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ABSTRACT

Exact Diffusion is a powerful algorithm for decentralized
minimization problems over multi-agent networks, show-
ing significant advantages over gradient-tracking methods,
particularly in sparsely connected networks. Despite its suc-
cess, this technique has remained largely unexplored in the
context of decentralized minimax optimization, leaving it
unclear whether its benefits extend to this setting. To address
this gap, we propose a new algorithm that integrates Exact
Diffusion with accelerated momentum for nonconvex-PL
minimax problems. We provide a theoretical analysis show-
ing that our method achieves a per-agent sample complexity
of O(K”—; + ﬁ) for finding an e-stationary point,
thereby outperforming existing gradient-tracking-based min-
imax algorithms, where « is the condition number, K is the
number of agents, and ) is the mixing rate of the network.
Numerical experiments support our theoretical findings.

Index Terms— Decentralized minimax optimization, ex-
act diffusion, STORM momentum, accelerated algorithm

1. INTRODUCTION

This work considers a network of K > 1 agents cooperat-
ing to solve the following decentralized minimax optimiza-
tion problem:

K
. 1
2 ) = g ke
with  Ji(z,y) = Ee¢, [Qr (2, y; &), )

where the global cost (risk) function J(z, y) is nonconvex in
the variable € R% and possibly nonconcave in the vari-
able y € R%, while satisfying a v-Polyak-FLojasiewicz (PL)
condition (see Assumption [I). We focus on the online sce-
nario in which the size of the random samples {£;} can be
infinitely large and samples are continuously streaming in.
Under this setting, the learning strategy can only leverage the
information of the stochastic loss function Q. (x, y; &k ) to ap-
proximate the true risk value. Note that formulation
captures a wide range of applications, including generative

adversarial networks (GANSs) [[1]], robust learning [2f], and re-
inforcement learning [3]], to name a few.

Decentralized minimax optimization has recently at-
tracted significant attention for its scalability in solving large-
scale games and minimax problems. Notably, several algo-
rithms [4} 15} 16} (7, 18} 19 [10] have been proposed in this context
during the past few years. Many of these works integrate
the gradient tracking (GT) technique with variance-reducing
strategies [L1, [12] [13]. Nevertheless, several important dis-
tributed learning strategies remain unexplored. For instance,
the work [14] showed that the performance bound of Exact
Diffusion (ED) [15} [16] and EXTRA [17] strategies outper-
forms those based on the gradient tracking techniques under
a sparsely connected network for minimization problems.
These facts naturally raise the following question:

Q: Can we achieve better performance bounds for de-
centralized minimax optimization based on alternative dis-
tributed learning strategies, such as Exact Diffusion?

In this work, we provide an affirmative answer to this
question. Specifically, we present a new decentralized min-
imax algorithm that integrates accelerated momentum with
ED. Importantly, we do not simply rely on stochastic gradi-
ents to update the model variables. Prior results in [18] imply
that variance reduction is essential in the stochastic minimax
setting; otherwise, one must compute large-batch gradients at
each iteration, which is memory-intensive. To address this
issue, we employ the STORM momentum estimator [[L1] to
reduce gradient noise, thereby improving performance.

This work makes the following contributions: 1) We pro-
pose a new algorithm for solving the stochastic decentralized
nonconvex minimax optimization problem by integrating ED
with accelerated momentum; 2) we establish new theoreti-
cal results for the proposed algorithm, showing that it out-
performs GT-based methods [4} [5] and thereby provides a
positive answer to the previous question; and 3) we tackle the
analytical challenges arising from the integration of ED with
accelerated momentum, noting that the analysis of ED alone
is inherently more involved than that of GT strategies.
Notation. We use normal font, e.g., z, to denote determinis-
tic quantities and use bold font, e.g., , to denote stochastic
quantities. The calligraphic font, e.g., X, is used for network
augmented quantities. The symbol E[-] denotes the expecta-



tion operator and || - || denotes the Euclidean norm (¢3-norm).
The neighboring index set of agent k is denoted by N},. The
notation col{a, b, ¢} denotes the column vector obtained by
stacking a, b, ¢ together. The symbol ® represents the Kro-
necker product. In addition, 1 denotes the K -dimensional
all-ones vector, and I denotes the K x K identity matrix.

2. ALGORITHM DEVELOPMENT

In this section, we introduce our proposed algorithm for solv-
ing problem [(T)] over a decentralized network. The algorithm
design integrates the STORM momentum [11] with ED [15}
16]. For completeness, we briefly review these core tech-
niques next.

2.1. Revisiting core techniques

We first define mj; ; € R% as the momentum vector associ-
ated with the z-variable of agent k at iteration <. Using this
notation, the STORM momentum recursively update mj ;
by leveraging the stochastic gradients evaluated at the cur-
rent and most recent iterates with a new random sample &, ;,
namely

my ;= (1= B.)[my ;1 — VaeQr(Th,io1, Yr,i—1;Ek.i)]
+ Vo Q(Trir Yi,is Ek,i)s ©)

where 3, € [0, 1] is a smoothing factor. The momentum vec-
tor associated with the y-variable follows a similar update in
parallel. After evaluation, the momentum vector is used lo-
cally to update the model, which is then diffused to neighbors
for further aggregation. In this work, we focus on the ED
strategy [I15} [16], which does not require an explicit tracking
step for the momentum vectors and involves only a single gos-
sip step per communication round. In our setting, the model
variable recursively updates itself according to the following
rule:

Thiv1= Y are(2@p; — @i — pn(mi; —mi,; ),
LEN}
)

where ayy is a scaling weight of the information flowing from
agent ¢ to agent k and p,, is the stepsize parameter. It is impor-
tant to note that the update for the y-variable involves flipping
the sign of the momentum vector, reflecting its maximizing
goal compared to the x-variable.

2.2, Algorithm description
The detailed implementation is summarized in [Algorithm 1

at a node-level. The algorithm starts by initializing identical
values for all local model variables, ensuring that the initial
consensus error vanishes. At the initial iteration ¢ = 0, the
algorithm computes a by-minibatch stochastic gradient and

Algorithm 1 Exact Diffusion Minimax Algorithm

1: Initialize: 1,0 = - = TK,0,Y1,0 = "' = YK,0, Step size
L, [y, smoothing factor 55, 3, initial batch size by, commu-
nication round 7'

2: fort=0,...,7do
3: for each agent k in parallel do
4 if == 0 then
5: Collect a bo-minibatch i.i.d sample £x ¢ and compute
= 1
Mo = - > VaQi(@ro,Ykoi€ko), ()
0
€k,0~Ek,0
1
mio = 3 > VyQu(@ko,Yk0:€k0).  (6)
0
€k,0~Ek,0
6: and let
Tp1 = Z (Te0 — Ha™Mip), Y1 = Z (yz,o-*-,uymzo)-
LENY, LENY
7: else
8: Compute
my ;= (1= Be)mi o1 — VaQr (@1, Yr,i—1; Ek,i))
+ Vo Q(xk,i, Yi,is €ksi)s
my,; = (1-8y)mi, | — VyQu(®ri-1,Yr,i—1; k)]
+ VyQ(@k,i, Yr,i5 €k,i)-
9: and
Tpipr = D are(2Te; — @ei1 — pa(mi; —mii ),
LENY,
Yk,i+1 = Z are(2Ye,i — ye,z-—lwy(mif,i - m?z—l))
LENY,
10: end if
11: end for
12: i=1+1
13: end for

performs a simple adapt-then-combine (ATC) diffusion step
to update models across the network. After that iteration, the
algorithm recursively performs the steps outlined in lines 8-9
to update the model weights until the 7' communication round
is completed.

2.3. Network representation

The description presented in at the node-level

is convenient for implementation. We introduce the follow-
ing network-augmented variables to facilitate the theoretical
analysis:

X, =col{z1,...,Tx,} e REd @)
M, i =co{mi,;,...,m } € REd (8)



(network centroid),  (9)

1 X
_ ) d
T = Kkil:ck,ZER !

W, =W @I, € RE%, (10)

We also define Y;, M, ;, W, € RE% y ., € R% using a
similar way.

3. THEORETICAL RESULTS

In this section, we present the main results for the proposed
algorithm. The established results rely on the following as-
sumptions, which are standard in the context of distributed
stochastic minimax optimization.

3.1. Assumptions

Assumption 1 (Cost function). The cost function J(x,y) is
nonconvex in x and —J(x,y) is v-PLin vy, i.e.,

1V (@, p)I* = 2v(max J (@,y) = T(z,9), (A1)
where v is a strictly positive constant. Furthermore, the
maximum envelope function P(x) = max, J(z,y) is lower
bounded, i.e., inf, P(x) > —oc.

Assumption 2 (Expected smoothness). The gradient of the
local loss function Qi (x,y) is L p-smooth in expectation, i.e.,

E”va($17 Y1; gk) - va(wQV Y23 gk)”2

< Li(ler — 22l + llyr — w21?), (12)

where w € {x,y}, x1,22 € R gnd Y1,Y2 € R% gre any
arguments from the problem domain.

Under the above two assumptions, we can leverage a key
result for carrying out the theoretical analysis, i.e., the gradi-
entof P(z)is L = Ly + ”TLf smooth [[19], where the condi-
tion number is defined as x = % Moreover, our algorithm

relies on the local stochastic gradients, which require us to
make the following standard assumption.

Assumption 3 (Gradient noise process). The local stochas-
tic gradients are unbiased and have bounded variance for all
k, 1 when taking the following conditional expectation,

EVuQi(TrisYr,i; &k,i) | Fil = Vo Jk(@r,i, Yr,i),

(13)
El||VwQk (ki Yn,is €ki) — Vdk(@hi, yri) I | Fi] < o2
(14)
where w € {x,y} and F; = {xp j,yr; | k=1,..., K,j =

., k} is the filtration generated by the random process of
the model variables, and o2 is a nonnegative constant. In ad-
dition, the random samples are independent from each other
over different k and i.

Assumption 4. The combination matrix W = J|ap] €
REXK is symmetric, primitive, doubly stochastic, and posi-
tive semi-definite.

The above assumption is also made in the work [14],
which ensures that the combination W has a unique eigen-
value 1 and all other eigenvalues Ao, ..., A\g are strictly less
than 1. Using this fact, we can define A ES max;—2,... K \i

Under the above assumptions, we present the following
main results.

3.2. Main results

Theorem 1. Let Assumptions hold. By running
with sufficiently small step sizes i < ji,/(Cr?) and

smoothing factors B, = 8, = B, where k > 1 and C > 1is
a constant. For sufficiently large T, it holds that:

= Z (ENVad (@i, Yo |* +EVy T (s, o))
1=0

T
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initial error bound stochastic error bound
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where
2
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2
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Proof. Due to space limitations, proof details are omitted and
can be found in an extended version of this work [20,21]. O

Corollary 1. Suppose the conditions stated in
hold and let

s=8=0(a5). 0=0(z).

Then, for sufficiently large T, the convergence rate of
is given by
=
T > (EBIVad (@ei, yy ) I +EIVyJ (e, ye.i) %)
i=0
W22/ 52
+ —|. (19)
T4/3(1 — )3

Furthermore, the per-agent sample complexity is given by

I{3673 I<52672 H1'5K0‘5671'5
. (20
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and the transient time in achieving linear speedup is given by

K? K?
ool 22 o)}

It is worth noting that the dominant term of our conver-
gence rate, i.e., 0(536*3 /K ) , is independent of the network
spectral gap (1 — A). This stands in sharp contrast to the
gradient tracking algorithm analyzed in [4], whose sample
complexity is O (k33 /(K (1 — X\)?)). Therefore, our sam-
ple complexity significantly outperforms theirs under sparsely
connected networks.

4. SIMULATION RESULTS

We consider a numerical example to illustrate the perfor-
mance of the proposed algorithm under a sparsely connected
network. The cost in this example is given by

K

1
min max J(z,y) = — Ji(x,y), where
i max J(@,) K;l k(x,9)

(22)

1 v
Je(@,y) =Eq7 e, 5(“1190)2 +y" (Byz + ex) — §Hy||2 :
(23)

and ar € R™ is the local random sample, e; € R% is the
random error vector, B, € R%*d1 is a deterministic matrix
that varies across different agents, and v is the strong concav-
ity factor.

We consider a ring network topology consisting of K =
50 agents. The problem setups are given as follows: we con-
sider v = 10; we generate the random coupling matrix By,
with i.i.d. entries [B];; ~ A(0,0.001). The entries of the
local samples ay, is independently sampled from the normal
distribution (1.0, 10.0); The entries of the error vector ey,
is independently sampled from the distribution A/(0.0, 10.0).
Each agent owns a randomly generated dataset with size
Ny, = 2000. The dimensions of the vectors z and y is set to
d1 = 30 and d2 = 30.

We compare against the GT-based method
DM-HSGD [4}, 5], which used the same gradient estimator as
ours. For both algorithms, we consider the same hyperparam-
eter setting: the step sizes are set as p,, = 0.001( or 0.0001)
and p, = 0.01(or0.001), the smoothing factors are set
as B, = By = 0.1. We then plot the gradient norm
IVad (@i, ye,i)ll + IVyJ (2e,is Ye,i) || produced by the two
algorithms over different communication rounds. From sim-

ulation results, we observe that|Algorithm I|converges faster

than DM-HSGD while achieving lower state-state errors.

5. CONCLUSIONS

In this work, we presented a new algorithm for a decentral-
ized nonconvex minimax algorithm. The proposed diffusion
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(a) Simulation results for p, = 0.0001, p,, = 0.001.

Decentralized Minimax: ED vs GT

= ED-Minimax (Algorithm 1)

40 DM-HSGD

Gradient norm

o 25 50 75 100 125 150 175 200
Communication round

(b) Simulation results for p, = 0.001, p, = 0.01.

Fig. 1: Simulation results of the gradient norm ||V, J (@c,i, Ye,:) ||+
IVyJ(2e,i, Ye,i)|| over different communication rounds.

minimax algorithm is devised by integrating the accelerated
momentum and ED learning strategies. The established con-
vergence rate improves over GT momentum-based methods.
We further validated the performance of the proposed algo-
rithm through numerical simulation. The simulation results
showed that our proposed algorithm outperformed the exist-
ing GT-based algorithm under a sparse network topology.
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