A Robust Minimum-Variance Filter for Time
Varying Uncertain Discrete-Time Systems
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Abstract—A robust filter is designed for uncertain discrete
time models. The filter is based on a regularized solution
and guarantees minimum state error variance. Simulation
results confirm its superior performance over other robust
filter designs.
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I. INTRODUCTION

Most robust filtering designs perform de-regularization
and involve existence conditions (see, e.g., [1]-[4]). This
property can be problematic for real time/online filter-
ing operations on time varying models because it entails
checking the conditions on a regular basis. When the con-
ditions fail, the filter robustness is lost. In [5], a robust fil-
ter was proposed that performs regularization as opposed
to de-regularization. The design procedure in [5] involved
choosing a certain Ricatti variable so as to enforce a local
optimality property. In this paper, we show how to de-
termine the weighting regularization matrices in order to
minimize the state error covariance matrix globally. Simu-
lation results are included to illustrate the performance of
the proposed filter in comparison to other robust designs.

II. LEAST-SQUARES WITH UNCERTAINTIES

Many estimation and control problems rely on solving
regularized least-squares problems of the form (see, e.g.,

(6:

min [z7Qz + (Az — b)"W (Az - b)] (1)
where 27 Qz is a regularization term, Q > 0 and W >
O are Hermitian weighting matrices, z is an unknown
n—dimensional column vector, A is a known N x n data
matrix, and b is a known N x 1 measurement vector. The
solution of (1) is

2=[Q+ATWA]" ATWb )
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When the nominal data {4, b} are subject to uncertain-
ties, especially large ones, the performance of the optimal
estimator (2) can degrade appreciably. In [8], a general-
ization of (1) that accounts for uncertainties in {4, b} was
introduced. Let J(x,y) denote a cost function of the form

J(z,y) = 27Qx + R(z, y) with

: T

R(z,y) = ((A+6A)z—(b+5b)> w ((A+ 5A)z—-(b+6b))
3)

where 6 A denotes an IV X n perturbation to A, §b denotes

an N x 1 perturbation to b, and {04, §b} are assumed to

satisfy a model of the form

[6A 6] = HA[E, Ey] )

where A is an arbitrary contraction, ||A| < 1, and
{H, E,, Ey} are known quantities of appropriate dimen-
sions. Consider then the constrained two player game
problem

)

T = argmin max J(z,
gmin max, (z,y)

subject to (4). The following result is proven in [8].

Theorem 1: The problem (4)—(5) has a unique solution
Z that is given by

—~ — -1 o~ ~
b= [Q+ATWA| [A™Wb + BETE,| 6)
where
Q & Q+PBETE, 7
W & W+WHQ@BI-H'WH) HTW 8)
and the scalar B is determined from the optimization
B = arg ﬂZ[Ig;%VHH G(B) ©)
where the function G() is defined as follows:
AT 2
G(B) 22" (8)Qa(8) + BlEa() - B o
+ [Az(8) - 8] W (6)[Az(8) — b] :
with
w(B) = W+WH(BI-HTWH)'HTW 1)
QB) = Q+PBEIE, (12)
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and

-1

2(5) 2 [Q)+ ATWB)A|  [ATW (o + BETE (1)

[The notation X denotes the pseudo-inverse of X.]

¢

It is shown in [8], [9] that the function G((3) has a unique
global minimum (and no local minima) inside this interval,
which means that the determination of ﬁ can be pursued by
employing standard search procedures without worrying
about convergence to undesired local minima. Actually, it
was argued in [5] that a reasonable approximation for 8is
to choose itas 3 = (1 + a)||HTW H|| for some o > 0.

III. THE DATA MODEL
Now consider an n—dimensional state-space model of
the form :

(14)
(15)

Fyzp + Grwg
(Hy + AHp)zp + vk, k>0

Ter1 =
Y =

where {wy, vy} are uncorrelated white zero-mean random

processes with variances
Ewgwy, = Wy, Evvy, = Vg,

and z is a zero-mean random variable that is uncorrelated

with {wy, vy} for all k. The uncertainties A Hy, are mod-

elled as

AHk = M ArE} (16)

where M}, and Ej, are known matrices, while Ay, is an ar-
bitrary contraction, AfAk < I

We consider two types of uncertainty descriptions for the
state matrices F: one is in terms of polytopic uncertain-
ties and the other is in terms of norm bounded uncertain-
ties. In the first case, we assume that the Fj, lie inside
convex bounded polyhedral domains Ky described by p
vertices as follows:

i= i=
Ky = {Fk = Zpai,kFi,k, ik 2 0, f%‘,k = 1}
= = 17
In the second case, we assume that the F}, are described by
F, = F) + AF,, AFy = NpApJp (18)
for some known FP.

1886

IV. ROBUST STATE SPACE FILTERING

When uncertainties are not present in the model (14)-
(15), it is known that the optimal linear estimator for the
state vector is the Kalman filter [10]. This filter admits a
deterministic interpretation as the solution to a regularized
least-squares problem as follows. Let
Tjk—1 2 an estimate of zk given {yo, Y1, .-, Yk—1}

A

an estimate of x, given {yo, Y1, - -, Yk—1, Yk}

Tk
Given the predicted estimate 2| and an observation y,
the filtered estimate £, computed by the Kalman filter is
the solution of

min [z = dxp-alho + lye = Hialla] - (19)

where Py and Ry, are the state-error and the measurement
noise covariance matrices, respectively. When uncertain-
ties are present in { Hy, Fy}, we could formulate a robust
version of (19), by solving instead a min-max problem of
the form:

min max

in max (llz = Eue-al[B, + llve = (Hi + 6H)z ], )

(20)

This formulation was proposed in [5]. Compared with
other robust designs it has the advantage of performing
regularization as opposed to de-regularization. This prop-
erty is useful for on-line/real-time opertaion. In [S], how-
ever, the weighing matrices Py in (19) were determined
through Ricatti equations that enforce a local optimality
criterion. In the sequel, we shall determine Py to mini-
mize the state error covariance matrix globally. We do so
by re-parametrizing Py and Ry, in terms of a single param-
eter @, over which the global minimization of the error
covariance is shown to reduce to a linear convex problem.

A. Polytopic Uncertainties

We consider first the case of polytopic uncertainties in Fj,
as in (17). Our objective is then to design a robust linear
estimator for the state variable xj of the form

FpkZk—1 + Kprk, 20
F&p

(21)
(22)

Tpe =
Tere =

for some matrices Iy,  and K i to be determined in order
to minimize the worst case error variance of the state for
all uncertainties, and where F,? denotes the centroid of the
polytope Ki:

i=p
o 1
FQ==>"Fi (23)
p =1
Proceedings of the American Control Conference
Denver, Colorado June 4-6, 2003



Assume first that the F}, are fixed; we will incorporate the
uncertainties in F, soon. With uncertainties in the output

Then 7, satisfies

matrices Hy, alone, problem (20) becomes Mks1 = Fxni + Griig (34)
mxinrglg:( ( |z — jklk—l”?ﬂk—l + |y — (Hx + csHk):zH?q’;1 ) where
(24)
we = (:j’:) (35)
which can be written more compactly in the form (3)—(5)
with the identifications: B = Fy 0 ) (36)
. ) By — Fypp — KppHr  Fppi
z — {xkx—ZTgp-1}, be— yp — Hipp—
= G 0
G ~Kypy
8b «— —MiAgEpdgp-1, Q— P!
W — R;!, He— My, E, — Ey and the covariance matrix of 7, satisfies
By — —Bidup-1, b= Be A Hi M1 = FILET + GuSGT (38)
From Theorem 1, the solution Z;, of (24) is given by where We 0
S= ( k ) (39)
. . - P A - 0 V
Buk = Euk-1+(Pe ' + BEL By + H{ R Hy) ™! k

{HT Ry (v — Hidwip—1) — BEL Exiirje-1}

(25)
where X
Ri' = (R — B MpMT)™! (26)
If we now define Q) as
Qv (P + BETE, + HIRTIH) ™Y (27)
then the expression for £y, becomes
e =(I — QuBEY By — Qe H{ Ry Hy) gy 8

+ QuHL R Yy

in terms of the free parameter ().

Noting that wy, is a zero-mean white random process, we
let the following be an estimate of z;; given the mea-

surement yi:
N A 04
Tk = F ik (29)

We then get .
Tk = Fpkrp—1 + KpkVk (30)

where Fp,; and K, . are defined as

Fpr = F(I - QuBE; Ex — QuH{ Ry Hi)(31)
Kpp = FRQuHLER! (32)
Denoting Zy, = xx— 2|1, We define the extended weight
vector
a (=
77k (xk) (33)
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and Iy is the covariance of 7.

Observe that the expressions for {Fpy, K,x} are
parametrized in terms of the free parameter Q. We shall
choose @)y so as to minimize the covariance of 7. In this
way, the resulting filter will satisfy the robustness condi-
tion (24) in addition to minimizing the state error variance.
This is achieved as follows.A First note that Qg in (27) is to
problem (24) as the matrix Q4+ AT W A in (6) is to problem
(3)-(5). Therefore, Q; must be positive definite matrices
so that the 2y, are guaranteed to be minima of (24). Then
we shall choose Qr > 0 so as to minimize I of (40).
This can be obtained by solving

min

Qx>0

Trace(Ilxy1)

subject to the following inequality

Mgty > B FY + GSGE (40)
or, equivalently,
Hk+1 FkIIk Gksl/2
M Er -1, 0 <0 41
ST2GT 0 -1

In order to incorporate the polytopic uncertainties in the
Fy, as defined by the sets K, we need to solve the
above optimization problem with F}, taking values at the
vertices of the convex polytope K, ie., from the set
{Fik, Fajyoonn.. , Fpk}. Since the inequality (41) is affine
in F}, the Qy thus found will ensure minimum error co-
variance Il over all possible Fj in K. Therefore, the
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time varying robust filter is given by (30)—(32) where Q

is the positive definite solution of (41) with Fj taking
values on the vertices of the convex polytope K, and
[Ty = diag{P,,el}.

Remark : To guarantee mean square stability in the infi-
nite horizon case for a stable stationary model with con-
stant matrices { F, G, H }, we may proceed as follows. We
assume || F'|| < 1 and choose Q) to satisfy (41) as well as
|Fi|l < 1. This additional constraint is easily represented
in terms of a linear matrix inequality in the variable Q) as

I FT
(Fk I)>0

B. Norm Bounded Uncertainties

42)

We now consider the case of norm bounded uncertainties
in F}, as in (18) for a finite horizon operation. In this case
the covariance matrix of the extended state vector n; will
satisfy

g1 = (Fk + NkAjk)Hk(Fk + NkAjk)T + GkSG'?;

43)
where
. 0
e = (FI?“FP,f}iKP,kH’C Fg,k) @9
N = (ﬁ’; 8) 45)
i = (‘(I)’“ 8) (46)

Let €, be any positive scalar and let (ak,hak) be such that
oI — JylkJF > 0 and F*IJT I EL < o I. Then

My < BIGET +GLSGE

+C¥kaNZ + NkAijkFg

L EMIL T ATRT

Fkﬂkﬁg + G’kSG{ + (Oé}c + Ek)NkNE
+e;1ﬁ‘kﬂkj{jkﬂkﬁ,?

F‘kaﬁ‘E + GkSég + (Oz]c + €;C)NkN]31
+e; topl =gy

IA

IN

where in the second inequality we used the fact that for
any real matrices {X,Y, J} with JTJ < uI, it holds for
any scalar € > 0,

XJITY + YTIXT < e 'uXXT +eYTY (@7

We have thus found an upper bound on Il that is inde-
pendent of A. We can now choose @, > 0 so as to solve

Trace(Ig, 1)

min
Qr > 0, a, 0%
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TABLE1
ERROR VARIANCE WITH UNCERTAINTIES IN Fj, ALONE.

Filters error variance
Proposed filter 150.9
filter of [5] 175.5
Guaranteed-cost filter [1] 503.4
Set-valued filter [2] 1606.7
Kalman filter with nominal model 2404

L ﬁ‘kﬁk ék51/2
M ET -0, 0 <0 (48)
ST2GT 0 -1
orl  FFILJT
s K >0 49
(JkaFkT I 49
and
arl — I JE >0 (50)

where L = —TIj1 + (o + ek)NkNE + e;lakI.

V. SIMULATIONS

To illustrate the developed filter, we choose an imple-
mentation of order 2 with Ey, = [[12 .12], M} = 1 for
all k. The uncertain state matrices Fj}, are assumed to lie
inside the convex polytope

_ (9802 0196+
F’“‘( 0 .5802+6) 1

with |6] < 0.4982

Table 1 shows the average squared state-error values (av-
eraged over 50 experiments) for the Kalman filter, the pro-
posed filter, the set-valued estimation filter [2], the guaran-
teed cost filter [1], and the filter of [5].

When there are uncertainties in the output matrices Hy,
in addition to those in Fy, the proposed filter outperforms
the other filters (which actually have not been designed to
deal with output uncertainties). In the above example, if
the uncertainties in Hy are determined by M}, = 1 and
Ey = .4, the robust filter performs better as shown in table
2.

VI. CONCLUSION

In this paper we developed a robust filter for state-space
estimation. The design procedure is through the solution
of a regularized weighted recursive least squares problem
and enforces a minimum state error variance.
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TABLE 11

ERROR VARIANCE WITH UNCERTAINTIES IN Fi, AND Hy.

(1]

(2]

[3]

(4]

(]

(61
M

18]

9]

[10]

Filters error variance
Proposed filter 190.9
filter of [5] 500.5
Guaranteed-cost filter [1] 1000.4
Set-valued filter [2] 2800.7
Kalman filter with nominal model 3904.6
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