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Abstract

Although the least mean fourth (LMF) and the least
mean mixed norm (LMMN) adaptive algorithms are recom-
mended for highly nonstationary environments, their track-
ing capabilities are not yet fully understood. This is mainly
due to the fact that both algorithms involve nonlinear up-
date equations for the weight error vector. In this paper we
present a new approach to the tracking analysis of the LMF
and LMMN algorithms, which bypasses the need for work-
ing directly with the weight error vector, and is based on
a fundamental energy-preserving relation. By studying the
energy flow through the system in steady-state, we derive
expressions for the steady-state excess mean square error
(EMSE) for both algorithms. We also derive optimal pa-
rameter values that minimize the EMSE in each case, and
support our conclusions by simulations.

1 INTRODUCTION

Consider measurements {d(i)} that arise from the linear
model

d(i) = ww? +0(3) , M

where v(¢) accounts for measurement noise and modeling
errors, and u; denotes non zero row input (or regressor) vec-
tors. Recursive estimates for the unknown weight vector w
can be obtained adaptively via

Wit1 =W;+u “:fe(i) ) )

where w; is an estimate for w{ at time 4, p is the algorithm
step size, and f.(7) is a scalar function of the estimation
error e(i) = d(i) — u;w;. The most popular variant of
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(2) is the least mean squares (LMS) algorithm [1], which
corresponds to the linear error function fXM5(1) = e(i).
Among other variants are the least mean fourth (LMF) {2]
and the least mean mixed norm (LMMN) [3, 4] algorithms,
which correspond to the error functions fXMF (i) = €3(i)
and fLMMN(3) = § e(3) + (1 ~ &) €3(3), respectively. The
parameter 4 is called the norm mixing parameter.

It is known that the LMF algorithm has better steady
state performance than that of the LMS algorithm for ap-
plications in which the plant noise v(i) has a probability
density function with short tail [2]. However, its stability
properties are worse than those of the LMS algorithm [3].
On the other hand, the LMMN algorithm has better steady
state performance than the LMS algorithm and better stabil-
ity properties than the LMF algorithm [4, 5].

Now, unlike the LMS algorithm, no tracking analysis
is available in the literature for the LMF or LMMN algo-
rithms. This is mainly due to the nonlinear nature of their
update equations, which makes their tracking analysis us-
ing conventional approaches rather difficult. In this paper
wc proposc a new approach to the tracking analysis of both
algorithms. The approach bypasses the need for working
directly with the weight error vector w; = w? — w;, and is
based on a fundamental energy-preserving relation.

In a nonstationary environment, w{ is often assumed to
vary randomly with time according to (see, e.g., [8]):

W?+1 = W? +4qi , (3)

where q; is a random vector. An important performance
measure, which characterizes how well an adaptive al-
gorithm tracks such variations in the environment, is the
steady-state mean-square-error (MSE), defined by
MSE = lim Ele(i)]* = lim E{v() + uiw;|® |
1— 00

1— 00

Under the often realistic assumption that (see, e.g.,
{1, 6,7):
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A.1 The noise sequence {v(i)} is identically individ-
ually distributed (jiid) and statistically independent of
the regressor sequence {u;},

we find that the MSE is equivalently given by
MSE = 02 + lim E|wwi|* ,
100

which is dependent on w;. In the sequel we shall derive
expressions for the steady-state excess mean square error
(EMSE),

¢ 2 MSE - 02 = lim B |u;w;|* ,
1—00

as well as expressions for the optimum values of the step
size and the norm mixing parameter that minimize the
steady-state EMSE, (.

2 Fundamental Energy Relation

We start by noting that with any adaptive scheme
we can associate the following so-called a-priori and a-
posteriori estimation errors, €q4(1) = uiWw; , ep(i) =
u; (Wiy1 — q;). Using the data model (1), it is easy to see
that the errors {e(i), e, (i)} are related via e(i) = e, () +
v(1). If we further subtract w{ from both sides of (2) and
multiply by u; from the left, we also find that the errors
{ep(i), ea(t), e(i)} are related via:

. . ) .
= - , 4
ep(i) = ea(s) ﬁ(z)fe(f') 4
where we defined, for compactness of notation, fi(i) =
1/|jug)|?>. Substituting (3) and (4) into (2), we obtain the
update relation

Wist = Wi ~ B(i)uileals) - ep(i)] + i -

By evaluafing the energies of both sides of this equation we
obtain

Wi — qill® + aG)lea () = Wil + BGYlep()E  (5)

This energy conservation relation, first noted in [9]-[11],
holds for all adaptive algorithms whose recursions are
of the form given by (2); it shows how the energies of
the weight error vectors at two successive time instants
are related to the energies of the a-priori and a-posteriori
estimation errors. It also establishes that the mapping
from {Wi,\/;i_(ﬁe,,(i)} to {v'v,-.H -q, \/ﬁ(z_')ea(i)} is en-
ergy preserving (or lossless). Furthermore, by combining
(5) with (4), we see that both relations establish the ex-
istence of the feedback configuration shown in Figure 1,
where 7 denotes a lossless map and ¢! denotes the unit

a Wil — Qi

i =1

Wi
BT
- T e

Figure 1. Lossless mapping and a feedback loop.

delay operator. It could be seen from the figure that the sys-
tem nonstationarity vector q; acts as a disturbance input to
the system.

We now use the energy relation (5) to evaluate the MSE
of an adaptive filter once it reaches steady-state. To do so,
we impose the following assumptions, which are typical in
the context of the tracking analysis of adaptive filters (see,
e.g., [8)).

A.2 The sequences {u;} and {v(:)} are mutually
statistically independent of {q;}.

A.3 The sequence {q;} is a stationary sequence of
independent zero-mean vectors whose autocorrela-
tion matrix Q = E q;q; is positive definite.

Using E|[Wy1][? = E||W;|% in steady-state, (4), A.2
and A.3, it is straightforward to verify that the energy rela-
tion (5) becomes

2

E i(i)lea()]* = TH(Q) + E &(3) |ea (i) — ﬁfm‘) G

We now show how to use this relation in evaluating the
tracking performance of the LMF and LMMN algorithms.

3 Tracking Analysis

Throughout the analysis, we will only study the steady
state performance of the LMMN algorithm and then treat
the LMF algorithm as a special case (that corresponds to
the choice § = 0). Now in steady state, and when g is small
enough, it is reasonable to assume that je, (1)]2 << {u(3)|?
(see [5)). Using e(i) = eq(2) + v(2), we can then write the
error function of the LMMN algorithm as

fe(d) ~ 8lea(s) + v(@)] + (1 - 0)[3v° (d)ea (i) +v*(3)] -
Introduce, for compactness of notation,

§=1~46 Ep@)*=¢, EpOF=¢ .
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Using A.1 and the above approximation for f.(i), it is
straightforward to show that equation (6) becomes

21(8 + 3602)¢ = Tr(Q) + p? Tr(R) (8202 + 265¢3 + 8%¢5)
+42 E il lea (3))*[6% + 68507 + 95°£3) ©)
To solve for (*MMN we consider two cases:

1. For sufficiently small yz, we can assume that the third
term on the RHS of (7) is negligible with respect to the
second term, so that

wamn _ Tr{(Q)/p + p Tx(R) (5203 +255¢5 + 5253)
¢ - 2 (5 + 3302)

3

At § = 0, equation (8) reduces to the EMSE of the
LMF algorithm, which is given by
CIMF _ T(Q)/p + p Tr(R)ED ) ©)

602

2. For larger values of 4, equation (7) can be solved by
imposing the following (often studied) assumption:

A.4 At steady state, u?||u;||? is statistically inde-
pendent of e, ()|?.

This assumption in fact becomes realistic for long filter
lengths. Furthermore, it becomes exact for the case
of constant modulus data that arises in some adaptive
filtering applications {12, 13]. Using A.4, and (7), we
then obtain

iy Tr(Q)/u + p Tx(R) (8207 + 288¢, + 5°£5)
T 2(6+3802) — pTx(R) (62 + 66602 + 95¢3)

¢ (10)

and

CHMF Tr(Q)/p + 1 Tr(R)&D
602 - 9u Tr(R)ES

an

4 Parameter Optimization

We now investigate the existence of optimum design
parameters {d,, {4} that minimize the steady state EMSE
for the LMMN and LMF algorithms, as given by (8) and
(9). This is done for the following two cases:

A. Fixed § and optimal p

If the norm mixing parameter § is a priori chosen to fullfill
some convergence properties, then there will always exist
an optimum value of  that minimizes (MMM, which is di-
rectly given from (8) by

pLMMN \/’I‘r(Q)/ (Tr(R) (6202 + 265€8 + 52¢8)) . (12

The corresponding minimum value of the steady state
EMSE is given by

VTH(Q) Tr(R) (6207 + 26568 + 52¢5)
(6 + 3303)

The LMF algorithm always has a constrained ¢ that is equal

to zero. Therefore, the optimum step size that minimizes

its steady state EMSE, given in (9) and the corresponding
minimum steady state EMSE, are respectively given by

pF = /Tx(Q)/ (Tx(R)ES) (14)

LMMN __
min

13)

and

B. Optll‘l\al 6 and IJ'

Differentiating (8) separately with respect to u and §, we
obtain

3¢  —pu 2 Tr(Q)+ Tr(R)(AS% + Bs + C)

F D5 + B) > 18
and

ac 1

% = 5555y (W TR)(DS + B)(245 + B)

-D(Tr(Q)/p+pTe(R)(AS*+B5+C))] , (D

where A = (02 ~ 263 +¢8), B = 2 (€2 - ¢€8), C = €,
D = (1 -302) and E = 302. Equating g& and %% to zero,
it is straightforward to show that ( has one local minimum
Oor maximum at

_2DC - BE

5°‘2AE—BD ’

(13)

and

po = /TX(Q)/(Tr(R)(AS2 + Bs, + C)) . (19)

The pair {J,, ui,} corresponds to a minimum iff { possesses
a positive definite Hessian matrix H(4, 1), which is defined
by

H(6,p) = [ KA ",;’_%” ] : (20)
.05 0%

Differentiating (16) and (17) to obtain the second partial

derivatives of ¢ and substituting into (20), it can be shown

that the Hessian matrix at {6,, 4o} is given by

™Q) D Tr(Q)
H(S _ | #3(Ds,+E) 1o(Dé.+E)
( 01#0) = D Tx(Q) po A Tr(R)
po(Dbo+E) (D6, +E)

The eigenvalues of H(d,, i) are the solutions of the char-
acteristic equation

Tx(Q) D Tr(Q
A = (Db B Bo(Dé,+E -0
DY (Q meAT(R) | TV
o (Do, +E) (Ddo+E)
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that is

1 D?Tx? - ATr Tr(R
na=Ta s (EEQADQTE)

where

#o > Tr(Q) + Apo Tx(R)

Dé, + E ’
For the two eigenvalues to be positive, the system parame-
ters should satisfy A > 0 and D? Tr(Q) < A - Tr(R). Fur-
thermore, since §, € [0, 1], the term (D4, + E) is strictly
positive. Using (8), we deduce that if the system noise mo-
ments and the degree of nonstationarity satisfy

oo +& > 2, @

’y:

and

Tr(R)(o3 — 263 + £5)
TH(Q) < T 22)
then the steady state EMSE of the LMMN algorithm will
have a well defined minimum at {§,, 1, } given respectively
by

(1 —302)%¢8 — 302 (€5 — €5)

b= 357 (o2 — 281 +€5) = (1 = 300)2 (¢4 — €5) °

(23)
and
po = /T(Q)/ (Tx(R) (5203 + 25,(8.)68 + (5.)%¢5)) (24)

Moreover, the corresponding minimum value of the EMSE
will be

wann _ VIY(Q) Tr(R)[8202 + 26,(80)€3 + (30)2€8]

min = = . (25
8o + 3(30)0?
Gaussian Plant Noise
For Gaussian system noise, £2 = 32 and £5 = 15065, Then
oy +€ -2, = oy(1-60]+1507)

I

2
1503<(dﬁ-%> +%> >0,

which implies that (21) is always true for the Gaussian noise
case. Then, if the system degree of nonstationarity satisfies

o2(1 - 602 + 150%) Tr(R)
T‘E(Q) < (1 — 303)2 )

the optimum value of 4 is given from (23) by

_ 1505(1 - 303)? — 302 (305 — 1507) -1
" 302(02 ~ 603 + 1508) — (1 — 302)? (308 - 1508) '
which corresponds to the LMS algorithm with an optimal

step size given by
e [TQ)
’ ol Tr(R) '

and a corresponding minimum EMSE of
Cmin = Oy y/ rrl'(Q) T\'(R) )

That is, for Gaussian system noise, if (26) holds, the LMS
algorithm outperforms the LMF and LMMN algorithms; an
interesting conclusion,

(26)

8o

5 Simulation Results

Several simulations are carried out to validate our the-
oretical results. In the simulations, the unknown system
weight vector w? is of length 10 and the elements of the sys-
tem nonstationarity and input vectors, g; and u;, are white
Gaussian of variances 03 and unity, respectively. The plant
noise is chosen to be a linear combination of normally and
uniformly distributed independent random variables of vari-
ances o2 and o2, respectively. Each simulation result is the
steady state statistical average of 100 runs, with 10° itera-
tions in each run.

Figure 2 compares the simulation and theoretical results
of the steady state MSE of the LMMN algorithm for o, =
5x107%, 6 = 0.8, 02 = 1072, and 02 = 1072/12. Itis
seen in the figure that the theoretical and experimental MSE
are in good match. The figure also shows that the steady
state MSE possesses a minimum value of 0.0113 at u =
0.006, which are in good agreement with the corresponding
theoretical values obtained from expressions (13) and (12)
as 0.01136 and p, = 0.0061, respectively.

0.0128
ooueb e e

oonzf X

0.012]
ooveb Xl

ool - ..

00112/ - e n i L
o 000 0004 0006 0.008 o0 0012 0014 006 0018 o0
"

Figure 2. Theory and simulation MSE vs. p.

Figure 3 compares the theoretical MSE obtained from
expressions (8) and (10) with the experimental MSE for
o = 107%, 8 = 05,02 = 107%, and 02 = 107%/12.
The figure shows that both expressions are in good match
with simulation results at small values of u. However, ex-
pression (10) is in a much better match with the simulation
results for relatively larger values of p, which validates the
use of assumption A.4.

Figure 4 shows the experimental MSE and the theoret-
ical MSE obtained from expression (8) versus the norm
mixing parameter § for Gaussian plant noise of variance
02 =107% g, = 1073, and p = 0.001. It is clear that
the minimum value of the MSE occurs at § = 1 for Gaus-
sian noise. :

Figure 5 shows the theoretical and simulated EMSE
versus u, for the optimal value of é calculated from ex-
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Figure 3. MSE vs. p for § = 0.5. Small and large
theoretical MSE correspond 1o (8) and (10), respectively.

v r r - v e
B v - -9 Simulaton
I O LSOO OO SO AT e ]
A
a5k R
o
-1
&+ J
£V 13 <
I I ]
3 %
2} ]
o ]
15p B
- = e ]
. 1 — L - i i =
0.1 02 [ > 04 oS o o7 o 08 1

L)

Figure 4. Theory and simulation MSE vs. & for Gaus-
sian plant noise.

pression (23) to be §, = 0.5432, 02 = 62 = 0.1, and
o, = 10=3. Figure 6 shows theoretical and simulated re-
sults versus 4, for the optimal value of p calculated from
expression (24) to be p, = 0.0029. Both simulations show
that optimal parameter values obtained from simulations,
{80, o} = {0.59,0.003}, are in good match with the val-
ues, {0.5432,0.0029}, given by (23) and (24), respectively.
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