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ABSTRACT

Distributed adaptive algorithms are proposed based on incremen-
tal and diffusion strategies. Adaptation rules that are suitable for
ring topologies and general topologies are described. Both dis-
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tributed LMS and RLS implementations are considered in order to ° o«!
endow a network of nodes with learning abilities; thus resulting in o
a network that is an adaptive entity in its own right. N
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Distributed and sensor networks are emerging as a formidable tech-
nology for a variety of applications, ranging from precision agri-
culture, to environment surveillance, to target localization. How-
ever, the advantages advocated by the use of distributed and coop-
erative processing [1] demand adaptive processing capabilities at
the distributed nodes in order to be able to cope with time varia-

tions in the environment and the network. In addition, the adaptive Figure 3 further ahead. This approach requires limited communi-

processors should enable the network to respond to such variationg.ations and increases the network autonomy [3]. The network may

in real-time and to adjust its performance accordingly. Inspired 154 |eam at an enhanced pace as compared to a standard gradient-
by incremental strategies [2], we propose distributed processinggescent solution.

strategies over what we refer to as adaptive networks (e.g., [3]).

The proposed strategies require the adaptive nodes to share infor- N thiS paper, we propose a least-squares framework that equips
mation only locally and to exploit both spatial and temporal in- the nodes with a RLS-type adaptation rule, while keeping the same

formation in a cooperative fashion. Different cooperation policies C00Peration strategy, yielding to a distributed and recursive least-
will lead to different distributed algorithms. squares solution (dRLS). The resulting algorithm conveys an ex-

Each nodé: across arV-node network is assumed to have ac- 2cCt global least-squares estimate, for the unknown vectorto
cess to time realization&ly, (i), ux.; }, of zero-mean random data every node in the network. This scheme further allows an alterna-
{dx, Ux}, with dy. (i) a scalar measurement ang, a regression  tive dRLS implementation with decreased communication require-
row vector: both at timé — see Figure 1. The nodes should use the MeNts, saving energy compared with its exact counterpart. It also
data to estimate some unknown common veatr Rather than has the striking feature that in steady-state, both algorithms present

expect each node to function independently of the other nodes,Similar performance in the mean-square error sense.
the nodes will instead collaborate with each other in an adaptive =~ When more communication and energy resources are avail-
manner in order to achieve three objectives: (1) improve global able, the topology constraints implied by the aforementioned al-
performance with reduced communication; (2) allow the nodes to gorithms can be removed by resorting to a diffusion cooperative
converge to the desired estimate without the need to share globascheme, where the adaptive processor at riodpdates its esti-
information; (3) endow the network with learning abilities. mate using all available estimates from the neighbors, as well as
Recently the authors proposed a scheme [3] that implements docal data and its own past estimate — see Figure 6.
distributed incremental gradient algorithm in which an initial vec-
tor estimate is updated along a collaboration cycle over the net-
work. Each local filter updates the estimate received from the pre-
vious neighbork — 1 with its local data and passes the estimate
to the next nodé: + 1, operating over a collaboration cycle - see

Fig. 1. A distributed network withV nodes.

2. DISTRIBUTED ESTIMATION
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We are interested in estimating an unknown veetfrfrom mea-
surements collected d@f nodes in a network (see Fig. 1). Each
nodek has access to realizations of zero-mean ddtaux }, k =
1,..., N, wheredy is a scalar andi;, is 1 x M. We collect the



regression and measurement data into global matrices:

U = col{uj,us,...,un} (N x M) 1)
d 2 col{d,dy,...,dn} (N x 1) )
and pose the minimum mean-square error estimation problem:
mwin J(w), where J(w) = E||d—Uuw|? (3)
The optimal solutionv® satisfies theormal equation$4]:
Rau = Ryw® 4

where

N N
R,=EU'U=> Rux, Rww=EUd=> Rauxr (5
k=1 k=1

Computingw® from (4) requiresvery noddo have access to the
global statistical informatiof R.,, R4, }, thus draining communi-
cations and computational resources. In [3] we propogiistab-
uted solution (incremental LMS) that allows cooperation among
nodes through limited local communications, while equipping the

nodes with adaptive mechanisms to respond to time-variations in

the underlying signal statistics.

3. INCREMENTAL LMS ADAPTATION
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Fig. 2. Excess mean square error (EMSE) performance for both
the distributed incremental solution (10) and the centralized solu-
tion (9) at node 1.

all nodes to share the global informatian—_;. A fully distrib-

uted solution can be achieved by resorting to incremental strate-
gies, which would require each node in (9) to evaluate its partial
gradientV Jy(+) at its local estimatd;,(jll, instead ofw;_1. This
approach leads to the incremental algorithm:

P

This cooperative scheme requires each nbde communicate
only with its immediate neighbok — 1 over a pre-defined path.
Moreover, it is an established result in optimization theory that the
incremental solution (10) can outperform the solution (9) as illus-

=0 [ VAE@D) ], k=18 (10)

In this SeCtiOn, we review the distributed incremental LMS al- trated in F|g 2. The figure compares the excess mean square error

gorithm [3], which is a starting point for the later developments. (EMSE) of both algorithms for a network witN = 20 nodes and
The algorithm is obtained as follows. We start from the standard ysing Gaussian regressors wita , = I. The background noise

gradient-descent implementation
(6)

for solving the normal equations (4), whete> 0 is a suitably
chosen step-size parametet,is an estimate fow® at iteration,
andV J(-) denotes the gradient vector #{w) evaluated atv; ;.
For 1 sufficiently small we will havew; — w® asi — oo. This
iterative solution could be applied at every ndder centrally at

wi = wi—1 — p [VJ(wi—1)]"

some central node. A distributed version can be motivated as fol-

lows.
The cost function/(w) can be decomposed as:
N
J(w) =" Jx(w), where Jy(w) = Eldy — upw|*  (7)
k=1
which allows us to rewrite (6) as
N *
W; = Wi—1 — K |:Z VJk(wi—l):| (8)
k=1

Now Ietq/;,(f) be alocal estimateof w° at nodek and timei and as-
sign the initial condition/;é” «— w;—1. Thenw; can be evaluated
by iteratingwél) through the nodes in the following manner:

P = @ 9)

Atthe end of the procedure (9), the last node will contain the global

estimatew; from (8), i.e.,w; «— w%). This scheme still requires

—,u[VJk(wi,l)]* 5 k:].,...,N

is white and Gaussian with? = 10~3. The curves are obtained
by averaging ove500 experiments withs = 0.05.

Now using instantaneous approximatioﬁ@,;c = di(i)ug,;
andRu,k = uy, ;ux,: in (10), and allowing for different step-sizes
at different nodes, leads todistributed incrementaLMS algo-
rithm, summarized below:

wéi) — Wi—1

D=0+ ey, (dk(i) - Uk,iw;(fll) (11)
with k = 1,..., N. In this algorithm, a weight estimate is circu-

lated through a path defined over the network and updated by local
adaptive filters using local data — see Fig. 3.
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Fig. 3. The structure of incremental LMS.



4. EXACT DISTRIBUTED RLS ADAPTATION

We formulate in this section a least-squares solution for estimat-

ing the unknown parameter vectof’. At each time instant, the
network has access to the following space-time data:

dy (Z) Ui
d2 (Z) Uz ;

y, = , and H;=| . : 12)
dn (7) Un,i

We can then seek an estimate fa@ft by solving a regularized least-
squares problem of the form [4]:

min |w* Tw + ||yl - ’Hiw”2 (13)

wherell > 0 is a regularization matrix an?; and’?{; collect all
the data that are available up to time

Yo Ho
Yy H;

yi = . and Hz = . (14)
Y; Hi

One could also incorporate weighting into (13) to account for
spatial relevance, temporal relevance, and node relevance. Here P,;il
we continue without weighting in order to convey the main idea.

We are thus interested in deriving a distributed implementation of

where now
Vi1 Hi-1
dl(’L) Ui ;
yE=| @@ | and HE=| Yi | (18
dk(l) Ur,i

Atthe end of the cyclezpj\’,) will contain the desired solutiow;. If

we start fromi = Owithw_; = 0 andP_; = II"! and repeatedly
apply (16), thenp%) will be the solution to (13). The distributed
RLS (dRLS) algorithm (16) can be motivated as follows. Note first
that the solution for (17) is given by [4]:

Y = Pt V) (19)
with
-1
Py = (H + Hf*Hf) . (20)
Partition)* andH¥ as follows:
ko yffl E 'Hffl
=] e =] e

Then a spatial recursion fdf;, ; can be found by substituting (21)
into (20):

T+ HE My
= O+HTHET 4 up U

the least-squares solution. Some related work has been recently = P,:_lu + Up ;Ui (22)

proposed where a global least-squares solution is achieved only
approximately at each node, and the algorithm demands large com-

which, by applying the matrix inversion lemma, leads to

munication and energy resources [5]. We proceed instead as fol- Pr_q1 ;U5 Ug i Pe—1;
N _ B P.. = P . s ek, Uk, s 23
lows. Assume thatv;; is the solution to the following least- L TN ETRY S L (23)
squares (LS) problem using the data that are available up to time ' o
i—1 Substituting (21) and (23) into (19) we get:
(&) _ ) k—1x~)k—1 * .
min |w* TTw + ||yz‘71 . Hi71w||2 ) (15) P = Pk,z (Hl yl + Ukﬂdk(l))
= PoyHETUYET!
We are interested in updating 1 to w; by accounting for the in- ‘—\(f)—’
coming data blockg; and H; at timei. An algorithm that updates =¥
w;—1 incrementally is given by: UgiPo_1.:U"
| P (1= R )G
s — wi—1; Poy— Pic ot s ko1 s
—1- Pr_q ;U5 Ukq 1 _
for k ‘ 1: N ‘ o _ k—1,iUg, k,* Pk—LiH? 1 yik 1
ek (1) = dk (i) — Uk,ithy~ L4 Ui Pro1,iU | s o—
(i) _ (%) Pr_1, * . _(4)
wk - wk*l + mukﬂek(l) (16) - Yk-1
- _ PevilhiUkiPeoti which leads to
Pri=PFPr 1, THug: P10, »
end (1) (2) k—1,i * .
_ =+ ——up e (i 24
w; — ,l/}x); P — PN,i~ wk wk 1 1 +Uk,iPk—1,iUZ’i k, k() ( )
Similarly to the incremental LMS in Section 3, algorithm (16) in- with
duces a cycle across the network, along which the estimate er(i) = di (i) — Uk,ﬂ/’g—)r (25)

is spatially updated by sequentially visiting every node once. At

each node, the estimateﬁfj) at times is the LS solution that is
based on the data blocRg_; and™;_1 and the data collected
along the path up to that node, namely

min T+ |VF = HEw)* | = o) (17

Grouping (23), (24), and (25) leads to (16). The algorithm struc-
ture is relatively simple and it can be understood as a standard
least-squares solution unwrapped along the collaboration cycle.
However, the nodes are exposed to data with distinct spatial and
noise profiles. This variation reflects itself in the performance of
the algorithm, which will be studied elsewhere.



5. LOW-COMMUNICATION DISTRIBUTED RLS
ADAPTATION

The algorithm proposed in the previous section implements ex-
act RLS distributively, whereby the nodes share information about
the local weight estimate@/z,(j)} and the matrice§ Py ; }. A less
complex solution that only shares information about the weight es-
timates can be obtained by requiring the matritEs ; } to evolve
locally. This strategy leads to:

1/Jc()i) — Wi—1
fork=1: N
ex(i) = di (i) — Uk,
i 1 P, i—
0 = 90, +

« .
T4uy, ;P i—1Uy uk’iek(l)

(26)

Py = |Pri-1— 10 P 1t
end
i
w; «4'1b§JX

To illustrate the operation of both algorithms dRLS and its low-
communication counterpart (LC-dRLS), we consider a network
with N = 15 nodes where each local filter hdg = 10 taps.
The system evolves fa0000 iterations and the results are aver-

aged overl00 independent experiments. The steady-state mean-

square error values are obtained by averaging thesl&ttime

samples. Each node accesses time-correlated spatially indepen-

dent Gaussian regressarg; with correlation functions (i) =
o2 (ap) i =0,...,M — 1, with {a)} and{s?,} ran-
domly chosen in0, 1) and depicted in Fig. 4. The background
noisevy (i) has variance , = 10~° across the network.
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Fig. 4. Network statistical profile.
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Fig. 5. MSE performance for both algorithms dRLS and LC-dRLS
across the network.

Note in Fig. 5 that both distributed RLS algorithms have sim-
ilar performance in the mean-square error sense, suggesting that
the low-communication implementation can be a quite competi-
tive suboptimal implementation.

6. DIFFUSION LMS ADAPTATION

When more communication and energy resources are available, we
may take advantage of the network connectivity and devise more
sophisticated peer-to-peer cooperation rules. We explore a simple
diffusion protocol (see Fig. 6). Each individual nokleonsults its
peer nodes from the neighborhdoly, (i — 1) and combines their
past estimate@@”l) ;¢ € Ni(i — 1)} with its own past estimate
,(j_l). The node generates an aggregated estira‘:n%ité1> and
feeds it in its local adaptive filter. This strategy can be expressed
as follows:
(i—1)
k

fr (wéi_l);é € Ni(i — 1))

1(:) ¢§:_1) + pug (dk(z) — uk,i@g_l)) 27)

for some combinefy (-).

i—1
Y1
O

Fig. 6. A network with diffusion cooperation strategy.

In this work we explore a simple combining rule in which the
aggregated estimate is generated by averaging local and neighbors
previous estimates, i.e.,

Vo= Y ak g w Y
LeEN
1#,?) = ;:71) + /Au;;’i (dk(l) — Uk,i¢7]<:71)) (28)

wherea(k,¢) = 1/dedgk), with deg(k) denoting the degree of
nodek (number of incident links at this node, including itself).
This scheme exploits network connectivity leading to more robust
algorithms. Furthermore, since more information is aggregated in
the local adaptive filter updates, individual nodes can attain bet-
ter learning behavior when compared to the non-cooperative case,
provided that the combinerf, are well designed. To illustrate
this fact, we run a simulation example with a networkMf= 10
adaptive filters with\/ = 10 taps each. The topology is presented
in Fig. 7, while the network statistical profile is presented in Fig.
8.

1The neighborhood of a nodeis the set of nodes directly connected
to it, including itself.
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Fig. 10. Steady-state EMSE per node for diffusion LMS.
Fig. 7. Network topology (self-loops omitted) for the diffusion

LMS example.
7. CONCLUDING REMARKS
1 0.1
e %, We have described adaptive schemes to perform distributed esti-

i / . mation in a cooperative fashion. When communication and en-
509 006 ergy resources are scarce, the incremental LMS scheme may be
§0_4 004 used. When more powerful processors are available at the nodes,
‘., i \//\\/ oo distributed RLS implementations with limited cooperation can be

' a, ’ employed. For general topologies, and with more energy and com-

o 2 s 10 o 2 5 10 munication resources, one can resort to diffusion LMS strategies.
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The diffusion techniques can also be extended to recursive least-

Fig. 8. Network statistical profile: regressors power and correla- Squares formulations, which we will examine elsewhere.

tion indices (left) and noise power (right).
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We compare the diffusion LMS with the non-cooperative case,
in which the adaptive filters evolve independently accessing lo-
cal data and consulting their own past estimates only. We use the
global EMSE average, defined as

1>

1 N
Co N;@ (29)

as a figure of merit, wherg; is the local EMSE at nodk. Figure

9 shows the global learning behavior and Figure 9 presents the
network individual EMSE profile in steady-state. Despite some
losses at a few nodes, as for this case in fdden average, the
entire system benefits from cooperation.



