0 < Jp k-1 — Jr,k < €goto Step 4 and stop,
otherwise go back Step 2.
Step 4 a=frvs1; b=vug 1, W= apvg1up ;.

where the corrupted singular values are
071 =06%1+ 2671 E(Re(d7)) + E(|05[%)
g1 =051 +2651 E(Re(8y)) + E(|5,]%).

Although J, in (12) is not guaranteed to be jointly convex over
all the variables {«, 3,7}, it is obviously convex over each of
the variables. Therefore, alternating minimization procedures,
where variables are optimized one at a time while keeping
all others fixed [7], [8], are applicable to get a feasible local
optimal solution. Equating the derivatives of Jy, in (12) with
respect to «, 3, and v to zero (KKT condition [9]), we can
get the optimal local power control factors as

13)

- 51061011 (14a)
(7262, + AR) (525%1 + o,%s)
f= 794,107 (14b)
(a’ya Uf1+)\Rozcrf1+)\5)
e aﬁag 1af1 (14¢)

EETE RS

Besides, equating the derivatives of Jr, in (12) with respect
to A\g and Ag to zero and substituting (14a) and (14b),
respectively, we get

+
A= | 00200 g2 (152)
\/PR(ﬁ25]2”,1 +o7.,)
5 5 +
04107, _ _
po= (T oot (0 k0 )

where (¢)™ = max(0, ¢). Since the optimum values in (14)
and (15) are functions of one another, it can be achieved by an
iterative procedure where variables are computed one at a time
keeping all others fixed [8]. At the kth iteration, denoting the
MSE and the power control factors by Ji, x and {au, Ok, vk}
respectively, the proposed iterative algorithm is described in
Table I. In each iterative step in Tables I, the MSE, J i,
is monotonically diminishing. It is also obvious that Jy, j is
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lower bounded by zero, and the convergence of Jy, ; is then
guaranteed though the convergent point is not guaranteed for
the global minimum. Therefore, the difference between Jr, 1
and Jr,; can be used as a stopping criterion with a positive
design factor € in Step 3.

B. Global Inequality Power Constraint

We now consider a global inequality power constraint
whereby the network power, i.e., the sum of transmit power
at the source and the relay nodes, is limited by Pr, where
Pr = Pg + Pgr. Accordingly, the MMSE problem (10) is
modified to

arg min E|d — d|?
{87}

st. Efls|”* +E|lz|* < Pr

(16)

The minimization problem (16) can be transformed into

min Jg

ar
8 {a,8,7,A7}

where

Jo=Eld—d?+ X (E|s|> +E|z|> - Pr). (7

Here, Ar is non-negative Lagrange multiplier. Using (7) and
(9) in (17) yields
Ja =1-2ap764101 + 042527263,16]%’1 + aQ'yQUiS&;’l
+7%0s +Ar (B2 +a’F%67, + oo, — Pr).
(18)

Equating the derivatives of Jg in (18) with respect to «, 3,
and ~ to zeros, we can get the optimal global power control
factors as

a= $169.10 71 (192)
(7202, + A1) (ﬁ%]%,l + ags)

= 10,1011 (19b)
(a2fy253}16}2c11 +Ara?ot, + )\T)

. af364.10¢1 . (19)

(oﬂﬂza 10 | tafol ol +on, +)\T)

and equating 3 9J 552 in (18) to zero, the equality for the Lagrange

multiplier )\T 1s "obtained as

Pr = ﬁ2 + a2ﬁ25j2f71 + aQUiS. (20)

By substituting « and /3 in (19) into (20), we arrive at a degree
four polynomial equation for A as

f(z)

where the polynomial p; is shown in Appendix A. We can get
the optimal Lagrange multiplier from the largest real root x
of f(z) =0, ie,

= paz® + p3a® + pax® + pra + po (21

/\T = (JJ)JF

Consequently, the iterative algorithm to achieve the optimal
beamforming vector and relay processing matrix under the
global inequality power constraint is described in Table II.

(22)

TABLE 11
MMSE DESIGN UNDER GLOBAL INEQUALITY POWER CONSTRAINT

Initialization, k = 0
Bo=v=1Ar=1,Jgo=0.

Iteration: k «— k + 1

ag = fa (Br—1,Vk—1, A7) in (192)

Br = fp (ks Vk—1,AT) in (19b)

Tk = fv (@r, Br, A7) in (19¢)

Ar = (2)T,

where z is the largest real root satisfying (20)
Ja,k = fig (ks Brs Yk, Ar) in (11)
If0<Jgr—1—Jg,r < € goto Step 4 and stop,

Step 1:

Step 2:

Step 3:
otherwise go back Step 2.

Step 4: a = Brvyr1; b= vrug1; W:akvgylu’}yl.

V. SIMULATION AND DISCUSSION

In this section, computer simulations are conducted to
examine the BER performance of the designed systems. The
transmitted signals from the sources are modulated by quadra-
ture phase-shift keying (QPSK) or 16-quadrature amplitude
modulation (QAM), and the modulated symbols are grouped
into frames consisting of 100 symbols. For each frame, flat
fading MIMO channel matrices F' and G are generated from
independent Gaussian random variables with zero mean and
unit variance. Channels F' and G are fixed during a frame,
but they vary independently over frames. The results shown
below are the averages over 10° independent trials. The power
limits are assumed to be P = Pg = 1 and Pr = 2. For
simulation, the received SNRs at the relay and destination
nodes are defined as

SNRps & 25
g,

Ns

P
SNRpr £ —*,

respectively. The SNRig is set to 25 dB and BER perfor-
mance is evaluated over SNRpg.

In Fig. 4, the BER performance under local and global
power constraints are examined when CSIs are perfect. Figures
4(a) and (b) show the BER performances when QPSK and
16-QAM symbols are transmitted, respectively. As expected,
the performance of the global power control system is better
than that of the local power control system since the different
effective SNRs at the relay and the destination nodes can be
adjusted. In other word, a relatively low SNR, which is a
bottleneck in the network performance, can be increased at
the expense of a relatively high SNR, resulting in performance
improvement. In our simulation, we use € = 10~* and observe
that the average number of required iteration is around 30 in
Tables I and II.

To determine the modified power control factors in (14)
and (19), the corrupted singular values of , and crg 1 in (13)
are required at each node. Considering up to 10% channel
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—f— local: {N, N, N}=(2,2,2}
—&— global: {NS,NRND}={2,2,2}
—— local: {Ns’NWND}=(4’4’4} |
—g— global: {N, NN }={4,4,4}

BER

15 20 25 30

—— local: {Ng, NN }={2,2,2}
—O— global: (NS,NH,ND}={2,2,2}
—x— local: {Ng, N, N }={4,4,4}
—5— global: {Ng, NN }={4,4,4}

BER

-10 -5 0 5 10 15 20 25 30
SNRDH dB

(b)

Fig. 4. BER performance when the CSIs are perfect and SNRrgs = 25 dB.
(a) QPSK. (b) 16-QAM.

uncertainty, i.e., O'ZAf < 0.1 and 0'2Ag < 0.1, the following
model is used to obtain 5%, and &7 ;:

E(Re(df)) = (a204, + a1)0a,

E(|67%) = (b2, +b1)oA,
E(Re(d,)) = (a0, + a1)0a,
E(|64]°) = (baoX, +b1)oA,

In (23), the coefficients {a;, b;} are numerically obtained from
the polynomial fitting method [9] to achieve a normalized MSE
(NMSE) that is less than 10~ (see Appendix B).

Figure 5 illustrates the BER performance network under
CSI uncertainty. The 10% channel uncertainty is modeled as
white Gaussian noise and added to the original channel values,
i.e., the variances of the errors are chosen as 0'2Af = 0.1, and

(23)

10 T T T T T : T
—><— local: no uncertainty compensation
B —O— local: uncertainty compensation
—F— global: no uncertainty compensation
107 —+H— global: uncertainty compensation
102
o
]
m
107 &
107
{Ng N N}={4,4,4}
-10 -5 0 5 10 15 20 25 30
SNR, . dB
(@)
10° ; ‘ ‘ ‘ : ,
—<— local: no uncertainty compensation
—— local: uncertainty compensation
—— global: no uncertainty compensation
—+H— global: uncertainty compensation
o NN Nj=(222)
E K
0
@
K
107}
@
-10 -5 0 5 10 15 20 25 30
SNR . dB
(b)
Fig. 5. BER comparison of the channel uncertainty compensation schemes

and no compensation schemes when SNRrgs = 25 dB and cr2Af = U2Aq =
0.1. (a) QPSK. (b) 16-QAM. '

0% = 0.1. For the comparison purpose, the results without

congsidering CSI uncertainty are included. These results can
be obtained by assuming 6y = J, = 0 in our solutions. The
uncertainty compensation effect is negligible in Fig. 5(a) when
QPSK modulation is used, since in this case the detection
performance is robust against the signal power. While when
16-QAM is used, we can see the noticeable performance gap in
Fig. 5(b). Note that the performance gap between the local and
global power control methods is negligible in the region where
SNRpr is similar to SNRgg, i.e., 20dB < SNRpr < 30dB.
Furthermore, it can be seen that the approximation in (23)
works favorably.
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VI. CONCLUSION

In this paper, we designed the power control factors for
MMSE-based beamforming and relay processing under CSI
uncertainties. Local and global inequality power constraints
on the source and the relay nodes are considered in MMSE
formulation. Simulation results show that the effect of channel
uncertainties on system performance and the proposed power
control factors make the system more robust against channel
uncertainties.

APPENDIX A
THE POLYNOMIAL COEFFICIENTS IN (21)

The coefficients of the polynomial p; in (21) are given by
pa = Projus

ps = 2Prvsvs(v3vg + vg)

p2 = Prus(v3vf + dvsvave + v3) — (v1vs + 0 v203)
p1 = 2Pprvgvsve(vsvg + ve) — 2010405 — 20351)2@31)6

2.2 2 ) 2 2
po = Prvjuvsvg — vivgvs — VU207 — O, V2Vg

where
v = &°5%6, 167,
V2 = 62%5_2,1&?,1
V3 = d27?"1 +1
vy =5,
Vg = (525%1 + 025)2
vg = &°5%5, 167,

APPENDIX B

THE POLYNOMIAL COEFFICIENTS {a;, b;} IN (23)
According to the dimension of the channel matrix F' or G,
the polynomial coefficients {a;,b;} in (23) are given in Table
IIT by computer simulation. In simulation, for example, the
NMSEs with respect to §; are given by
2
3 [E(Re(8))) — (a2}, + 1) |
2
>_ [E(Re(dy))]

and )
3 [E8s2) = (5203, +b1)o%, |
S IE(6; )

where the expectations are performed over 10° independent
channel and noise realizations.

[1]

[2]

[3]

[4]

[5]

[6]

[7]
[8]

[9]
[10]

[11]

TABLE III
COEFFICIENTS {a;, b;} OF APPROXIMATIONS IN (23)

Dimension a2 al NMSE
2x1 0.5535 | —1.3225 | < 10~°
2x2 0.8589 | —1.8129 | < 107°
2x3 0.9545 | —2.1517 | < 10~6
2x4 0.9431 | —2.4209 | < 10~°
3x1 0.6954 | —1.6546 | < 10~
3x3 1.0756 | —2.5063 | < 10~°
3x4 1.1859 | —2.7891 | <1075
4x1 0.8270 | —1.9326 | < 10~°
4x4 1.3062 | —3.0798 | < 10-5

Dimension ba b1 NMSE
2x1 0.8975 | 1.0019 | <10-6
2x2 2.0624 | 1.0255 | < 107°
2x3 3.2781 1.0287 | <10~
2 x4 4.3784 | 1.0391 | <106
3x1 1.7325 | 1.0099 | <1076
3x3 4.7669 | 1.0311 <1076
3 x4 5.9402 | 1.0551 <1075
4x1 2.4589 1.0318 <107°
4x4 7.4055 | 1.0666 | < 10~°
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