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ABSTRACT 

We derive a recursive solution for a general time- 
variant interpolation problem of tlie Herinite-FejCr 
type, based on a fa,st, algorithm for the recursive 
t.riangular fact.orizat,ion of time-variant structured 
matrices. The solutioii follows from studying the 
properties of a n  associated transmission-liiie. The 
line can he drawn as a. ca,scade of first,-order lat- 
tice sections, where each sect,ion is composed of a 
rot ation inat.rix followed by a storage element and 
a t8apped-clelay filter. An application is made to a 
problem tli a.t a.rises i n  model valichtion. 

I. INTRODUCTION 

The successful applica t,ion of int,erpolat.ion prob- 
leins i n  control ant1 circ‘iiit t.lieorp has inspired the 
study of generalizations to tlie time-variant, setting 
[I, ’2, 3,  4, 51. We describe here a computationally 
oricwt,etl solution for a general t,ime-variant int,erpo- 
lat,ion prol,leni of tlw €Iermit.t~-FejjPr type, h a s d  on 
a fast algorit,hiii for t,he recursive triangular fact,or- 
izat,ion of t.iine-variant. striicturetl mat,rices [!j, 6, 71. 
CVc use the interpolation (lata to const,ruct. a con- 
venient. so-called generator for the factorization al- 
gorit,hm. The recursive algorit,lim then leads to a 
transmission-liiie ca.scatle of first-order sections that. 
niakcs evident the intBerpolat.ion propertmy. This is 
due t.o the fact that transniission lines have “trans- 
niission zeros”: certain in1jut.s at. certa.iii frequencies 
yield zero output,s. Iu  the time-invariant case for 
exaiiiple [C,, 8, 91, each section of the ca.scade can 
be characterized by a p x q rational t,ransfer matrix 
Eli(:) say, that 1ia.s a left zero-direction vector gi at  
a. frequency f i ,  viz., 
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which niakes evident (with the proper partition- 
ing of the row vector gr and the matrix fiinc- 
tion 0, ( 2 ) )  the following interpolat ion property: 
~1,0,,120::~( f i)  = -bZ. We shall extend this picture 
to tlie time-variant setting and describe the associ- 
ated recursive solution. 

11. TIME-VARIANT HERMITE-FEJER 
We first introduce some notatioii and extend the 
notion of “derzuaii ues ” to the time-variant setting. 
We consider a finite-dimensional tinte-aariaitt state- 
space niodel with a bounded U )per triangular op- 
erator 7. The matrix entries ok 7 are denoted by xg (of dimensions r(i) x r ( j ) ) ,  and constitute the 
time-variant Markov paranieters of the underlying 
state-space model: 7 = 

T - I , -  1 T-l,O T-1.1 ... m To1 To2 . . . 

where Ton denotes the (0,O) entry of 7. We also 

introduce tlie sytiimetric functions s r ’  of n variables 
(taken IC at  a time). That. is, sf) = 1, and 

U 

Let, {f(t)}tez (Z is the set of integers) be a uni- 
formly hounded sequence (over t )  of scalar points 
inside the open unit disc. We then write 7( f ( t ) )  to  
refer to the following expression: 

In general, we define the p t h  order time-variant 
derivative at. f ( t )  by ; 7 ( P ) ( f ( t ) )  E 



For a iiniforinly hountl(d seqiwnce (over t )  of row 
vtxctors { ~ ( t ) } ~ ~ z ,  we define the tinic-variant tan-  
gent iaI evaliiat ion: r i ( t ) + T ( l ’ l ( f ( t ) )  E 

0 
tvt, also t1enot.e by t l  E [ 0lxi o ] t.Iie i t h  ba- 
sis vector of the 7~-tliniensional spacc3 of complex 
nunlbers ClX’l. 

CVe now introduce and state a general t.ime- 
variant Il(wiiit,r-FejPr p ro l ) lmi ,  which includes as 
slwcial c i l s t ~ s  t.he t,ime-variant, wrsions of the 
(’;i1.atIic:otlorq.-FejCr ant1 Nrvaiiliiriia-Pick problenis 
st iitlirtl i i i  [:I, 41. We wiisitler I H  iinifortiily bountled 
(over t )  t.iiiit,-variatit point,s { n l ( t ) } y L < ’  (not neces- 
sarily tlist,iiict,) inside t.hc open unit disc, ancl we 
associatt. with eacli point oi( t )  a posit,ive intt.gt,r 
i’i 2 I ant1 iiiiifornily I m i i i t l t d  row vectors ai(!) antl 
h, ( t  ) part  i t ioiied as follows 

1 

Taiigeiitial Hermite-Fej&r Probleiii: G i  t ie ii ni 
11 11 ~ f o  rljj 1 y bo U d e d  poi 1 l 1  s { 0 , ( t ) } ~ i f h  t h e  (lssoci- 
( i t ed  dn ta  r l ,  a,(t), arid bZ(t)? d e s c r i b e  a l l  ripper 
t I 1 a i i  4 nln I’ strict 1 y CO 11 t ra r t 1 ut t ra 1 1  3 f e I ope  ra t om S 
fllLSllh < I)  fhnt satisfy b,(t) = at(t)’H>(crt(t)) .  

TIIP first step in tlie solution consists i n  con- 
structing three matrices F ( t ) ,  G ( t ) ,  aiitl J ( t )  di- 
rect ly  froni the interpolation data: we define J ( t )  G 

( l +b - I q 1 t ) ) ,  arid associate wit,li each c r i ( t )  a Jor- 

tlaii hlock F , ( t )  of size I’, x r t ,  

and two r ,  x p ( t )  and I’, x q ( t )  matrices V, ( t )  antl 
L , ( t )  respectively, which are coiiiposetl of tlie row 
vectors associated with o , ( t ) ,  

Let 11 = ~~~~1 ~ ‘ i  and v ( t )  = p ( t )  + q ( t ) ,  t,Iicn F ( t )  
atitl C ( t )  are I I  x t i  ancl I I  x r ( f )  tnatrices respec- 
t,ively. We shall denote the diagonal ent,ries of F (  t )  
by {fi(f)}:g(; (for example. f n ( t )  = . . . = f r 0 - 1 ( t )  = 
r u o ( t ) ) .  We also associate wit.11 the interpolation 
problem the time-variant. tlisplaceiiient equat,ion 

R ( t )  - E.’(t)R(t - I ) F * ( t )  = G ( t ) J ( t ) G * ( t )  (1 )  

ancl W P  sliall fiirt,lier assiinie t.liat. the interpola- 
t ion dabs sat.isfy the  following noiidegeneracy contli- 
t,ion, wliicli is automatically satisfied in niany special 
cast’s [:’,, 6, 101. 

U ( t ) l l * ( t )  > p > 0 for all t (‘2) 

where 11 is a f i s c d  constant. and l l ( f )  E 

[ . , .  F ( t ) b ’ ( / - l ) U ( t - 2 )  F ( t ) U ( t - I )  U ( f )  ] 

The  above construct,ion allows iis to  prove thr fol- 
lowing rcsult [Ci, LO]. 

Theorein 1: Y ’ h t  ta i ig t i i t ia l  Hcr i i i t t eFe j6r  prob- 
kni  as soluablt zf3 a n d  on ly  i f ,  there exists a f ixed  
constant  E > O .5iich that  R ( t )  > tI f o r  a l l  t .  

We sliall say that R ( t )  has  a time-variant 
Toeplitz-like startictiire [ 5 ,  6,  71 with respect to 
(F(t), G ( t ) ,  J ( t ) )  ancl G ( t )  is called its generator 
matrix. We should stress at tliis point that we 
only know F ( t ) ,  G(t ) ,  ancl J ( t ) ,  whereas the mat.rix 
~ ( t )  3 [ r i , ( t )1;’ ,~2~ is not. known a priori. 111 fact, 
the recursive soliit,ion tlescrihetl in  the next sectioii 
does not, need R ( t )  explicitly. It. only uses F’(t), G ( t ) ,  
antl J ( t ) .  

- 
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111. RECURSIVE ALGORITHM 

Let l o ( t )  and & ( t )  tleriote the first coluinii and tlie 
( O , O )  entry of R( t )  respectivdy. If we subtract 
from R( t t lie ou ter product lo ( t ) $0 ( t 11; ( t ) , tlieii 
we clearly obtain a new matrix whose first column 
and row are zero, 

The matrix R1(t) is called the Schur coinpleinent of 
r .oo(t)  in R(t).  We now verify that R l ( f )  is also a 
time-variant Toeplitz-like matrix, J.c., it satisfies a 
displaceineiit equation siiiiilar to  (1). To check this, 
we let yO(i) denote the first row of G(f). It then 
follows from (1) that 

b ( t )  = F ( t ) k J ( t  - l ) f ; ( f )  + G ( t ) d ( t ) g ; ( f )  

do( t )  = Ifo(f)12do(t - 1) + yo(t)J(t)g;(t) 

Let Fl ( t )  be tlie submatrix obtaiiied after deletiiig 
the first row aiitl coluniii of F ( t ) .  Ilsing ( 3 )  we can 
readily check that [5, 6 ,  71 

Hl( t )  - Fl(t)R1(1 - l)F;(f) = C: l ( t ) J ( t )G; ( t )  

wlierc G'l(t) is related to G ( t )  as follows 

[ O;;;i;;) ] = F( t ) l " ( t  - l ) / t ; ( t ) J ( t )  + G(t)J(t)k;(t)J(t) 

ant1 I t 0 ( t )  aiid k o ( t )  are arhitrary r ( t )  x 1 anti r ( t )  x 
P,([) iliatrices respectively clioseii so as to satisfy the 
eni lddi i ig  relation 

[ JYt )  ] 
I 1  - 2 

This shows that ~ll(i) E [,*1:)(t)] is incieed 

a tiiiie-variant Totylitz-like matrix with respect to 
(Fl(t), Gl( t ) ,  J ( t ) ) .  This process can iiow he re- 
peated by defining the Schur coinplement R?( t )  of 
i*L:'(t) in R, ( t )  aiid so on. 111 summary, if we let / $ ( l )  
ancl G L ( t )  denote the first. coluinu aiid the generator 
of the i f h  Schur coinplemerit R,(t) respectively, then 
we can compactly write 

I = O  

(5) 

where g , ( t )  is the first row of Gf(t), and h , ( t )  and 
k 8 ( t )  are arbitrary r ( t )  x I and r(t)  x r ( t )  inatrices 
respectively such that { J l ( t ) , y l ( t ) ,  h , ( f ) ,  k z ( t ) ,  & ( t ) }  

Figure 1: Time-variant transmission-line structure of the re- 
cursive algorithm. 

sat,isfy a.n enibetldiiig relation similar to (4), wit.li 
c / i ( t )  = Ifi(t)l'di(t - I )  +gi(t)J(t)gt(t), aiiti F i ( t )  is 
t,lie (11 - i )  x ( n - i )  suhina.trix obtained after tleleting 
the first row a.iitl column of F j - l ( t ) .  

'rhe geiierat,or recursion (5) has a traiisniission- 
line picture in terins of a cascade of clemeii- 
t>ary (first-order) sact,ioiis as sliowii in figure 1, 
where each section tlepeticls on t,he pa.ranitlters 
{fi(t)? !/i(t), h i ( t ) ,  t i ( t ) }  arid appears in s fn te - spncf  
forin on tlie right-hand side of (5), viz.. 

[ xz(t+ 1) Yl(t) ] = 

where x i ( t )  is tlie state, y i ( t )  is the out.put, aiitl 
w i ( t )  is a I x r ( t )  row input, vector at, time t (the A 
block represeiit,s a st,orage element, where t,lie prcwiit, 
valiie of l j ( t )  is st,orcrl for t,he next t*inie instant). 

],et. I, E [ T,?' ] c1eiiot.e t.lw correspoiitling up- 

per triangular transfer niat,rix, where 7; ' are t . l i i x  

v( i )  x r ( j )  time-variant Markov paraiiiet,crs tlefined 
by T;;' = J ( l ) k ; ( l ) J ( l ) ,  q;;, = J ( l )g ; ( l ) / L ; ( l +  1 ) J ( l  t I ) ,  
and 

$;) = ~ ( ~ ) g : ( ~ ) j : ( l  + 1 ) .  . . j : ( j  - ~ ) h : ( . i ) ~ ( j )  

for j > l + l  

After i i  recursive steps (recall that G ( t )  lias rt rows) 
we obtain a cascade of sect<ioiis 7 = 7o'Tl . . . T,- I .  

IV. BLOCKING PROPERTIES 

Our purpose is to prove that all solutions S to 
the Hermite-FejCr interpolat ion prohlein can be 
paranietrized in terms of a linear fractioiial traiis- 
formation based 011 7. Before proceetliiig fur- 
ther, we first state [6, IO] the implications of 
the uniform bountledness of the interpolatioii data  
{ J L ( t ) ,  al(t), b,(t)} on the bouiitlediiess of the 
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quantities t / , ( t )  antl q , ( / )  that a rc  i i t w l t d  i n  thc re- 
cursive proccdurc  

' l ' lte ,fohal blocking 1iropert.y is closely relat;etl 
to t.he € (~r i i i i t eFe j4r  int,erpolation conclitioiis. Ih 
niotivat,e t,Iiis. wc tleiiote by s, = c;~s', su = 0 ,  
t h e  total size of tlie Jortlaii blocks prior to F j ( t ) .  By 
comparing terms 0 1 1  both sides of (6) (antl by risiiig 

t,lie .Jordan structure of F ( t ) )  we can verify that (6)  
can be rcwritteii i l l  t lir following form 

[ f . , ( ; ( t )  . .  . p 2 , + r , - 1 C 4 t )  ] H > ( ' % ( q )  = 0 ,  ( 7 )  

w h ~ r e  tht, row vccfor 011 t h e  left Itand-side of (7) is 
composet~ of tlie I ' ,  row vectors in [ ~ r , ( t )  x(t) ] 
associated with a l ( t ) ,  

If  we Iiartit,ioii tlie iiiat,ris eiit,ries Tj, of the cascade 
7 accorclitiglg with J ( / )  and . l ( j ) ,  

the triangular operators 

Then it call he shown [B, 101 that S E -712'T; ' 
is an upper triaiigiilar strict.ly contractive operat,or. 
It also follows froiii Tlieori=iii 3 that. S satisfies the 
required interpolat ion conditions. hIort:over, w t '  can 
tlescrilw all solut,ions. 

V. LATTICE STRUCTURES 

LVe now show how to furt1ir.r siiiiplify t.lie gent=rator 
recrtrsioii (5)  aiitl derive a cascade of lattice sechi is .  
To begin with, recall that tlie generator recursion (5) 
requires knowledge of tlie quant.ities h i ( t )  arid k j ( ! ) .  
Irsiiig the embedding relation (4) we can verify tlie 
following r t w l t , .  

Leiriiiia 2: A l l  chotctb o f h , ( f )  nnd k , ( f )  nrv 
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We chimed earlier that it is always possible 
to choose uniformly bounded secliiences (over 1 ) 
{ h , ( t ) ,  k , ( t ) } t E z  One possibility is to choose 
@ , ( t )  = lp(tl and ra(t)  on the circle of radius 

!&3 but in the opposite direction of fi( t)  [lo]. 
We shall discuss here an alternative choice for @(t )  
that leads to a substantial siinplificatioii of the gen- 
erator recursion (5), and provides a cascade struc- 
ture of lattice sections: we choose @,(t)  (using ele- 
nientary rotations, Householder transformations, or 
other possible impleinentations) such that the first 
row of G,( t )  is reduced to either form: 

$T) 

g l ( t ) o , ( t )  = [ 6 , ( t )  o .. . o ] if gl(t).J(t)g:(t) > o 

g 2 ( t ) @ , ( t )  = [ 0 . .. 0 5 * ( t )  ] If g , ( t ) J ( t ) g : ( t )  < 0 

In order to guarantee the uniform boundedness of 
the choices { O , ( t ) } t E z ,  we adcl the atlditional as- 
sumption that tlie sequence { y , ( t ) J ( f ) y : ( t ) } t E ~  be 
uniformly bounded from below (i t  is clearly oni- 
formly bounded from ahove because of Lemma 1) .  
I n  the case y, ( t ) J (  t ) y a  ( t )  > 0, expression (5) reduces 
to 

0 1' ( 8 )  / , ( t )  = F,(t)[,(t- l)f:(t) + c;t(t)(%(t) [ d ~ ( t )  

r 7  1 hc last. expression 1ia.s a simple array interpre- 
tat.ion. It sliows t,liat G'j+l(t) call be ohained 
a.s follows: niultiply G ; ( t )  by @ j ( t )  and keep tlie 
last ( r ( t )  - 1) columns; t.he firsf column of the 
iiext generator is obtained as a linear combina- 
tion of Fi(f)li(t - 1) and the first column of 
( ; i ( t ) @ i ( t ) .  In fact, this linear comhination is ob- 
tained through an elementa.ry rmifary t,ra,nsfornia- 
tion. If we let .?i(t) and zi+i(t)  denote the first 
columns of G i ( t ) @ i ( t )  and G i + l ( t )  respectively, and 
clefine i i ( t )  E li(t)ciF1'2(t), then using (8) ant1 (9) 
we write 

[ 
where Ui( t )  is a 2 x 2 unitary matrix (Ui(f)U;(f) = 
I )  given by 

Fig &re 2: Time-variant step of the generator recursion: 
g , ( t ) J ( t l g : ( t )  > 0. 

ancl 
6 , ( t )  

= d F )  
This is depicted i n  figure 2: the first column of 
Gi( t )  goes through the top line and tlie last ( I * (  t )  - 
1) columns propagate t,hrough the bottom line. The 
output ~ i ( t )  of tlie top line (which is the first, colunin 
of G;(t)@i(t)) goes through an elementary uuitary 
rotmatioil rr ; ( t ) ,  along with Fi(t)l;(l- l ) ,  ancl gen- 
erat.es the first input. of the next section ( x i + l ( t ) ) ,  

as well as l i ( t ) .  
The feeclhack line with F i ( t )  a.nd A blocks is 

equivalent t.0 a t,ime-variant t,a.pped-delay filter. To 
clarify this, olmrve that the columns of ( ; j ( f )  are 
fed one row a,t. a t,ime through @ i ( t ) ,  and t.liat. k > ( t )  
ha.s a bidiagonal structure of the form 

, t',(t) = 1,o 

... ...I f l ( t )  

S l + l ( t )  f ,+ l ( l )  
t ; 2 + 2 ( t )  f I i - % ( t )  

T 

1 F , ( t )  = 

If we denote tIir entries of li(i - 1) by 
[. i j ,o( t  - 1) . . . ] , then the coinputa- 
tion of F,(t)i,(t - 1 )  involves operations of the form 

T i , l ( t  - 1) 

f i+j( tPi , j ( t  - 1) + t i + j ( f ) & , j - 1 ( t  - j 2 0, 
which can be iiiiplemented using a first-order t,ime- 
variant tapped-delay (or FIR) structure [6, 101. 

A siiiii1a.r argument holds when y j ( t ) J ( t )g f ( t )  < 0 
and leads to figure 3. In this case however, tlie ele- 
mentary unitary transformation Cri(t) is replaced by 
an elementary hyperbolic (( 1 - 1)-unitary) traiis- 
formation Vj(t) .  Let .yd(t) and yi+l(t)  denote tlie last 
colunins of Gi(t)@i(t) and G i + ~ ( t )  respectively. The 
generator recursion ( 5 )  then reduces to tlie follow- 
ing array picture: niultiply Gi(t)  by @(t)  and keep 
the first ( ~ ( t )  - 1) columns; tlie last column of the 
next generator Gi+l(t) is obtained through tlie ele- 
nienta.ry transformation 

] = [ F,(t)T,(t - 1 )  
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Fiyurt .?: Time-variant. step of tlir generator recursiim: 
L/t( t )J( t )L7t*( t )  < 0 .  

\v11ertt 

Tlicoreni 5: The la t iyent in1  C‘arathE‘odor-y-Frjr‘r 
problttra has solutiolis i f ,  n n d  only i f ,  R(t)  2 0 f o r  
all t .  2’1it.s zs e q u i i d e r i f  t o  U ( t ) U * ( t )  >_ V ( t ) V *  ( t )  
W l t l l  

. O ( t )  
u o ( t  - 1) “ l ( t )  

Jlo(t  - ?I + 1)  .. U,?-J ( t  - 1) U r l - - l ( t )  - 1  I l ( t )  5 

We filially reniark that, t,he fraiiirwork tlescrilwd 
in this paper can I)r Pxteiidrtl to the operator set- 
t,ing, and ca.ii also he usrtl to solve stweral matrix 
completiori problems [5, 141. 
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