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LECTURE #17

ARRAY RLS ALGORITHMS
Sections in order: 35.1, 35.2, 37.1-37.4
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RLS REVIEW

Consider a collection of data {u;,d(7) }?:D, where the {u;} are 1 x M and the {d(7)}
are scalars, in addition to an M x 1 column vector w, an M x M positive-definite matrix
I, and a scalar A satisfying O << A < 1. Then the solution, wy, of the regularized least-

squares problem

Tw

N
min [ AN (w — @) T(w — @) + Y AN ]d(5) — ujw]? (35.1)
§=0

and the corresponding minimum cost, £(/V ), can be obtained recursively as follows (recall
Alg. 30.2). Start with w_, = w, P_y = II71, £(—1) = 0. and repeat for i > 0:

Wi) = 1/(1+ A"V Pgu)
g9 = AN '()Pqu]
E’(?) = d(?) — U;Wy; 1
wy = w;_1+ glf’(?) (352)
P, = MNT'Pi_1—gigf /(i)
d(?) — U; Wy

——
.
o

(i —1) + r(i)e™(2)

=]
e
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RLS REVIEW

Moreover, the following relations also hold at each iteration ::
(i) =1 — u; Pyug, gi = P} (35.3)

We further remarked following Alg. 30.2 that the {w, } also satisfy the following construc-
tion. Start with w_; = w, s_1 = 0, ®_; = II, and repeat for z > 0:

G, = A0,y +ulu;,  s;=Asi—1 +ulld(i) — w0] (35.4)
Then, at each iteration 7, 1t holds that

(I)?;[“IL-‘@—“II-‘] = 5; (355)
i) = 1 —u;® (35.6)

because, by the definition (30.30), ®; = Pi_l. Equations (35.4)—(35.6) will be significant
in this chapter in that they will form the basis for one of the most celebrated array variants
of RLS (see Sec. 35.2).

UCLA ELECTRICAL ENGINEERING DEPARTMENT EE210A: ADAPTATION AND LEARNING (A. H. SAYED) 4




ARRAY REVIEW

In the context of adaptive filtering, however, we shall
encounter vector analogues of relations (33.10) and (33.15), such as determining a lower
triangular matrix C', with positive diagonal entries, satisfying

CC"=AA"+ BB” (33.19)
and determining a matrix F' satisfying

FC*=DA* + EB* (33.20)

where { A, B, D, E'} are generally matrix or vector quantities. The same arguments that
we used above will reveal that {C, F'} can be determined by means of an array method as
follows. We form the pre-array (cf. (33.16)):

[42]
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ARRAY REVIEW

and reduce 1t via a unitary transformation © to the lower triangular form (cf. (33.17)):
X 0
Y [/

where X is lower triangular with positive entries along its diagonal; sometimes Z is a square
matrix and © is also required to generate it in lower-triangular form along with X:

A B]. [X 0
[D E]@_[Y z] (33.21)

The matrix © is not 2 x 2 any longer; but it can be implemented as a sequence of ele-
mentary (Givens) rotations or Householder reflections, as explained in App. 34, where we
show how to lower triangularize a matrix via a sequence of rotations or reflections.

UCLA ELECTRICAL ENGINEERING DEPARTMENT EE210A: ADAPTATION AND LEARNING (A. H. SAYED) 6




ARRAY REVIEW

An explicit expression for © 1n (33.21) 1s not needed. All we need to do is find the right
sequence of rotations that yields the desired triangular post-array. Then, by “squaring”
both sides of (33.21) we get

b 2l 2 =[5 2]V 2]

so that we must have
XX* = AA" + BB* and YX*=DA" + EB”

In this way, X can be identified as the lower triangular Cholesky factor of the matrix
AA* + BB*, and since Cholesky factors are unique, we conclude that X must coincide
with the desired C'. From the second equality above we conclude that Y = F', so that
the array algorithm (33.21) enables us to determine {C', F'}. We may remark that we are
not restricted to array methods with two (block) rows in the pre-array and post-arrays as
in (33.21). If additional relations are available that satisfy certain norm and inner-product
preservation properties, then these could be incorporated into the array algorithm as well.
A demonstration to this effect is the QR algorithm of Sec. 35.2.

UCLA ELECTRICAL ENGINEERING DEPARTMENT EE210A: ADAPTATION AND LEARNING (A. H. SAYED) 7




INVERSE QR

35.1 INVERSE QR ALGORITHM

The first array algorithm we derive is known as the inverse QR algorithm (and also as
the square-root RLS algorithm). It is based on the observation that the expressions for
{~=1(i), g;} in (35.2) can be put into the desirable forms (33.19) and (33.20). Indeed, note
that 1) 1
Yo 1 = 14+ A uiPi_lu;‘

{ g71) = A\Piyuf 7

Comparing with (33.19) and (33.20) we see that we can make the identifications:

(]

{ C — ~=1/2(4) Ae—1 B \24PY?
_ . ~ — 1/2
F — g7 12(4) D+ 0 E— A UEP,;_KI

where le 12 denotes the Cholesky factor of P;_1.
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INVERSE QR

In other words, the expression for v~1(7)
in (35.7) corresponds to the norm preservation identity (remember that (%) is a real vari-
able even for complex data):

—1/2¢(; 1
=12y 8 (¢) | _ —1/2 1/2 }
[ / / (f) 0 } [ 0 ] — { 1 A7Y uiﬂ—l )\—uzpﬂfu:

whereas the expression for g;~ (i) in (35.7) corresponds to the inner-product preservation
identity:

ﬁ_lzz ; ]_
—1)2(: Y (¢) | _ { _ 1/2 }
[ 9i" / (1) x } [ 0 ] =10 A UEP?L—I )\—IKEP:_KIE.H_:

Therefore, motivated by the discussion that led to (33.21) from (33.19)—(33.20), we let ©;
be a unitary matrix that transforms the pre-array

A 1 )\_Uz-u-ipil_zf
0 ATV2pS

UCLA ELECTRICAL ENGINEERING DEPARTMENT EE210A: ADAPTATION AND LEARNING (A. H. SAYED) 9




INVERSE QR

to lower triangular form, say

for some variables { x,y, Z} to be determined, i.e.,

0, — [ ;< g] (35.8)

T

_ 1/2
RN
0 MN12p/]

where x is a scalar, y 1s a vector, and Z is a lower-triangular matrix with positive-diagonal
entries. Observe that the pre- and post-arrays in (35.8) have the forms (assuming M = 3):

and

X X O X
XX X | D
X X Oo|O
X D oD

X X X | X
X O O X
X X X |X

o o O =

respectively. We already know from the explanation in Sec. 33.4 that the values of x and
y in (35.8) should be

x =y"Y24),  y =gy 2()
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INVERSE QR

Alternatively, we can identify the values of { x,y}, and also the value of Z, by “squaring”
both sides of (35.8) to obtain the equality:

| x 0 < 0]

oy Z y Z

Comparing terms on both sides we find that the following equalities must hold:

[1 A~1/2y, pL/?
_ 1/2
0 AV2p7/]

[ 1 )\_Uzuipil_zf
_ 1/2
0 NV2p /]

| % |2 = 1+ )\_luiﬂ-_lu;‘
yx* = AN 'P_qu}
yy*+27* = NP,

From the first equation we get | x |2 = v ~1(i) so that x = ~~1/2(i). From the second
equation we gety = ¢;7~/%(i), and from the third equation we get

L7 = )\_lpi—l —yy' = )\_195—1 —9195/?'(5) = P

where the last equality follows from recursion (35.2). Therefore, since Z is lower triangu-
lar with positive diagonal entries, we conclude that Z is the Cholesky factor of P;.
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INVERSE QR ALGORITHM

Algorithm 35.1 (Inverse QR) Consider data {-uj,d(j)}?;o, where the u;
are 1 x M and the d(j) are scalars. Consider also an M x 1 vector w, an
M x M positive-definite matrix I, and a scalar 0 << A < 1. The solution, wy,
of the least-squares problem (35.1) can be computed recursively as follows.
Let ¥ = II~! and introduce the Cholesky decomposition ¥ = £1/23#/2
where ¥1/2 is lower triangular with positive-diagonal entries. Then start with

w_q = 0, PU2 ¥1/2, and repeat for i > 0.

1. Find a unitary matrix ©; that lower triangularizes the pre-array shown
below and generates a post-array with positive diagonal entries. Then
the entries in the post-array will correspond to

1 /\_UQ-u.T;P%-l_/Q 2(
[ o= —1/2

— 1/2
0 A2pl>

7) 0
(4) Pi1f2
2. Update the weight vector as

—1

w; = w;—1 + [Qﬂ'_lﬂ(iﬂ [’?'_1/2(?7)} [d(7) — ujw;_1]

where the quantities {g;7~/2(i),~v~1/2(i)} are read from the post-
array.

The computational complexity of this algorithm is O(M?) operations per
iteration.
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TERMINOLOGY

Remark 35.1 (Terminology) The above array algorithm is known as the inverse QR method
in the adaptive filtering literature for the following reason. The qualification inverse refers to the fact

that P;“’r “isa square-root factor of the inverse of ®; in (35.4). Just note that since, by definition,
®; = P and P, = Pilng.*fg, we have &1 = P%.UQP:“KQ. The qualification QR, on the other

T T
hand, is because this array method relates to the QR decomposition of a matrix, as explained in the
third remark below. The algorithm is also known as square-root RLS since it propagates the square-

root factor Pilf ?: this latter terminology is borrowed from Kalman filtering — see Prob. VIIL.12.

<&

Remark 35.2 (Reliability) By propagating a square-root factor of F;, rather than P; itself as in
a plain RLS implementation, the danger of having P; lose its positive-definiteness due to numerical
inaccuracies 1s essentially eliminated. If needed, F; can be recovered by squaring, i.e., via P, =
P;“’r QP:“K 2. However, this step 1s not necessary since the array method already evaluates the gain
vector g; and, moreover, the entries of its post-array contain everything we need in order to proceed
to the next iteration,

&
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RELATION TO QR DECOMPOSITION

Remark 35.3 (Relation to the QR decomposition) If we conjugate-transpose the array
equations of Alg. 35.1 we get

1 0 _o | 7@ g TR0
ATLY2pE 2y A2 PR/ ' 0 p;?

where the rightmost array i1s upper triangular with positive diagonal entries. Since ©; 1s unitary, this
way of expressing the array equations amounts to a QR decomposition (cf. App. B.5) of the matrix

1 0
35.9
e o

where the matrix ©; plays the role of the ¢ factor (recall the defining expression (B.9)). This
observation shows that an alternative way of implementing the array algorithm is by performing the
QR decomposition of the matrix (35.9).

&
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FURTHER MOTIVATION

Remark 35.4 (Further motivation) The inverse QR algorithm could have been alternatively
derived as follows. Starting from the equations for {g;,~(), P;} in (35.2), we note that they can be
combined together in factored form as follows:

]_")
o
0 A~ 1fﬂpi_l

[ Y260

1 0
AR AR

’}"_lfg(i} g:,}_.—ifﬂ(i)
0 p/?

1

gﬂ,—im(i) pl/2

1

To verify that this is indeed the case, simply expand both sides and compare terms. Now this equality
fits precisely into the statement of Lemma 33.1 by choosing

1 A2, Pi,f'ﬂ _}_—1;2(?:) 0
A= o and B =
[0 SO g~ 2(0) P

so that there should exist a unitary matrix ©; that takes A to B.

<&
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QR ALGORITHM

35.2 QR ALGORITHM

The second array algorithm we consider is known as the QR algorithm (and also as the
square-root information RLS algorithm). It follows from the observation that the recursions
for {®;, s;} in (35.4) can be put into the desirable forms (33.19) and (33.20).

Indeed, let @iz 2 denote the Cholesky factor of ®;, and introduce the auxiliary signals

d(i) 2 d(i) —wy@, @ = w; —@ (35.10)
as well as the auxiliary column vector
g = ®%[w; — @) (35.11)

These auxiliary signals would reduce to d(i) and $*/?w;, respectively, when @ = 0, which
1s usually the case. We consider w for generality.
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QR ALGORITHM

From the equation for w; in (35.5), 1t 18 seen that q; satisfies

O%q; = s (35.12)

With {d(i), w;, q; } so defined, we can rewrite the recursions in (35.4) as

®,28,2 = A 305 +uju, 2513
1/2 _ 1/2 .30 (35.13)
P, g = AP, qi-1 + ujd(i)
[f we conjugate the second equation, we get
A SR ST SRR 3514,
G = Mg B+ d (i) h

Comparing with (33.19) and (33.20) we see that we can make the i1dentifications:

C—;/°  A—AP02 B
F—gq; D —\?q B —d'(i)
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QR ALGORITHM

In other words, the expression for ®; 1 (35.14) corresponds to the norm preservation
identity:

*/2 1/2%/2
{ d/2 0 } [ b ] = { AL2H1/2 } [ AT ] (35.15)
i 0 ’L i u;
whereas the expression for s; in (35.14) corresponds to the inner-product preservation iden-
tity:
# /2 B 1/2 % /2
Lo ] [ "5 ] = [ Aq, &'(i) ] [ S ] (35.16)
g

Therefore, motivated again by the discussion that led to (33.21) from (33.19)—(33.20), we
let ©; be a unitary matrix that transforms the pre-array

A = [ N2 ]
Mgy d(i)
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QR ALGORITHM

to lower triangular form, say
B_ [ X 0 ]
y z
for some variables {X,y, z} to be determined, with X lower triangular with positive diago-
nal entries, y a row vector, and z a scalar, 1.e.,

1/2 UQ *
P (35.17)
ARG (1) y ¢

Observe that the pre- and post-arrays in (35.17) have the forms (assuming M = 3):

and

XX X X
XX X O
X |X © O
XK XK X
XK XK X
X I X X ©
XX @ O
X | © O

respectively. Therefore, the purpose of 0; 1s to introduce the zeros in the last column and to
generate a lower triangular post-array with positive diagonal entries. This can be achieved,
for example, by using Givens rotations and pivoting with the diagonal entries of AL/ 2@:1 2;
— as explained in App. 34.

UCLA ELECTRICAL ENGINEERING DEPARTMENT EE210A: ADAPTATION AND LEARNING (A. H. SAYED) 1 9




QR ALGORITHM

Continuing with the array description (35.17), we already know from the explanation
in Sec. 33.4 that the values of X and y in (35.17) should be X = fbiﬁ and y = ¢q;.
Alternatively, we can identify the values of {X,y}. and also z, by “squaring” both sides of
(35.17) to obtain the equality:

N2 N2RE o T X 0] [X 0]
N2qs_ d¥(i) N2qry d*(i) Yy 2 y ¢

Then comparing terms on both sides we find that the following equalities must hold:

XX* = AP,y + uju,
yy* +2z¢ = Algial® +1d(i)]?

From the first equation we get XX* = ®;. But since X is lower triangular with positive
diagonal entries, we conclude that X is the Cholesky factor of ®,, namely,

X — pi/?
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QR ALGORITHM

From the second equation we get y(IﬁfK 2 _ s? so that, from (35.12),
Y = 4;

Thus, so far we have established that the array algorithm (35.17) leads to a recursion of the

form Iy y
1/2 . 1/2
Al/z‘@i_l —?i. ] 0; = [ @i* U ] (35.18)
AV g dR(i0) q; z

Note in particular that the quantities {¢;, @,}K 2} that are needed to form the next pre-array

are available in the post-array and, hence, the procedure can be continued. However, it is
useful to persist on a complete characterization of the variable z. The 1dentification of z
requires more effort.
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QR ALGORITHM

From the third equation we find that the scalar z satisfies

2z = A|gi—1|* +|d(@)]* — |ly|]?
= Mlgizall® +1d0)|* — [lall?

Substituting ¢; and g;_1 by their definitions (35.11), namely,
/2 _ ® /2 _
g = O 2wy, i1 =0 2w
we obtain
ZZ>k = )\ﬁ’:_lq)i—lﬁ’i—l — “II-‘:(I’,@“II-‘@ —+ |d(3)|2

or, equivalently,
77" = )\@:_181'_1 — S:ﬁ}t’ - ‘d_(t)|2

since, from (35.4), ®;w; = s; and ¢;_1w;_1 = s,_1. Using the time-update relation for
s; from (35.4) we find that
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QR ALGORITHM

— AN@_18i1 — si_q@) + d(i)r(d) (35.19)

However, from
Qi 1wy = si1
we have

As:

— — i —
i I'IU{, — )\“U_fl_]_(I)@_]_'?_L'q,

so that
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QR ALGORITHM

)\(ﬁ’;_lgi—l — S:_lﬁ-‘i) = '_T'—l :)\31_1 — )\(1)1_1@‘?;]

= w;_ [ Asj—1 — (P; — uu;)w]

* r * —
= W, _1[Asj_1 — S; + u; u;0;]

= W _[—uld(i) + ufuw;]
=~} qul[d(i) — usw]

210

= —w; qu
Substituting into (335.19) we find that

zz" = [d(i) —ujwi—1]|"r(7)

or, equivalently,
77" = |z|2 =e"(i)r(7) = |e(i)|2f}='(z') (35.20)

in terms of the a priori error
e(t) = d(i) — ujw;—1
and the conversion factor (7).
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QR ALGORITHM

and the conversion factor ~(¢). Therefore, from the arguments presented to this point, we
can only 1dentify the magnitude of z, namely,

2| = le(i)ly*/2 () (35.21)

More information 1s needed in order to identify the phase of z. To do so, we first note that
the arrays (35.18) can be expanded in order to allow for the evaluation of the conversion
factor as well. Specifically, by incorporating the row vector [0 1] into the pre-array in
(35.18), we obtain an array description of the form:

N2 g ;% 0
N ) e = | g 2 3522
0 1 t S

for some row t and scalar s to be identified. Clearly, the value of s agrees with the rightmost
diagonal entry of O;, and this entry can be enforced to be positive — see Prob. VIIL.6.
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QR ALGORITHM

Equating the inner product of the top and last rows on both sides of (35.22) we get

o[ ] [

or, equivalently, u; = t(I)I / 2, so that
t = u; &2

(]

Likewise, equating the norms of the last rows on both sides of (35.22) we get

IR

so that, from the just derived value for t,

1 =u;® 7wl + |s|?
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QR ALGORITHM

Using expression (35.6) for v(¢), and the fact that s is positive, we can identify s as

s =~"/%(i)

Finally, equating the inner product of the last two rows in (35.22) we get

] el

or, equivalently, by using d(¢) = d(i) — u;w,
d(i) — usw; = ~Y2(i)z" = r(i) (35.23)

which allows us to identify z as z = e*(g‘)r}slﬁ(g’)
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QR ALGORITHM

Algorithm 35.2 (QR algorithm) Consider data {u;,d(j)};2,, where the
u; are 1 x M and the d(j) are scalars. Consider also an A x 1 vector
w, an M x M positive-definite matrix II, and a scalar 0 < A < 1. Let
d(i) = d(i) — u;w. The solution, wy, of the least-squares problem (35.1)
can be computed recursively as follows.

Start with (1)1_/12 — I1/2, ¢q_y = 0, and repeat for i > 0.

1. Find a unitary matrix ©; that lower triangularizes the pre-array shown
below and generates a post-array with positive diagonal entries in ¢1K2,
as well as a positive rightmost corner entry in the last row of the post-

array. [|he entries in the post-array will then correspond to

A2l o1/* 0
AV2gx . d¥(i) | © = af e (i)y'/2(0)
0 1 'HTL‘I’?;_*XZ f:,.lﬁ(g‘_)

2. Obtain w; by solving the triangular system of equations (I?Iﬁ [w; —w] =
q;, Where the quantities {(f[)fz,q?;} are read from the post-array.

The computational complexity of this algorithm is O(M?) operations per
iteration.
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FAST ARRAY RLS: MOTIVATION

All least-squares algorithms studied so far, including RLS, inverse QR, QR., and ex-
tended QR algorithms, do not assume any structure in the data. As a result, the computa-
tional complexity of each of these algorithms is O(M?) operations per iteration, where M
is the order of the filter. However, when data structure is present, more efficient implemen-
tations are possible.

Thus consider a collection of (N + 1) data {d(j),u;} where the {u;} are 1 x M
and the d(7) are scalars. All the aforementioned algorithms are recursive procedures for
determining the solution wy , and the minimum cost £( V'), of the regularized least-squares
problem:

N
min | AN (w — @) I(w — @) + Z AN TId(5) — ujwl? (37.1)

w
j=0

where wis M x 1,11 > 0is M x M and 0 < A < 1. In particular, RLS evaluates wy
recursively as follows (cf. Alg. 30.2). Start with w_; = w, P_y = II7%, £(—1) = 0, and
repeat for z > 0:
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RLS ALGORITHM

v(i) = 1/1+ 2 wPi_qu}) = 1— u Pl

g = A y(@)P_iuf = Pu}

e(i) = d(i) — uzw;_q

w; = wi_1+ g;e(i) (37.2)
P, = X1P_i—gg;/7©)

r(i) = d(i) — u;w;

£(i) = A(i—1) + r(i)e*(q)

These equations hold irrespective of any structure in the {u; }.
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DATA STRUCTURE

Now, it is often the case that the regressors {u; } exhibit some form of structure. In the
chapters in this part, we study the case in which the {u;} arise as regressors of a tapped-
delay-line implementation, as shown in Fig. 37.1. That is, we assume that the entries of w;
are formed from time-delayed samples of an input sequence {u(-)}. say

w= | u(@) w@—-1) ... w(i-M+2) uli—M+1) | (37.3)

In this case, two successive regressors will share most of their entries since, for example,
u;_1 will be given by

w1 = u(i—-1) wi—-2) ... w@i—-M+1) u(i—M) ] (37.4)
u(i) [ u(i — 1) i w(i —2) _ = w(i — M +1)
( )

Y
() () —— - — (-

FIGURE 37.1 A tapped-delay-line structure resulting in regressors with shift-structure
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DATA STRUCTURE

Comparing expressions (37.3) and (37.4) for u; and u; 1 we see that u; is obtained from
u;_1 by shifting the entries of the latter by one position to the right and introducing a new

entry, u(z), at the left. One way to capture this relation is to note that the following equality
holds:

[u(z) U1 } = [uz u(i — M) } (37.5)

That is, if we extend w; 1 by one entry to the left and u; by one entry to the right, then the
extended vectors will coincide.

The shift structure in the regressors can be exploited to great effect in order to devisd
efficient recursive least-squares solutions. By efficient we mean algorithms whose com-
putational complexity is O (M) operations per iteration, as opposed to O(M?2); i.e., they
are an order of magnitude more efficient than the slower implementations that we studied
before (RLS, inverse QR, QR, extended QR). There are several classes of efficient RLS al-
gorithms that can be derived by exploiting data structure. In this part we study fixed-ordet
algorithms, while in Part X (Lattice Filters) we study order-recursive algorithms.
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37.1 TIME-UPDATE OF THE GAIN VECTOR

Consider the RLS update (37.2) for w;, namely,
w; = w;_1 + g;[d(2) — ujw;_4] (37.6)

and note that RLS requires the gain vector g; in order to compute w;. In turn, the evalu-
ation of g; requires the matrix P;_, (or P;), and updating {P;_{ or P;} requires O(M 9)
operations per iteration. This update step is the main computational bottleneck in the RLS
algorithm. However, when the {u;} have shift structure, as indicated by (37.5), the gain
vector g; can be evaluated more immediately without requiring evaluation of P;_1 (or F;).
This will be achieved by developing a time-update for g; itself, i.e., by showing how to
compute g, from g;_1 directly.
From the definition of ¢; in (37.2) we have that

gy (@) = AT Piqul and gy (- 1) = AP ul (37.7)
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Now, because of the shift structure in the regressors {u;,u;_1}, we can express the ex-
tended vector col{ P;_ju}, 0} in the equivalent forms

Fiovwi | _ | Bia 0 u; | P10 u*(7)
[ 0 ]_[ 0 U][u*(i—ﬂj{)]_[ 0 U”m_1] (37.8)

where in the second equality we used (37.5). Likewise, we can write

! pi—zu:—l ] - |: 0 P_» ] l u:_l ] (37.9)

Consequently, subtracting (37.8) and (37.9), we get

1| Pioqul _ 0 o P_1 0 0 0 u* (1)
G Al e PR SR (R B N Iy
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Let 0 P;_¢ denote the difference

P_i 0 0 0
[ 01 U]—[U PH] (M +1) x (M+1)

II’s

0F;_4

Using the defining relations (37.7) for {g;.g;_1}. we arrive at

[ iy~ (%) ] _ [ 0 ] + A 15P_, [ i(i) ] (37.10)

0 gi1y i —1)

This is a significant result. It shows that in order to time-update the gain vector from
Gi—1y " (i —1) to gz~ (4). it is only necessary to know what the difference 6P;_1 is; it is
not necessary to know the value of the individual matrices {F;, P;_1} themselves. In this
way, it suffices to know how to update 6 P;_ to 0 F; in order to carry out the updates:

1. oF; _ _ . o P _ .
gi—17 1(3—1) akis giy 1(3) — Gi417 1(3+1) — ..
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37.2 TIME-UPDATE OF THE CONVERSION FACTOR

Although knowledge of dP;_; is enough to update g; 7~ (i — 1) to g; v~ (i), we
still need to recover g; itself. In other words, we still need to know how to remove the
scaling by v~1(i) from g;v~1(i). If we were to evaluate (i) as suggested by the RLS
implementation (37.2), in terms of F;_1 (or F;), then we would be back to square one in
terms of excessive computational complexity. However, it turns out that the conversion
factor ~(7) can also be time-updated in a manner that only requires knowledee of 6 P;_.

To see this, we use the expression for ~(7) in (37.2) to write
v rE) = 1+ A3 wPgul, vy -1 =14+ A tu 1 Pou}
14 (3) - + Ui L5 —1U; 1 (E )_ + Uj—1L5-2U; 4
so that, upon subtraction, we get

v 6 =y — 1) + A7 [y Pqul — w1 Pi_gul_ 4]
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Again, using the partitioning (37.5), we can express the difference V = w, P;_qu} —
-u.z-_1P3-_2-u;-"_1 ds

V = [ u@) w_y | ([ Hal g] - [ ?] p?_g D [ l(_? ]

and. hence.,

Y @) =47 — 1)+ A7 w(d) wi_y | 0P [ Zi(i) ] (37.11)
i—1

which shows, as desired, that knowledge of 6 F;_ is also sufficient for the time-update of
the conversion factor.
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37.3 INITIAL CONDITIONS

In order to complete the argument, we need to show how to compute the factor d P;_
that appears in (37.10) and (37.11) in an efficient manner. This step requires that the
regularization matrix II be chosen in an appropriate manner, as we now explain.

Assume u(7) = 0 for ¢ < 0 so that u_; = 0 (i.e., the initial state of the filter is zero).
Theng_y = 0,v(=1) =1,P_y =111, and P_o = AP_; = AII!, so that the difference
0 P; at time —1 is given by

: Py 0 0 0 -t o 0 0
OP_1 = - = - 37.12
! lo 0] [U P_gl lo 0] lom—ll (37.12)
The value of this difference depends on our choice of II. So assume that we choose I1~!
as the diagonal matrix

-1 =p-diag {N2,)3,..., \M+1} (37.13)

where 7 is a positive scalar (usually large) and A is the forgetting factor
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Then 6 P_q be-
comes 6 P_1 = pA\? - diag{1,0,...,0, =AM} That is, §P_; reduces to a rank-two matrix
with one positive eigenvalue and one negative eigenvalue. Actually, it is not difficult to
verify that 6 P_1 can be factored as

SP_y=X-L_1S_L*,

where L_y is (M + 1) x 2and S_; is 2 x 2 and given by

1 0
0 0

Loy=vnpX-| @ , S_1= l é _01 ] (37.14)
0 0
0 \M/2

The signature matrix, S_y, indicates that the difference 0 P_; has one positive emenvalue
and one negative eigenvalue; all other eigenvalues are zero since the rank is 2.
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This argument shows that the choice (37.13) for IT leads to a rank 2 difference matrix
0 P_1 with signature (1 —1). A striking property that is established in the next subsection
is that the rank and inertia properties of o P; remain invariant over time; the rank never goes
up: it is always 2, with the same signature matrix S_1, except in rare degenerate situations
where the rank can only drop below 2. More specifically, we argue ahead that once the
low-rank property holds at a certain time instant ¢z — 1, say

Py 0] [o o J1_, 7 o 7
ERERAE T

for some {L;_1,5;_1}. then three important facts hold:
I. The low-rank property will be valid at time 7 as well, say

-Pi 0 T 0 [} — . _. ._* _‘ ‘
[ 0 U] |: 0 P,_4 j| = A LtStLi for some {L“Sz}_

2. There will exist an array algorithm that updates L;_ to L;, and this same algorithm
will also provide the gain vector g, that is needed in (37.6).

3. The signature matrices {.5;_1,.5; } will coincide.
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FAST ARRAY ALGORITHM

37.4 ARRAY ALGORITHM

The desired array algorithm for updating {L,; 1, g;—1,v(i—1)} to {L;, g;, (i)} can be
motivated and derived in much the same manner as we did in Sec. 33.4.
Thus starting from (37.10) and (37.11), namely,

"}’_l(i) — f},r_l(g' — 1) -+ [ u(g) Ui }Ei_181'_1f;:_1 [ z*(z) ]
i—1
1y [
giv ™ (2) _ 0 F a T u*(7)
R I PR L
we note that these expressions are of the form
CC*=AA" 4+ BSB™, FC*=DA* + ESB” (37.16)

with the following identifications
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(C—7G) A 726 - 1) B[ u(@) w1 ]Lizs
—-1/2¢;
| 97 (3) - 0 — L,
1" [ 0 ] Y [ gio1y~ 2 (i 1) ] b be
S— 51

\

Generic Array Algorithm
The forms (37.16) play a role similar to the “norm-preserving” and “inner-product pre-
serving” equalities (33.19) and (33.20), which we used in Sec. 33.4 to motivate and derive
array algorithms. The main distinction is the presence of the signature matrix S in (37.16).
Still, the same arguments that we employed in Sec. 33.4 could be repeated here with the
only issue being that we now need to deal with hyperbolic transformations as opposed to
unitary transformations.

More specifically, as in (33.21), given general equalities of the form (37.16) where it
is desired to evaluate {C, F'} from knowledge of {A, B, D.,FE,S}, we would form the
pre-array
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More specifically, as in (33.21), given general equalities of the form (37.16) where it
is desired to evaluate {C, F'} from knowledge of {A, B.D,FE .S}, we would form the

pre-array

A B : . X 0
D E] and reduce it to the form lY Z] (37.17)

by annihilating B by means of a transformation © that is now required to be (IS5 )-unitary,

i.e., it should satisfy
| |
o' sle={" 5]

The question of course is whether such a © exists. While in Sec. 33.4 we started from
equality (33.19) and appealed to (33.9) to justify the existence of a © that achieves (33.21),

this same argument cannot be applied to the equality

|

CC" = AA" + BSB” (37.18)

due to the presence of the signature matrix .S.
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due to the presence of the signature matrix S. However, Lemma 36.5 already extends the
result (33.9) to handle such more general cases with signature matrices. Specifically, by
writing (37.18) as

e a§]-taom[[E

we are able to appeal to Lemma 36.5 to conclude that an (I 4 S)—unitary © exists that
maps (A B] to [C' 0]. Therefore, in a manner similar to the explanations that led to
(33.21), in order to determine {C, F'} we would first use one such (I & S)—unitary matrix
O to perform the transformation

NI

and then “square™ and compare entries on both sides of the equality:
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enlel slele n) -1V el sV 2]

p. i

(IS)

in order to identify X as C'and Y as F'.

Fast RLS Array Algorithm
Applying this construction to the RLS case (37.16), we would first form the pre-array

2 - 1) | w(i) w1 | Lica }
A —

{] _
. L,;_
[ gi_1y " Y2(i - 1) !
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For example, when M = 3, this array has the form (recall that L; is (M + 1) x 2):

T

|
X X X O|X
XX X X | X
X X X X | X

Then we would define the signature matrix .J = (14 5;_1), and choose a .J —unitary matrix
0; (le., ©;J07 = J) such that it transforms A to the form

| x 0
so[z 0] 719

for some quantities { x,y, Z} to be determined, with x a positive scalar, y a column vector,
and Z a two column matrix. Again, for M = 3, the post-array will be of the form:
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and Z a two column matrix. Again, for M = 3, the post-array will be of the form:

Oy
|
X X X X |X

XX X X |O
XX X XD

The matrix ©; can be implemented in many ways (as described in Chapter 36). For exam-
ple, we could employ a circular (Givens) rotation that pivots with the left-most entry of the
first row and annihilates its second entry. We could then employ a hyperbolic rotation that
pivots again with the left-most entry and annihilates the last entry of the same row:
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hyperbolic
—

Givens
E—

.
—

XX X X | X
XX X X|o

o

X X X O X
XKoX X X | X
XX X X | X

o

~—
—

XX X XX
X X X X|lo
XX X X | X

Now, in order to identify the entries { x,y, Z} in the post-array (37.19), i.e., in the equality
below

,.},—lfgég' — 1) [ H(E) ;Hrz_l } Ez—l o _ [ o 0 ]
, L;_ o Z
gi—1y " Y2(i—1) ! LY 3

we simply compare entries on both sides of the equality A©;JO; A* = BJB* to find that
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[ x |2 = 1@ —-1)+{ u@) w1 |Li1Si 1L} 4 l Zf(i ]
' 0 ; - u* (i) ]
4 X * = . +L; 15 1L .
Y I gi—1y (i —1) ] e [ U1
* A 0 0 -
k Yy + 281_12 = - gt-_l"}’_lfg(?:) j| l gz—_l’}’_l/g(?: - 1) ] +Lz—181—1-[’t 1

(37.20)
The right-hand side of the first equality coincides with that of (37.11) so that we can iden-
tify x as x = ~~1/2(i). Similarly, the right-hand side of the second equality in (37.20)
coincides with that of (37.10), so that we can identify y as

| gV
=
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Finally, the last equality in (37.20) leads to

. 0 0 ’
ZSg—lz — [ gi—lf}’_lfg(i o 1) ] - 91_1’“;’_U2(i . 1) ]
JfAatea 0] [oo o e V260 V[ g 26) ]
0 0 0 MNP 0 0

_|o 0 | [ AP 0] [0 0
0 /\_1P1-_Q—Pt-_1 | 0 0 0 )\_lpz-_g

_[ AP _ —P; 0]

0 0 |
P, 0 o o | _ .,
AR N R

The difference P, is, by definition, AL;S; L}, so that ZS;_1Z* = AL;S;L}. This result
shows that the difference o F; has the same signature matrix, S;_1, as 0 F;_; and, conse-
quently, S; remains invariant for all z. For this reason, we shall drop the time subscrint 4
from S; and write S instead. Moreover, we can identify Z as Z = NS
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Algorithm 37.1 (Fast RLS array algorithm) Consider data {uj?d(j}}fzn,
where the u; are 1 x M and the d(7) are scalars. Consider also an M x 1
vector @, a scalar 0 << A < 1, and an M x M positive-definite matrix nm!
of the form

I~ = 5 - diagonal {A\Z,\%,... AM+11 5 =0

When the {u;} correspond to regressors of a tapped-delay-line implementa-
tion, the solution wp of the least-squares problem (37.1) can be recursively
computed as follows. Start with w_; = @, v~ ¥2(=1) =1, 9.1 =0, L3
and S asin (37.14), J = (1 & S), and repeat for i > O:

1. Find a J—unitary matrix &; that annihilates the last two entries in the
top row of the post-array below and generates a positive leading entry.
Then the entries of the post-array will correspond to

TSN PR
0 3 i
[ gi1y V2(i - 1) ] b

2@ [0 0]

= [ Ef?:“f_;fﬁfﬂ ] NS

2. Update w; = w;_1 + [gﬁ-_lm(-i}] [’}-_Uz(?ﬁ}] -1 [d(i) — ujw;_1], where
the quantities {g;v~1/2(i),v~1/2(i)} are read from the post-array.
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Algorithm 39.1 (Fast transversal filter) Consider the same setting as Alg.
37.1 with @0 = 0. The solution wy can be recursively computed as follows.
Start with uar—1 = 0, 7ar(—1) = 1, ear,—1 = 0, u-‘if‘_]_ =0, wif,—l =1,
war—1 = 0, ¢ (1) = p=IA=2, b (—1) = 7= A—(M+2) and repeat for
=
) P _ . f _ ) |f
Qprl?) = ) — Unri—1 Wy,
farli) = varli— 1)ope(i)
Geli) = N (i = 1)+ aze (8) fali)
(i) = yarli— 1) A= 1) /¢ (D)
'wif,_; = 'u';{f,.i_;[ + far (#)cnri1
0 (1) 1
CAf4li = [ } + + [ F }
Caféi—1 ACp (i —1) —Whri1
vary1li) = last entry of carq1q
Bae(i) = A (i — Dwpggq (i)
Tarli) = e (8)/[1 — Bar(8)var41 (D)vag1 ()]
CM.i _“’if' 1
‘n‘ = Cprq1— Vargald) 3 T
bar(2) = yar(E)Bag(i)
a(i) = A (i — 1)+ Bag(i)bar(é)
whys = Wiy +bar(i)car
e(f) = d(i)—uniwiy
r(i) = yali)e(i)
w; = wi—1+r(i)en
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var (i)
far(i)
Carl0)
’1':»_11-0-1 2)

and
Wiy 5

Car41.

Vary1(#)
g (7)
’1'53'1 ()

CA i
1]

bag ()
2 (1)
'wif.é
e(i)
r(i)

iy

Algorithm 39.2 (FAEST filter) Consider the same setting as Alg. 37.1 with
i = (). The solution wy can be recursively computed as follows. Start with
Upr_1 =0, Y37 (—1) =1, ear_y = 0, 'w;{f,_l =0, 'wf{jr,_l =0, wy, 1 =0,
1) == 1A=2, ¢ (—1) = p~ A=M+2) 3nd repeat for i = 0

uli) — uﬂ-f.i——ltu;:f’{__]_

ant (8) /v35 (i = 1)

NCip (6= 1) + agy () fa (i)

Y (i = 1) + lana (D)2 /A (i — 1)

_f .
Wy g+ far(@)earioa

0 ear(i) 1
LAY S— f
CMi—1 Al —1) [ 7Wari
last entry of cppyq;
)"Cgf (2 — 1)vpsyq(d)

75:‘14-1 (1) — Bar (i )var41(i)

_wif,i— 1 }
1
B () /724 (0)
ACpp (i — 1) + Bhg (i) bas (i)

b .
Wy i1+ bar(E)ens s

CAf41. — Var41(i) [

d(i) — unrsw;i_1
e(d)/var (1)

Wiy +r(i)eas;
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Algorithm 39.3 (Fast Kalman filter) Consider the same setting as Alg. 37.1
with @ = 0. The solution wy can be recursively computed as follows.

Start with ups—1 = 0, gar,o1 = 0, wh, | =0, wh, | =0, wp_1 =0,

C;{f[_ 1) = n~tA=2, and repeat for i = O

anli) = uli) —unriawl,
'“*'i:r,-a. = w;{:l’,-r;—l + anr(2)gnra—1
fa(t) = wli) —up :-'?'f—l'wif,é.
C:"{THJ = '}‘C,{f (i — 1) + g (2) far (2)
0 Fari) 1
41 = l ] + 5 N
Onti—1 ¢ i:r (1) L —Whrs
Tar41(i) = lastentry of gary1:
Barli) = wli— M) —unrswly,
P Gnrq1,:[0 0 M — 1]
o 1 — oarg1(2)Garlt)
'wﬁf,-a = wi:l’,-i—l + Bar (2)gari
Eli?-.:.l = [f[jj — -uﬂ,f;;u-t_;_l
w; = Wiy + Gareli)

UCLA ELECTRICAL ENGINEERING DEPARTMENT EE210A: ADAPTATION AND LEARNING (A. H. savep) 54
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Project VIIl.1 (Performance of array implementations in finite precision) The purpose of
this project is to compare the performance of RLS and one of its array variants in finite-precision.
Refer to the channel estimation application shown in Fig. VIII. 1.

v(7)

uld) | Channel i d(3)
o /o
: -1 1 - —1 i
| |
| I
| [ wi_1 j :
| |
l |
| Y Y Y Y oy
: (O -- > ()
' |

/ e(i)

FIGURE VIIl.1  Adaptive configuration for channel estimation.
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Generate five random samples of a channel impulse response sequence and normalize the norm
of this impulse response to unity. Feed unit-variance Gaussian input data through the channel and
add Gaussian noise to its output. Set the noise power at 30 dB below the input signal power. Train
an adaptive filter for N = 200 iterations using RLS and the QR array method of Alg. 35.2. Use
A =0.995 11 = 1 x 10"°Tand @ = 0. Assume also a finite-precision implementation is used
with B, bits for signals and B. bits for coefficients (including the sign bit in both cases). In order
to simulate the quantized behavior of the filters, you may use a routine quantize.m. The routine
receives as input two parameters: a real number x and the total number of bits, B (including the sign
bit), for its quantized representation. The routine then returns a real number that corresponds to the
quantized value of x. This value is determined as follows. With I3 total bits, the largest integers that
can be represented are

+2(F=1 _1

If 2 exceeds these extreme values then its quantized representation is taken as either one of them,
depending on the sign of x. If, on the other hand, x falls within the interval

x € (—%B*J—l.fﬁ*J—l)

then the routine determines how many bits are needed to represent the integer part of x, and the
remaining bits are used to represent the fractional part of .
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For each algorithm (RLS and QR array method), generate an ensemble-average learning curve by
averaging over 100 experiments and for the following choices:

l. B, = B, = 30 bits.
2. B, = B, = 25 bits,
3. B, = B. = 16 bits,
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Project VIII.1 (Performance of array implementations in finite precision) The program that solves
this probject is the following.

1. partA.m The program generates ensemble-average learning curves for RLS and its QR array variant using
three choices for the number of bits, {30,25,16} and averaging over 100 experiments. A typical output
is shown in Fig. 1. It is seen that the QR array method is superior in finite-precision implementations.
For instance, at 16 bits, RLS fails while the QR method still functions properly.
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RLS algorithm (30 bits) QR algorithm (30 bits)
H H H T H H H
: : : qolt S SRR A ]
10 ':f‘ ......... i ] || ; ; ;
— | } . — 0l
% 0 e, : .............................. %
% -10 L _______ ______________________________ qu =A0F
= h ! ! . = ‘ ! ! !
_20__|__ [L“ _________ __________ -Z'DI‘ ________ .......... ________ ]
\ . . . . . .
\ . . . . . .
=30 B4 oo Syt -30t H'”‘"h’“w i -
50 100 150 200 50 100 150 200
RLS algorithm (25 bits) QR algorithm (25 bits)
20' ................................ 10ﬂ _______ ______________________________
1 _#’ e ................................. J
o : o 0
g ol g o
H’)J H ) (UJJJ _10_.‘ ....... ..............................
E _1 ...................................... E |
_20_.‘1 ______________________________________ Q0|
' | :
=30 Ve ot g =30 Wﬁwmwiww
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RLS algorithm (16 bits) QR algorithm (16 bits)
30 J ______________ SR L ’ ‘| : : |
L gw T
ik} e A : : :
5% r l M' i ﬂpn"uut. S | | |
w w _10 "|| ........ ......... ........... ..........
OE'J ET1] S TR SO U g : : :
_20_.}». _ ......... _ .......... ..........
0 ......................................... l|I
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Figure VIII.1. Ensemble-average learning curves for RLS and its QR array
variant for three choices of the number of quantization bits.
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Project IX.1 (Stability issues in fast least-squares) The purpose of this project is to illus-
trate some of the stability problems that arise when dealing with fast fixed-order least-squares al-
gorithms. We do so by considering the same adaptive channel estimation application shown in

Fig. VIILL.

(a) Load the file channel.mat. It contains the 64 samples of a randomly generated channel im-
pulse response seauence. The norm of this impulse response has been normalized to unitv.

Feed unit-variance Gaussian input data through the channel and add Gaussian noise to its
output. Set the noise power at 30 dB below the input signal power. Train an adaptive filter

using:
I. The fast transversal filter of Alg. 39.1;
2. The same FTF algorithm but incorporating the rescue mechanism (39.10);

3. The stabilized FTF implementation of Alg. 39.4;
4. The fast array filter of Alg. 37.1.

For each algorithm, generate an ensemble-average learning curve by averaging over 100 ex-
periments. Compare the performance of the algorithms.
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(b) All computations in MATLAB are performed in double precision. In order to illustrate some
of the instability problems that arise in finite precision, we repeat the simulation of part (a) in
a quantized environment. To do so, you may rely on the routine quantize.m from Computer
Project VIIL.1. Usually, in practice, the internal variables of a filter implementation are suit-
ably scaled in order to reduce the occurrences of overflow and underflow when operating in
finite precision. In order to simplify this project, and thereby avoid the need for incorporating
scaling, we shall choose the number of bits to be relatively high. Thus fix the word-length for
both data and coefficients at B = 36 bits (including the sign bit). Although high, this number
of bits will still be usetul to illustrate some quantization effects.

Repeat the simulation of part (a) and generate ensemble-average learning curves for each of
the algorithms. Compare their performance.
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Project IX.1 (Stability issues in fast least-squares) The programs that solve this project are the fol-

lowing.

1. partA.m This program generates ensemble-average learning curves for four fast fixed-order implemen-
tations. A typical output is shown in Fig. 1. It is seen that in floating-point precision, the algorithms

behave rather similarly.

FTF algorithm FTF with rezcue mechanism
ol ________ _______ ________ _________ 0 # ..................................
I /|
%_a"]... ... ........ .. .......................... %_1{] ..|.....§ .- i -
u ‘ Floating L ;. Flosting
g "point g . paoint;
_Zn .......................................... _2{] .........................................
_3'] ......... : B ! : 1 _3{] seenetE v ;
200 400 600 800 1000 200 400 G600 800 1000
Iteration [teration
Stabilized FTF Fasf array algorithm
nf’|--: ........ R, et uﬂ_ﬂ: __________________________________
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w : Floating w ' Floating
w2 : point L | A& point |
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_3n. R Sk : d _3{] Rt ; !
200 400 600 800 1000 200 400 G600 800 1000
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Figure IX.1. Ensemble-average learning curves for four fast fixed-order filter
implementations in Aoating-point precision.
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in this case.
FTF algorithm
1[}'] ...: ........ :. ....... :. ........ : .....
% 50.,33;5&.\..
w :
w
= :
”?‘“\""‘5 ................................

200 400 600 800 1000
Iteration
Stabilized FTF

20} i

138 bits ;

200 400 600 800 1000
Iteration

with 36 bits.

UCLA ELECTRICAL ENGINEERING DEPARTMENT

2. partB.m This program generates ensemble-average learning curves for four fast fixed-order filters using
quantized implementations with 36 bits for both signals and coefficients. A typical output is shown in
Fig. 2. It is seen that, even at this number of bits, the standard FTF implementation becomes unstable.
When implemented with the rescue mechanism (39.10), the rescue procedure is called upon on several
occasions but it still fails to recover filter performance. The stabilized FTF implementation also fails in
this experiment. Only the fast array implementation is able to maintain the original filter performance

FTF with rezcue mechanism

A \ _______ e

36 bits

200 400 600 8OO 41000
[teration

Fast array algorithm

200 400 600 800 1000
[teration

Figure IX.2. Ensemble-average learning curves for four fast fixed-order filter
implementations averaged over 100 experiments in a quantized environment
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