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ABSTRACT

In this work, we study the mean-square-error performance of
a diffusion strategy for continuous-time estimation over net-
works. We derive differential equations that describe the evo-
lution of the mean and correlation of the weight-error vector,
and provide expressions for the steady-state mean-square de-
viation and excess mean-square error measures. Simulation
results illustrate a good match between the theoretical model
and the practical results.

1. INTRODUCTION

Distributed estimation and control algorithms are useful in
several contexts involving decentralized inference and deci-
sion tasks; they are also useful in the modeling and analysis of
biological and social networks [1-11]. Although many recent
works treat discrete-time distributed techniques, continuous-
time (CT) strategies are also generating interest [2, 5, 11].
For example, many systems operate in continuous-time and,
therefore, models for naturally-occurring distributed networks
should take continuous-time effects into account.

We recently developed continuous-time distributed learn-
ing strategies that enable a network of nodes to cooperate
through in-network processing to solve a global estimation
problem [12, 13] by exploiting useful discrete-time diffusion
learning strategies from [6,8]. Using deterministic arguments,
we examined the stability of the continuous-time diffusion
strategies. In this work we examine the CT strategies from
a stochastic point of view by evaluating the influence of noise
on the quality of the solution computed by the network. Al-
though CT estimation algorithms such as the stand-alone CT
least-mean square (LMS) algorithm [14—16] and the CT Kal-
man filter [17] have been studied before in the literature, mean-
square analyses of continuous-time parameter estimation al-
gorithms that take into account the stochastic nature of both
the measurement noise and the regressor vector are not as
prevalent, and more so in the context of distributed solutions.
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There is one important difference between the Kalman fil-
tering set-up and the adaptive filtering set-up that does not
allow us to directly apply Kalman filtering results to the cur-
rent problem. Specifically, in the context of adaptation, the
measurement equation takes the form:

d(t) = u (t)w, + v(2), (1)

where u(t) € RM is the regressor vector, d(t) is the (scalar)
measured output (known as the desired signal [19]), w, €
RM s the parameter vector we wish to estimate, and v(t) is
noise. In the Kalman filtering framework, u(t) is modeled as
a known, deterministic function, whereas in the adaptive fil-
tering framework, {w(t)} is modeled as a stochastic process,
usually assumed to be stationary.

Much of the previous work on continuous-time adaptation
considers worst-case deterministic models [20]. Fewer works
develop stochastic models for the CT LMS. In [14], the pro-
posed model takes into account only the steady-state effect
of the offsets in the filter implementation. Reference [15]
proves almost-sure stability of the CT LMS algorithm, but
does not provide expressions for performance measures such
as mean-square deviation (MSD) or excess mean-square error
(EMSE). Finally, [16] considers deterministic (sinusoidal) re-
gressors.

The mean-square error analysis in this work studies mean-
square performance in the presence of both gradient noise and
stochastic regressors. In addition, the analysis derives expres-
sions that quantify the MSD and EMSE performance of the
CT solution for both cases of network adaptation and, by spe-
cialization, of stand-alone adaptation. In the following sec-
tion we develop our mean-square model for the stand-alone
CT LMS algorithm. Later, in Section 3, we extend the anal-
ysis to distributed diffusion estimation strategies. Simulation
examples verifying the accuracy of the model are presented
in Section 4, and Section 5 concludes the paper.

2. MEAN-SQUARE ANALYSIS FOR THE
STAND-ALONE CT LMS ALGORITHM

The continuous-time LMS algorithm forms estimates w (t)
for the unknown parameter vector w, from (1) through the
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update law

e(t) = d(t) — T (thw(0),

Wt) = re(t)u(t), <

where the initial condition to the differential equation is w(0)
assumed to be deterministic, d(¢) and wu(t) are as in (1), e(¢
is the estimation error, v > 0 is a constant and w(t)
dw(t)/ dt.

Using (1), we can rewrite (2) in terms of the parameter
error vector w(t) = w, — w(t) as

~

w(t) = —yu(t)u’ (t)w(t) — yult)o(t), ®)

where we assume that v(t) is zero-mean white noise, inde-
pendent of w(7) for all ¢,7, with covariance E{v(t)v(t —
7)} = Nyd(7), where E{-} represents expectation, and 5(7)
is Dirac’s delta function. We further assume that {u(¢)} is a
zero-mean stationary process with continuous autocorrelation
function R, (1) = E{wu(t)u(t — 7)} and finite fourth-order
moments.

Given our assumption that v(¢) is white noise, relation (3)
should in principle be treated using stochastic calculus tools
[21]. However, since we are interested only in finding the
mean and covariance of w(t), we can follow a simpler route,
described in [17, pp. 618—620]. The idea is to discretize (3)
using Euler’s rule, replacing the continuous-time variables by
discrete-time approximations, such as

Al (n+1)A

:ZnA

and similarly for w,, and w,,. It can be shown [17] that under
these conditions, we have

v(t)dt, “)

Un

Bloa =0, E{omon} = 36mn
E{un} =0, E{umun} ~ Ru((m S 71)A),

where now d,,, = 1 if m = n and zero otherwise. The last
approximation holds for processes with continuous autocor-
relation functions.

To proceed, we use Euler’s rule to discretize (3), replacing
the variables by their discrete-time approximations

'wn-i-l - 'lbn

A ~ —”}/’U,n’U,Zﬁ)n — YURUn, Q)
which gives
Wpt1 A Wy, — A’yunuffvn — AYUnp Uy (6)

Since (6) is now a difference equation, we can more easily
evaluate A’[he evolution of its mean and correlation. Let us de-
note R = R,,(0) for simplicity, and define

w(t) =E{w(t)}, K(t.7) =E{foBw’ (1)}, ((7)
wy, = E{w,}, Kon = Blw,wl}. ®)

In order to proceed, we must consider the correlation between
w,, and u,. These variables will be in general correlated, but
it is known that for small step-size yA, the correlation can be
disregarded in the analysis of the discrete-time LMS [19] (the
results shown below can be precisely justified using the ODE
method [22,23], in which the performance of a discrete-time
filter is approximated by an ordinary differential equation).
For small A and using the independence between w(t) and
v(t), we can then write from (6),

Wntl & Wy — AvRw,.
Rearranging this expression and taking A — 0, we obtain:

W(t) = —yRw(t), w(0)=w(0) = w, — w(0). (9)

Since R is a positive semi-definite matrix, the origin w =
0,7 is a stable equilibrium point of (9). If R > 0 (positive-
definite), the equilibrium point will be exponentially stable,
andw(t) — 0ast — oco.

For the autocorrelation we obtain

K, ~K, - AMK,R—AYyRK, + A¥’N,R
+ A%q2 E{unuZKnunuZ},

and rearranging terms,

Kpi1— K ]
—“A "~ —~K,R—-~RK, ++v*N,R

+ AV E{u,ul Kyu,ull,
Taking A — 0, we obtain a differential equation for K (¢),
K(t) = —yRK(t) - vK(t)R+ 7N, R, (10)

with initial condition K (0) = @w(0)w” (0). Note that we
used the assumption of finite fourth-order moments of w(t) in
the last step. Note also that the fourth-order term in w(¢) dis-
appears in the continuous-time case, which does not happen
in the discrete-time case.

One approach to prove the stability of (10) is to exploit
some useful Kronecker product relations [24]. Defining

k(t) = vec(K (t)) € RMN r = vec(R), (11)

where vec(A) is a vector obtained by stacking the columns
of matrix A in order, one on top of the other. Using standard
properties of the Kronecker product [24], we can write

k(t) = —v[Inm © R+ RO INM)K(t) + 7 Nyr,  (12)

where © denotes the Kronecker product. If R > 0, the only
equilibrium point of (12) is

B>

kS YN, [Ty @ R+ R Iy ' r. (13)
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This equilibrium point is exponentially stable, since the eigen-
valuesof B = Iy @ R+ R® Iy are \; + A;, where A;, A;
are eigenvalues of R. Since R > 0, the eigenvalues of —B
lie all in the left-half complex plane.

The excess mean-square error (EMSE) is defined as {(¢) =
E{(uT(t)ﬁJ(t))z}, while the mean-square deviation is de-
fined as £(t) = E{w?’ (t)w(t)}. Both can be obtained easily
from K (t):

§(t) = Tr(K(t)),

where Tr(A) represents the trace of A. Their steady-state
values can be obtained from (10) by setting K (t) = 0. De-
note lim;_,o ¢(t) = ¢, and similarly for . In steady-state,
taking the trace of (10), we obtain

((t) = Tr(RK(t))}

- J» Tr(R
g= 1R, (14)
and taking the trace after multiplying (10) from the left by
R~ and recalling that Tr(AB) = Tr(B A) if both products

are well-defined, we obtain in steady-state

YN, M

e LA

> (15)

In the next section, these results are extended to the CT diffu-
sion strategies of [13] for adaptation over networks.

3. MEAN-SQUARE ANALYSIS FOR DISTRIBUTED
CT ADAPTIVE DIFFUSION STRATEGIES

Consider now a network of /N nodes that cooperate to esti-
mate a common vector w,. Each node £ has access to mea-
surements uy(t) € RM and di(t) € R, that are assumed
related to each other through

d(t) = ug(t)wo + v(t), (16)

where v (t) is zero-mean white noise with autocovariance
E{vp(t)vg(t — 7) = Nyid(7), independent of uy(t). We
assume that wuy(t) is a zero-mean stationary vector process
with continuous autocorrelation matrix Ry (7). For simplic-
ity, we also assume that the noise and regressor variables for
different nodes are independent of each other.

In the distributed estimation scheme proposed in [13], each
node & computes a local estimate wy,(t), and transmits it to its
local neighborhood N (). Each node then combines the es-
timates from its neighborhood, forming a combined estimate
r(t), which is used in the update law as follows.

N
Pi(t) = D ack(thwe(t), (17a)
(=1
ex(t) = di(t) — u (Hwi(t), (17b)
wi(t) = =70 (wr(t) — Yr(t) + mer(t)ur(t), (17¢)
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where the a,(t) are nonnegative weights satisfying

N
Z agk(t) =5
£=0

Ni:(t) contains the nodes ¢ for which ax(t) # 0, and 7o
and v, are positive constants. Introduce the mixing matrix
A(t) = [agk(t)] € RY*N. We assume that A(t) is a station-
ary process, independent of wy,(t) and of vy (t) for all & and
with mean A. Note that (18) implies that A” (£)1 = A'1=
1, where 1 € R¥ has all entries equal to one.

The stability of (17¢) was analyzed using deterministic
arguments in [13]. We now examine its mean-square-error
performance. Define

(18)

w(t) 2 col{wo — wi(t),..., wo — wn(t)}.
The overall error equation is then given by
w(t) = —B(t)w(t) — U)Tv(t), (19)
with
B(t) £ v (Tun — AT(t) © Iy ) + U(OTU” (¢), (20)

T .
UN(tﬂ , T = diag{v}
e RMNXN 5 constructed as

where v(t) = [v1(t) va(t)
and the regressor matrix U (t)

U(t) = diag{w: (), us(t), ..., un(®)}. (21

Introduce the average error vector w(t) = E{w(¢)} and the
correlation matrix K (t) = E{w(t)w” (t)}, as well as B =
E{B(t)}. Note that, since A is not necessarily symmetric,
B(t) and B in general will not be symmetric matrices.

Using similar arguments as in the previous section, we can
argue that

(22)

(t) = —BW(t),
t) 23)

W
K(t)=-BK(t)— K(t)B" +C,
with initial conditions w(0) = w(0), K (0) = w(0)w” (0),
and
B =7 (Iyn — A® Iy) + diag{v, Ry},
C = diag{V{ Nyi R}

24
(25)

In order to show that w(t) exponentially converges to Oy,
we consider the Lyapunov function V (t) = wT (t)w(t). Its
derivative is

V() = —wT(t) (B + BT) w(t). (26)
If A(t) is doubly-stochastic, that is, if A(t)1 = AT (1)1 =
1, then ZIMN—A(t)—AT(t) > 0[13]. Therefore, if A(t)is
doubly-stochastic for all ¢, then A is also doubly-stochastic,



and 2Ty — A — AT is positive semi-definite. This in turn
implies that B + B" > 0. This result and (26) imply that
w(t) — Op N exponentially fast.

A similar approach can be used for the correlation. Define
as before k(t) = vec(K (t)), ¢ = vec(C'). We have then

k(t) =~ [BoInn+Iuny @Blk(t)+c (27

Let Vi(t) = k- (t)k(t), where F(t) = koq — k(t) and ke is
the equilibrium point of (27). Its derivative is

(

+I N @ (

Vi(t) = —k (t)

—

B+B")®Iyuy
_ (28)
+

BT)] k().

Since B+B” >0 implies (B+BT) QIyn+Iyn®(B+
BT) > 0, we conclude that k(t) converges exponentially to
the steady-state value (equilibrium point)

_ _ _ _ —1
koog = [(B +BNYeIyv+Iuve (B+BY e

(29)

The EMSE and MSD for each node and for the overall net-
work can be obtained directly from (27) and (29) as follows.
We re-arrange the solution k(¢) from (27) to form K (t), and
then, to obtain the overall MSD and EMSE, compute

§(t) = Te(K(t), ((t) = Tr(diag{Rx} K (t)). (30)

4. SIMULATIONS

In this section we verify the theoretical results through sim-
ulated examples. All simulations were made in Simulink,
using the “band-limited white noise” block to approximate
white noise. This block approximates white noise by gen-
erating discrete-time random sequences with a high sampling
rate, compared to the time constants in the system being simu-
lated. In our simulations, this sampling rate was fs = 103Hz.
Since the generated noise is actually band-limited, its vari-
ance is finite, and set by Simulink to fso2, where o is the
desired power spectrum density (the “noise power” parame-
ter in Simulink) of the ideal white noise.

When using these blocks to generate a regressor vector,
one caution is necessary, because the simulation explicitly
computes the squares of the regressors’ entries. Given the
sampling rate correction explained above, if the power set
in Simulink for an entry ug ;(t) of uy(t) is o2, the average
E{uj ;(t)} considered in the theoretical models should be
fso2. The randseed function should be used as seed for
the white noise blocks, in order to evaluate ensemble-average
learning curves.

Our first example is the ten-node network shown in Figure
1 (weights agy, are not drawn; their values are such that (18)
is satisfied). In the simulations shown below, the unknown

Fig. 1. 10-node network. Self-connections are not drawn.

weight vector is w, = [0.5 —O.I}T. The regressors are
either band-limited noise (nodes 3, 5-9, 10) or sinusoids with
random initial phase (node 1, frequency f; = 10Hz, nodes 2
and 4, fo = 5Hz, node 10, f10 = 6Hz), as shown below. We
only list the covariance matrices in (31). The values for the
noise powers for nodes k = 1,5-10 are N, = 104, while
Ny2 = Nyg = 1073, Ny3 = 2 x 1073, We set y; = 1,
i=0...N.
0.45

2 0

Ri= [0 0} ’ 1.125J , Gla)
0.5 0.25 0 0

Ry = [0.25 0.125} » Riwo= {0 1.125} - GI1D)

1 1
Ry =1y L J,

0.18

Ba = {0.45

for i = 3,5-9, (3l1c¢)
where r3 = r7 = 3,r5 = 0.6, rg = 0.4, 73 = 4, 19 = 0.5.
Note that all the Ry, are singular, which means that stand-
alone LMS filters would not converge to a neighborhood of
w,. However, as Figure 2 shows, the MSD does converge
to a small value for each node (we show only results for the
first three nodes, the behavior for the other nodes is similar).
Note also how the theoretical model follows closely the sim-
ulated results, even following the slight increase in MSD in
the initial transient for node 1. Figure 3 shows a simulation

(] 50 160

t@s)

Fig. 2. Mean-square deviation (MSD) for the first three nodes
in the 10-node network. The smooth curves correspond to
the theoretical model. Experimental MSD obtained from the
average of L = 500 realizations.

in which agg, ass, aq9, ags, ags vary. The parameters follow
a sinusoid with frequency 1Hz and random phase, saturated
between 0 and the maximum values of 0.2,0.1,0.3,0.2,0.1,
respectively, so that A7 (t)1 = A(t)1 = 1 at all times. The
average values are half the maxima.
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MSD

49

L ! L L L L L L L
52 54 56 58 60 62 64 66 68

t(s)

Fig. 3. (a) Mean-square deviation (MSD) for nodes 1-3 for
time-variant A(¢) — the smooth curves correspond to the the-
oretical model. (b) a49(t) in the interval 50 < ¢ < 70.

5. CONCLUSION

We performed a mean-square-error analysis of a continuous-
time learning strategy and derived expressions for the MSD
and EMSE performance of the network. We verified the re-
sults through simulations showing good agreement between
theory and practice.
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