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ROBUSTNESS ISSUES IN ADAPTIVE FILTERING

Ali H. Sayed and Markus Rupp

Adaptive filters are systems that adjust themselves to a changing environment. They are de-
signed to meet certain performance specifications and are expected to perform reasonably well
under the operating conditions for which they have been designed. In practice, however, factors
that may have been ignored or overlooked in the design phase of the system can affect the perfor-
mance of the adaptive scheme that has been chosen for the system. Such factors include unmodeled
dynamics, modeling errors, measurement noise, and quantization errors, among others, and their
effect on the performance of an adaptive filter could be critical to the proposed application. More-
over, technological advancements in digital circuit and VLSI design have spurred an increase in the
range of new adaptive filtering applications in fields ranging from biomedical engineering to wireless
communications. For these new areas, it is increasingly important to design adaptive schemes that
are tolerant to unknown or non-traditional factors and effects. The aim of this chapter is to explore
and determine the robustness properties of some classical adaptive schemes. Our presentation is
meant as an introduction to these issues, and many of the relevant details of specific topics dis-
cussed in this section, and alternative points of view, can be found in the references at the end of
the chapter.

1 Motivation and Example

A classical application of adaptive filtering is that of system identification. The basic problem
formulation is depicted in Figure 1, where z~! denotes the unit-time delay operator. The dia-
gram contains two system blocks: one representing the unknown plant or system and the other
containing a time-variant tapped-delay-line or finite-impulse-response (FIR) filter structure. The
unknown plant represents an arbitrary relationship between its input and output. This block might
implement a pole-zero transfer function, an all-pole or autoregressive transfer function, a fixed or
time-varying FIR system, a nonlinear mapping, or some other complex system. In any case, it is
desired to determine an FIR model for the unknown system of a pre-determined impulse response
length M, and whose coefficients at time i — 1 are denoted by {wii—1,w2i1,...,wm,i—1}. The
unknown system and the FIR filter are excited by the same input sequence {u(i)}, where the time
origin is at ¢ = 0.

If we collect the FIR coefficients into a column vector, say w;_1 = col{w j—1,wa2,i—1,...,Wnri—1},
and define the state vector of the FIR model at time 7 as u; = col{u(i),u(i —1),...,u(i — M +1)},
then the output of the FIR filter at time i is the inner product u} w;_;. In principle, this inner
product should be compared with the output y(i) of the unknown plant in order to determine
whether or not the FIR output is a good enough approximation for the output of the plant and,
therefore, whether or not the current coefficient vector w;_1 should be updated.
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Figure 1: A system identification example.

In general, however, we do not have direct access to the uncorrupted output y(z) of the plant
but rather to a noisy measurement of it, say d(i) = y(¢) + v(7). The purpose of an adaptive scheme
is to employ the output error sequence {e(i) = d(i) — u} w;_1}, which measures how far d(i) is
from u;fpwi_l, in order to update the entries of w;_; and provide a better model, say w;, for the
unknown system. That is, the purpose of the adaptive filter is to employ the available data at time
i, {d(i),wi_1,u;}, in order to update the coefficient vector w;_; into a presumably better estimate
vector w;.

In this sense, we may regard the adaptive filter as a recursive estimator that tries to come up
with a coefficient vector w that “best” matches the observed data {d(i)} in the sense that, for all
i, d(i) ~ ul'w + v(i) to good accuracy. The successive w; provide estimates for the unknown and
desired w.

2 Adaptive Filter Structure

We may reformulate the above adaptive problem in mathematical terms as follows. Let {u;} be a
sequence of regression vectors and let w be an unknown column vector to be estimated or identified.
Given noisy measurements {d(i)} that are assumed to be related to u} w via an additive noise model
of the form

d(i) = ul w + v(i) , (1)

we wish to employ the given data {d(¢), u;} in order to provide recursive estimates for w at successive
time instants, say {wp, w1, wa,...}. We refer to these estimates as weight estimates since they
provide estimates for the coefficients or weights of the tapped-delay model.

Most adaptive schemes perform this task in a recursive manner that fits into the following
general description: starting with an initial guess for w, say w_, iterate according to the learning

rule
new weight old weight correction
. = . + ,
estimate estimate term
where the correction term is usually a function of {d(7), u;,o0ld weight estimate}. More compactly,

we may write w; = w;_1 + f[d(¢), u;, w;_1], where w; denotes an estimate for w at time ¢ and f
denotes a function of the data {d(i), u;, w;_1} or of previous values of the data, as in the case where



only a filtered version of the error signal d(i) — ul w;_; is available. In this context, the well-known
least-mean-square (LMS) algorithm has the form

where p is known as the step-size parameter.

3 Performance and Robustness Issues

The performance of an adaptive scheme can be studied from many different points of view. One
distinctive methodology that has attracted considerable attention in the adaptive filtering literature
is based on stochastic considerations that have become known as the independence assumptions.
In this context, certain statistical assumptions are made on the natures of the noise signal {v(7)}
and of the regression vectors {u;}, and conclusions are derived regarding the steady-state behavior
of the adaptive filter.

The discussion in this chapter avoids statistical considerations and develops the analysis in a
purely deterministic framework that is convenient when prior statistical information is unavailable
or when the independence assumptions are unreasonable. The conclusions discussed herein highlight
certain features of the adaptive algorithms that hold regardless of any statistical considerations in
an adaptive filtering task.

Returning to the data model in (1), we see that it assumes the existence of an unknown weight
vector w that describes, along with the regression vectors {u;}, the uncorrupted data {y(¢)}. This
assumption may or may not hold.

For example, if the unknown plant in the system identification scenario of Fig. 1 is itself an FIR
system of length M, then there exists an unknown weight vector w that satisfies (1). In this case,
the successive estimates provided by the adaptive filter attempt to identify the unknown weight
vector of the plant.

If, on the other hand, the unknown plant of Fig. 1 is an autoregressive model of the simple form

# =l+eczt+c227 243273+ ...
1—cz!

where |c| < 1, then an infinitely-long tapped-delay line is necessary to justify a model of the form
(1). In this case, the first term in the linear regression model (1) for a finite order M cannot describe
the uncorrupted data {y(7)} exactly, and thus modeling errors are inevitable. Such modeling errors
can naturally be included in the noise term v(z). Thus, we shall use the term v(z) in (1) to account
not only for measurement noise but also for modeling errors, unmodeled dynamics, quantization
effects, and other kind of disturbances within the system. In many cases, the performance of the
adaptive filter depends on how these unknown disturbances affect the weight estimates.

A second source of error in the adaptive system is due to the initial guess w_; for the weight
vector. Due to the iterative nature of our chosen adaptive scheme, it is expected that this initial
weight vector plays less of a role in the steady-state performance of the adaptive filter. However,
for a finite number of iterations of the adaptive algorithm, both the noise term v(7) and the initial
weight error vector (w —w_1) are disturbances that affect the performance of the adaptive scheme,
particularly since the system designer often has little control over them.

The purpose of a robust adaptive filter design, then, is to develop a recursive estimator that
minimizes in some well-defined sense the effect of any unknown disturbances on the performance
of the filter. For this purpose, we first need to quantify or measure the effect of the disturbances.
We address this concern in the following sections.



4 Error and Energy Measures

Assuming that the model (1) is reasonable, two error quantities come to mind. The first one
measures how far the weight estimate w;_; provided by the adaptive filter is from the true weight
vector w that we are trying to identify. We refer to this quantity as the weight error at time (i — 1),
and we denote it by w;_1 = w — w;_1. The second type of error measures how far the estimate
uszi_l is from the uncorrupted output term u;TFW. We shall call this the a priori estimation error,
and we denote it by e,(i) = u,Tv"vi,l. Similarly, we define an a posterior:i estimation error as
ep(t) = u}w;. Comparing with the definition of the a priori error, the a posteriori error employs
the most recent weight error vector.

Ideally, one would like to make the estimation errors {W;,eq(i)} or {W;,e,(i)} as small as
possible. This objective is hindered by the presence of the disturbances {w_;,v(#)}. For this
reason, an adaptive filter is said to be robust if the effects of the disturbances {W_1,v(Z)} on the
resulting estimation errors {W;,e,()} or {W;,ep(%)} is small in a well-defined sense. To this end,
we can employ one of several measures to denote how “small” these effects are. For our discussion,
a quantity known as the energy of a signal will be used to quantify these effects. The energy of a
sequence (i) of length N is measured by &, = SN |z(i)[?. A finite energy sequence is one for
which £, < 0o as N — oo. Likewise, a finite power sequence is one for which

] N1
. N
Py = lim <N ;:0 |z(7)] ) < o0.

5 Robust Adaptive Filtering

We can now quantify what we mean by robustness in the adaptive filtering context. Let .4 denote
any adaptive filter that operates causally on the input data {d(7),u;}. A causal adaptive scheme
produces a weight vector estimate at time ¢ that depends only on the data available up to and
including time ¢. This adaptive scheme receives as input the data {d(i), u;} and provides as output
the weight vector estimates {w;}. Based on these estimates, we introduce one or more estimation
error quantities such as the pair {W;_1,e,(7)} defined above. Even though these quantities are not
explicitly available because w is unknown, they are of interest to us as their magnitudes determine
how well or how poorly a candidate adaptive filtering scheme might perform.

{v(@)}

(@) — Adaptive — (Wi}

A

{wi} ——={ algorithm[——= {ea(d)}

W_1

Figure 2: Input-output map of a generic adaptive scheme.



Fig. 2 indicates the relationship between {d(i),u;} to {W; 1,e,(i)} in block diagram form.
This schematic representation indicates that an adaptive filter A operates on {d(i),u;} and that
its performance relies on the sizes of the error quantities {W;_1, e4(¢)}, which could be replaced
by the error quantities {W;,ep()} if desired. This representation explicitly denotes the quantities
{W_1,v(?)} as disturbances to the adaptive scheme.

In order to measure the effect of the disturbances on the performance of an adaptive scheme, it
will be helpful to determine the explicit relationship between the disturbances and the estimation
errors that is provided by the adaptive filter. For example, we would like to know what effect
the noise terms and the initial weight error guess {W_1,v(7)} would have on the resulting a priori
estimation errors and the final weight error, {e,(i), Wy}, for a given adaptive scheme. Knowing
such a relationship, we can then quantify the robustness of the adaptive scheme by determining
the degree to which disturbances affect the size of the estimation errors.

We now illustrate how this disturbances-to-estimation-errors relationship can be determined by
considering the LMS algorithm in (2). Since d(i) — ufw;_1 = e4(i) + v(i), we can subtract w from
both sides of (2) to obtain the weight-error update equation

Wi =Wi1—p-u-[ea(i) +0(i)] - 3)

Assume that we run N steps of the LMS recursion starting with an initial guess w_;. This
operation generates the weight error estimates {Wq, W1, ..., Wy} and the a priori estimation errors

{ea(0),...,eq(N)}.

Define the following two column vectors:

dist = col{#v"v_l,v(ﬂ),v(l),... ,v(N)} , error col{ea(O),ea(l),...,ea(N),%vVN} .
The vector dist contains the disturbances that affect the performance of the adaptive filter. The
initial weight error vector is scaled by p~1/2 for convenience. Likewise, the vector error contains
the a priori estimation errors and the final weight error vector which has also been scaled by
p~ /2. The weight error update relation in (3) allows us to relate the entries of both vectors in a
straightforward manner. For example,

a(0) = ufw_; = (Vi uf) (i v*m) ,

which shows how the first entry of error relates to the first entry of dist. Similarly, for e4(1) = uf W,
we obtain

o) = (vindlr —mond]) Zses — (wufuo) o00),

which relates eq(1) to the first two entries of the vector dist. Continuing in this manner, we can
relate e4(2) to the first three entries of dist, e,(3) to the first four entries of dist, and so on.
In general, we can compactly express this relationship as

- L
¢a(0) X X ) W VEYL
ea(1) v(0)

| - o(1)
ea(V) :
VEWN | X x x x x x J v(N)
error S pa d dist



where the symbol X is used to denote the entries of the lower triangular mapping 7 relating dist to
error. The specific values of the entries of T are not of interest for now, although we have indicated
how the expressions for these x terms can be found. However, the causal nature of the adaptive
algorithm requires that 7 be of lower triangular form.

Given the above relationship, our objective is to quantify the effect of the disturbances on the
estimation errors. Let £; and &£, denote the energies of the vectors dist and error, respectively, such
that

1 A 1 A
Ee==Wnl? + Y lea(@’ and E4=—[IW|® + D |v(D),
K i=0 K i=0
where || - || denotes the Euclidean norm of a vector. We shall say that the LMS adaptive algorithm
is robust with level v if a relation of the form

Ee 9
— <
g =7 (4)

holds for some positive v and for any nonzero, finite-energy disturbance vector dist. In other words,
no matter what the disturbances {W_1,v(¢)} are, the energy of the resulting estimation errors will
never exceed 2 times the energy of the associated disturbances.

The form of the mapping 7 affects the value of v in (4) for any particular algorithm. To see
this result, recall that for any finite-dimensional matrix A, its maximum singular value, denoted by
7(A), is defined by (A) = maxgg %. Hence, the square of the maximum singular value, 52(A4),
measures the maximum energy gain from the vector x to the resulting vector Az. Therefore, if a

relation of the form (4) should hold for any nonzero disturbance vector dist, then it means that
| Tdist ||
max —— ——
dist-o || dist |
Consequently, the maximum singular value of 7 must be bounded by . This imposes a condition
on the allowable values for «; its smallest value can not be smaller than the maximum singular
value of the resulting 7.

Ideally, we would like the value of v in (4) to be as small as possible. In particular, an algorithm
for which the value of v is one would guarantee that the estimation error energy will never exceed
the disturbance energy, no matter what the natures of the disturbances are! Such an algorithm
would possess a good degree of robustness since it would guarantee that the disturbance energy
will never be unnecessarily magnified.

Before continuing our study, we ask and answer the obvious questions that arise at this point:

o What is the smallest possible value for v for the LMS algorithm? It turns out for the LMS
algorithm that, under certain conditions on the step-size parameter, the smallest possible
value for = is one. Thus, &, < &; for the LMS algorithm.

o Does there ezist any other causal adaptive algorithm that would result in a value for v in (4)
that is smaller than one? It can be argued that no such algorithm exists for the model (1)
and criterion (4).

In other words, the LMS algorithm is in fact the most robust adaptive algorithm in the sense
defined by (4). This result provides a rigorous basis for the excellent robustness properties that
the LMS algorithm, and several of its variants, have shown in practical situations. The references
at the end of the chapter provide an overview of the published works that have established these
conclusions. Here, we only motivate them from first principles. In so doing, we shall also discuss
other results (and tools) that can be used in order to impose certain robustness and convergence
properties on other classes of adaptive schemes.



6 Energy Bounds and Passivity Relations

Consider the LMS recursion in (2), with a time-varying step-size u(i) for purposes of generality, as
given by

Wi = Wit + (i) - - [d(§) —uf - wii] . (5)
Subtracting the optimal coefficient vector w from both sides and squaring the resulting expressions,
we obtain

IWill> = || Wi—1 — p(@) - w; - [ea(d) +0(@)] |° -
Expanding the right-hand side of this relationship and rearranging terms leads to the equality
Wil = Wit + u(@) - lea(@)I? — p() - Jo(@)* = p(0) - [ea (@) + v(@)]? - [p() - [lu]]* - 1]

The right-hand side in the above equality is the product of three terms. Two of these terms, pu(i)
and |eq(i) + v(i)|?, are nonnegative, whereas the term (u(i) - |u;]|> — 1) can be positive, negative,
or zero depending on the relative magnitudes of u(i) and ||u;||2. If we define ji(i) as (assuming
non-zero regression vectors):

() = flwil 7%, (6)
then the following relations hold:

2 4w le. (52 <1 for 0< p(i)<pa()
[Wil* + p(3) |ea(d)] Z1 for p(i) =

[WiaP+ @ P | 51 for M(z—)mﬁi)

The result for 0 < p(i) < (i) has a nice interpretation. It states that, no matter what the value of
v(i) is and no matter how far w;_; is from w, the sum of the two energies ||W;||? + u(7) - |eq (3)|? will
always be smaller than or equal to the sum of the two disturbance energies ||%;_1]/2 + pu(3) - |v(3)|%.
This relationship is a statement of the passivity of the algorithm locally in time, as it holds for
every time instant. Similar relationships can be developed in terms of the a posterior:i estimation
error.
Since this relationship holds for each time instant %, it also holds over an interval of time such
that
[onl? + S¥oleaP _ -
oo+ SN R

where we have introduced the normalized a priori residuals and noise signals

2ali) = \/u(i) cai)  and  8(5) = \/u(s) v(i),

respectively. Equation (7) states that the lower-triangular matrix that maps the normalized noise
signals {#(i)}~, and the initial uncertainty w_; to the normalized a priori residuals {&,(7)}¥,
and the final weight error W has a maximum singular value that is less than one. Thus, it is a
contraction mapping for 0 < p(i) < fi(i). For the special case of a constant step-size y, this is the
same mapping 7 that we introduced earlier before (4).

In the above derivation, we have assumed for simplicity of presentation that the denominators
of all expressions are nonzero. We can avoid this restriction by working with differences rather
than ratios. Let Ay(w_1,v(-)) denote the difference between the numerator and the denominator
of (7), such that

An(w_1,0()) = {nwu? - Z|éa<z'>|2} - {||v~v_1||2 - Zwmﬁ’} . ®)
i=0 1=0
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Then, a similar argument that produced (7) can be used to show that for any {w_1,v(-)},

An(w_1,v(:)) <0. 9)

7 Min-Max Optimality of Adaptive Gradient Algorithms

The property in (7) or (9) is valid for any initial guess w_; and for any noise sequence v(-), so
long as the u(i) are properly bounded by fi(z). One might then wonder whether the bound in (7)
is tight or not. In other words, are there choices {w_1,v(:)} for which the ratio in (7) can be made
arbitrarily close to one or Ay in (9) arbitrarily close to zero? We now show that there are. We
can rewrite the gradient recursion of (5) in the equivalent form

wi = Wi1+p()-ui-lea(d) +v(@)] - (10)

Envision a noise sequence v(%) that satisfies v(i) = —ey(7) at each time instant 7. Such a sequence
may seem unrealistic but is entirely within the realm of our unrestricted model of the unknown
disturbances. In this case, the above gradient recursion trivializes to w; = w;_1 for all ¢, thus
leading to wy = w_3. Thus, Ay in (8) will be zero for this particular experiment. Therefore,

max An(w_1,v(:))} = 0.
e {Ay(wos,00)

We now consider the following question: how does the gradient recursion in (5) compare with
other possible causal recursive algorithms for the update of the weight estimate? Let A denote any
given causal algorithm. Suppose that we initialize algorithm A4 with w_; = w, and suppose the
noise sequence is given by v(i) = —e4 (i) for 0 < i < N. Then, we have

N N N
D@1 =Y lea@f < IWnl>+ ) 12D,
i=0 1=0

=0

no matter what the value of Wy is. This particular choice of initial guess (w_; = w) and noise
sequence {v(-)} will always result in a nonnegative value of Ay in (8), implying for any causal
algorithm A that
max  {Any(w_1,v(-))} >0.
{w-1,0()}

For the gradient recursion in (5), the maximum has to be exactly zero because the global property
(9) provided us with an inequality in the other direction. Therefore, the algorithm in (5) solves the
following optimization problem:

min ma; An(w_1,v(- ’
Algorithm {{w_l,f(.)} N(W-1,9( ))}

and that the optimal value is equal to zero. More details and justification can be found in the
references at the end of this chapter, especially connections with so-called H,, estimation theory.

As explained before, Ay measures the difference between the output energy and the input
energy of the algorithm mapping 7. The gradient algorithm in (5) minimizes the maximum possible
difference between these two energies over all disturbances with finite energy. In other words, it
minimizes the effect that the worst-possible input disturbances can have on the resulting estimation-
error energy.



8 Comparison of LMS and RLS Algorithms

To illustrate the ideas in our discussion, we compare the robustness performance of two classical
algorithms: the LMS algorithm (2) and the recursive least-squares (RLS) algorithm. More details
on the example given below can be found in the reference section at the end of the chapter.

Consider the data model in (1) where u; is a scalar that randomly assumes the values +1 and —1
with equal probability. Let w = 0.25, and let v(z) be an uncorrelated Gaussian noise sequence with
unit variance. We first employ the LMS recursion in (2) and compute the initial 150 estimates w;,
starting with w_; = 0 and using u = 0.97. Note that u satisfies the requirement p < 1/|w;||? = 1
for all i. We then evaluate the entries of the resulting mapping 7, now denoted by Tpns, that
we defined in (4). We then compute the corresponding 7;;s for the recursive-least-squares (RLS)
algorithm for these signals, which for this special data model can be expressed as

biyg;
1+ p;

Di
1+pi'

Wiyl = Wi + [d(i) —ufwia], pit1=
The initial condition chosen for p; is pg = u = 0.97.

Fig. 3 shows a plot of the 150 singular values of the resulting mappings Tpns and T.s. As
predicted from our analysis, the singular values of 7,5, indicated by an almost horizontal line at
unity, are all bounded by one, whereas the maximum singular value of 7,;s is approximately 1.65.
This result indicates that the LMS algorithm is indeed more robust than the RLS algorithm, as is
predicted by the earlier analysis.

Observe, however, that most of the singular values of 7,;; are considerably smaller than one
whereas the singular values of 7,5 are clustered around one. This has an interesting interpretation
that we explain as follows. An N x N-dimensional matrix A has N singular values {o;} that are
equal to the positive square-roots of the eigenvalues of AAT. For each o;, there exists a unit-norm
vector z; such that the energy gain from z; to Az; is equal to o2, ie., o; = ||Az;||/||zi||. The
vector z; can be chosen as the i-th right singular vector of A. Now, recall that Ty, and T
are finite-dimensional matrices that map a disturbance vector dist to the estimation-errors vector
error. Considering the plot of the singular values of 7,;s, we see that if the disturbance vector dist
happens to lie in the range space of the right singular vectors associated with the smaller singular
values in this plot, then its effect will be significantly attenuated. This fact indicates that while
the performance of the LMS algorithm guards against worst-case disturbances, the RLS algorithm
is likely to have a better performance than the LMS algorithm on average, as is well-known.
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Figure 3: Singular value plot.



9 Time-Domain Feedback Analysis

Robust adaptive filters are designed to induce contractive mappings between sequences of numbers.
This fact has also important implications on the convergence performance of a robust adaptive
scheme. In the remaining sections of this chapter, we discuss the combined issues of robustness and
convergence from a deterministic standpoint. In particular, the following issues are discussed:

o We show that each step of the update equation of the gradient algorithm in (5) can be
described in terms of an elementary section that possesses a useful feedback structure.

¢ The feedback structure provides insights into the robust and convergence performance of
the adaptive scheme. This is achieved by studying the energy flow through a cascade of
elementary sections and by invoking a useful tool from system theory known as the small
gain theorem.

¢ The feedback analysis extends to more general update relations. The example considered
here is filtered-error LMS algorithm, although the methodology can be extended to other
structures such as perceptrons. Details can be found in the references at the end of this
chapter.
9.1 Time-Domain Analysis
From the update equation in (5), w; satisfies
Wi = Wi—1 — p(i) - i - [ea(d) + v(7)] - (11)
If we multiply both sides of (11) by u} from the left, we obtain the following relation among

{es(0),eald),v(0): 0 0
)= (1-EY) ea(i) - B0
eoli) = (1= 53 ) eali) = B000) (12)

where [i(7) is given by (6). Using (12), (5) can be rewritten in the equivalent form

wi = wi—1+a(i) - ui- [ea(d) — ep(d)]
= Wi+ [i(i) - ui - [eq(d) +7(2)] (13)
where we have defined the signal r(i) = —ep(i) for convenience. The expression (13) shows that

(5) can be rewritten in terms of a new step-size fi(i) and a modified “noise” term r(z).
Therefore, if we follow arguments similar to those prior to (6), we readily conclude that for
algorithm (5) the following equality holds for all {y(7),v(7)}:

193> + () lea (@)
112 + A(0) |r(3)

~1. (14)

This relation establishes a lossless map (denoted by T;) from the signals {W;_1,/ji(3) r(7)}
to the signals {W;, \/ii(%) eq(¢)}. Correspondingly, using (12), the map from the original weighted
disturbance /fi(z)v (i) to the weighted estimation error signal /i(%)es (i) can be expressed in terms
of the feedback structure shown in Fig. 4.

The feedback description provides useful insights into the behavior of the adaptive scheme.
Because the map T ; in the feedforward path is lossless or energy-preserving, the design and analysis
effort can be concentrated on the terms contained in the feedback path. This feedback block
controls:

10
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Figure 4: A time-variant lossless mapping with gain feedback for gradient algorithms.
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o how much energy is fed back into the input of each section and whether energy magnification
or de-magnification may occur (i.e., stability).

o How sensitive the estimation error is to noise and disturbances (i.e., robustness).

o How fast the estimation error energy decays (i.e., convergence rate).

9.2 [,—Stability and the Small Gain Condition

We start by reconsidering the robustness issue. Recall that if the step-sizes p(i) are chosen such
that u(Z) < ji(7), then robustness is guaranteed in that the ratio of the energies of the signals in
(7) will be bounded by one.

The condition on p(i) can be relaxed at the expense of guaranteeing energy ratios that are
bounded by some other positive number, say

weighted estimation error energy <4 (15)
— )

weighted disturbance energy

for some constant v to be determined. This is still a desirable property since it means that the
disturbance energy will be at most scaled by a factor of 7. This fact can in turn lead to useful
convergence conclusions, as argued later.

In order to guarantee robustness conditions according to (15), for some 7, we rely on the
observation that feedback configurations of the form shown in Fig. 4 can be analyzed using a tool
known in system theory as the small gain theorem. In loose terms, this theorem states that the
stability of a feedback configuration such as that in Fig. 4 is guaranteed if the product of the norms
of the feedforward and the feedback mappings are strictly bounded by one. Since the feedforward
mapping 7; has a norm (or maximum singular value) of one, the norm of the feedback map needs
to be strictly bounded by one for stability of this system.

To illustrate these concepts more fully, consider the feedback structure in Fig. 5 that has a
lossless mapping 7T in its feedforward path and an arbitrary mapping F in its feedback path. The

11
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Figure 5: A feedback structure.

input/output signals of interest are denoted by {z,y,r,v,e}. In this system, the signals z,v play
the role of the disturbances.
The losslessness of the feedforward path implies conservation of energy such that
Iyl + llell* = lll® + [Ir* -
Consequently, ||e]| < ||z|| + ||7||- On the other hand, the triangle inequality of norms implies that
Il < {loll + 171 - flell ,

where the notation || F|| denotes the maximum singular value of the mapping F. Provided that the
small gain condition ||F|| < 1 is satisfied, we have

lell < —— - [llall +Ilol| ] (16)

el < —— [z v||] -
1|7l

Thus, a contractive F guarantees a robust map from {z,v} to {e} with a robustness level that is
determined by the factor 1/(1 — ||F||). In this case, we shall say that the map from {z,v} to {e}
is ly9—stable.

0 1 [I7]

Figure 6: Plot of the la—gain.

A plot of the factor 1/(1 — ||F||), as a function of ||F||, is shown in Fig. 6. It can be seen that
the smaller the value of || F||:

¢ The smaller the effect of {z,v} on {e}.

¢ The smaller the upper bound on |e||.

Moreover, we shall argue that smaller values of ||| are associated with faster convergence. There-
fore, controlling the norm of F, is important for both the robustness and convergence performance
of an adaptive algorithm. In most cases, the feedback filter F will depend on several quantities,
such as the step-sizes {u(i)} and the data vectors {u;} (as in Fig. 4). It may also depend on error
filters and on regression filters that appear in more general adaptive schemes.
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Referring to Fig. 4, define

p(i)
nN) = max, ‘1 0]

That is, 7(N) is the maximum absolute value of the gain of the feedback loop over the interval
of time 0 < i < N, and &(N) is the maximum value of the scaling factor u(i)/i(i) at the input
of the feedback interconnection. In this context, the small gain condition requires that n(N) < 1.
This condition is equivalent to choosing the step-size parameter u(i) such that 0 < p(7) < 24(q).
Under this condition, the general relation (16) can be used to deduce either of the following two
relationships:

N o 1 N
gu(z)lea(z)l < T=n(N) l W]l + E(N) | D A ] (17)

=0

1/2
\lZu )leai) sf_T((NN))[IIW il + €72 «Zu o) ] (18)

Note that in either case the upper bound on u(%) is now 2/(z) and that the robustness level is
essentially determined by

or

1 or ¢2(N)
1—n(N) 1—n(N)’

depending on how the estimation errors {e,(7)} and the noise terms {v(¢)} are normalized (by u(-)
or i(}))-

9.3 Energy Propagation in the Feedback Cascade

By studying the energy flow in the feedback interconnection of Fig. 4, we can also obtain some
physical insights into the convergence behavior of the gradient recursion (5).

We consider the noiseless case (v(i) = 0) and assume that p(i) = (i), such that the feedback
loop of Fig. 4 is disconnected. In this situation, there is no energy flowing back into the lower input
of the lossless section from its lower output e,(-). The losslessness of the feedforward path then
implies that

Ew(z) = Ew(i - 1) - Ee(i)a

where we have defined the energy terms
Ee(i) = A(i)lea(i)]*, Ew(i) = |[Will*.

This expression implies that the weight-error energy is a non-increasing function of time, i.e.,
Ew(z) < Ew(i - 1)'

However, what happens if p(i) # @(7)? In this case, the feedback path is active and the
convergence speed will be affected since the rate of decrease in the energy of the estimation error
will change. Indeed, for (i) # ji(i) we obtain

2
) Ee (Z)a

Ewu):Ew(z_l)_(l_‘l_%
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where, due to the small gain condition, the coefficient multiplying E. (%) can be seen to be smaller
than one.

Loosely speaking, this energy argument indicates for v(i) = 0 that the smaller the maximum
singular value of feedback block F is, for a generic feedback interconnection of the form shown in
Fig. 5, the faster the convergence of the algorithm will be, since less energy is fed back to the input
of each section.

9.4 A Deterministic Convergence Analysis

The energy argument can be pursued in order to provide sufficient deterministic conditions for
the convergence of the weight estimates w; to the true weight vector w. The argument follows
as a consequence of the energy relations (or robustness bounds) (17) and (18), which essentially
establishes that the adaptive gradient algorithm (5) maps a finite-energy sequence to another finite-
energy sequence.

To clarify this point, we define the quantities

p()

n = sup ‘1 - =N
i A(3)

and note that if the step-size parameter (i) is chosen such that u(7)|u;]|? is uniformly bounded

by 2 then we guarantee ¢ < 2 and n < 1. We further note that it follows from the weight-error
update relation (11) that w; satisfies

Wi = Wi — 1 [ea(d) +0(0)] (19)

where we have defined @; = /(i) u; (likewise for €,(7),%(7)). The following conclusions can now
be established under the stated conditions.

o Finite noise energy condition. We assume that the normalized sequence {o(-) = /u(z) v(i)}
has finite energy, i.e.,
o0
D u(@)u(@)* < oo (20)
i=0

This in turn implies that 9(i) — 0 as i — oo (but not necessarily v(:) — 0). If the initial
weight-error vector is finite, ||W_1|| < 0o, then condition (20) along with the energy bound (18)
[as N — oo] allows us to conclude that 392 u(i)|eq(4)|? < co. Consequently, lim; o0 &4(i) —
0 (but not necessarily e, () — 0).

o Persistent excitation condition. We also assume that the normalized vectors {u;} are per-
sistently exciting. By this we mean that there exists a finite integer L > M such that the
smallest singular value of

T T _T
col{@; , Uy, .., Uyr}
is uniformly bounded from below by a positive quantity for sufficiently large i. The persistence

of excitation condition can be used to further conclude from €,(i) — 0 that lim; o, W; = w.

The above statements can also be used to clarify the behavior of the adaptive algorithm (5) in
the presence of finite-power (rather than finite-energy) normalized noise sequences {o(-)} , i.e., for
v(-) satisfying

N—oo

1 N-1
lim N Z p(@)|v(@)|? = P, < 0.
1=0

14



For this purpose, we divide both sides of (18) by v/ N and take the limit as N — oo to conclude
that

N—oco N 7])2 '

In other words, a bounded noise power leads to a bounded estimation error power.

hm—zlu )|€ea(?) 2_(52_

10 Filtered-Error Gradient Algorithms

The feedback analysis of the former sections can be extended to gradient algorithms that employ
filtered versions of the error signal d(i) — u] w;_;. Such algorithms are useful in applications such
as active noise and vibration control and in adaptive IIR filters, where a filtered error signal is more
easily observed or measured. Fig. 7 depicts the context of this problem. The symbol F' denotes the
filter that operates on e(z). For our discussion, we assume that F' is a finite-impulse response filter

of order Mp, such that the z-transform of its impulse response is F(z) = E;VIF 1 fiz~
v(t)
uf e(i) Fle(s)]

>

Y
g
o

v
K
L

Figure 7: Structure of filtered-error gradient algorithms.

For purposes of discussion, we focus on one particular form of adaptive update known as the
filtered-error LMS algorithm:

wi = Wit + (i) - i - Fd(i) — ulwi_4]. (21)

Comparing (21) with (5), the only difference between the two updates is the filter F' that acts on
the error d(i) — u} w;_1.
Following the discussion that led to (13), it can be verified that (21) is equivalent to the following
update:
wi = Wi+ (i) i [ea(s) +r(i)] (22)

where fi(i) = 1/||w;||2, eq(i) = ul W;_1, and 7(4) is defined as

p()r(i) = p()) Flo(@)] — p(i)ea(s) + u(i) Flea(?)] - (23)

Expression (22) is of the same form as (13), which implies that the following relation also holds:

Wil + A (0) ea(d)]* _ )
s+ a6 r@) (24)

This establishes that the map 7 ; from the signals {W; 1,/ji(i)r(i)} to the signals {W;, /ji(7)eq (i)}
is lossless. Moreover, the map from the original disturbance /z(-)v(-) to the signal \/[i(-)eq(-) can

15



be expressed in terms of a feedback structure, as shown in Fig. 8. We remark that the notatlon
1-— \/_ F[] \/_ should be interpreted as follows. We first divide /[ i) by /i(z) before

filtering it by the ﬁlter F and then scaling the result by u(¢)//f Slmllarly, the term /1
is first divided by +/[i(%), then filtered by F', and is finally scaled by w(i)// i

173l =1

%l
=
.
<
=
~
S
=
A

Figure 8: Filtered-error LMS algorithm as a time-variant lossless mapping with dynamic feedback.

The feedback path now contains a dynamic system. The small gain theorem dictates that this
system will be robust if the feedback path is a contractive system. For the special case of the
projection filtered-error LMS algorithm that employs the step-size u(i) = a (i), a >0,

wi =w; 1+ a0 F[d(i) —uj wi 1], (25)

| z||2

the small-gain condition implies that the following matrix should be strictly contractive:

1—afy 0]
\/%f 1—-afo
Py = Vi) NGE)
f2 _a\/mfl 1-— OlfO

Here, the {f;} are the coefficients of the FIR filter F. Since, in practice, the length Mg of this
filter is usually much smaller than the length of the regression vector u;, the energy of the input
sequence u; does not change very rapidly over the filter length Mp, such that

i(i) = ...~ (i — Mp) .
In this case, Py becomes
PN%I—QFN, (26)

where Fy is the lower triangular Toeplitz matrix that describes the convolution of the filter F' on
an input sequence. This is generally a banded matrix since Mrp < M, as shown below for the
special case of Mp = 3,

fo
fi fo
Fy=|f2 f1 fo

fo fi fo

16



In this case, the strict contractivity of (I — aFy) can be guaranteed by choosing the step-size
parameter « such that

mgx‘l - aF(ejQ)‘ <1, (27)

where F'(z) is the transfer function of the error filter. For better convergence performance, we may
choose a by solving the min-max problem

. o ]Q
min mg,x‘l aF(e )‘ (28)

If the resulting minimum is less than one, then the corresponding optimum value of o will result
in faster convergence, and it will also guarantee the robustness of the scheme.

We now illustrate these concepts via a simulation example. The error-path filter for this example
is

F(z)=1-122z"14072272.

We use an FIR filter adapted by the algorithm in (25), where the input signal to the adaptive filter
consists of a single sinusoid of frequency Qy = 1.2/m. In this case, if we assume that the a priori
error signal is dominated by the frequency component €2y, we can solve for the optimum « via the

simpler expression (cf. (28)) min, ‘1 —aF (em") . The resulting optimum value of « is

1
Qopt = Real {m} .

This step size provides the fastest convergence speed. In addition, the stability limits for « can be
shown to be 0 < a < 2ap using a similar procedure.

Fig. 9 shows three convergence curves of the average squared error Av[le(i)[%] = 55 ?gl lej(4)]2,
as determined from 50 simulation runs of the projection filtered-error LMS algorithm for the choices
a = 0.085,a = 0.15 and a = 0.18, respectively. In this case, we have generated an input sequence
of the form (i) = sin[1.2i + @] for each simulation run, where ¢ is uniformly chosen from the
interval [—m, 7] to obtain smoother learning curves after averaging, and the M = 10 coefficients of
the unknown system were all set to unity. Moreover, the additive noise v(i) corrupting the signal
d(7) is uncorrelated Gaussian-distributed with a level that is -40dB below that of the input signal
power. The optimal step-size a,p¢ in this case can be calculated to be a,,; = 0.085 and the stability
bounds for the system are 0 < a < 0.17. As expected, choosing a = 0.085 provides the fastest
convergence speed for this situation. We also see that for values of o greater than 2a,y, the error
of the system diverges.

11 References and Concluding Remarks
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in the study of adaptive algorithms in the presence of uncertain data. More details, extensions,
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Figure 9: Convergence behavior for FELMS algorithm with sinusoidal input sequence and various
step-sizes a = 0.085(a),0.15(b), 0.18(c).
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