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LECTURE #13

TRANSIENT PERFORMANCE OF LMS

Sections in order: 23.2-23.5, 24.1
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ENERGY & VARIANCE RELATIONS

Theorem 22.4 (Weighted variance relation with independence) For
adaptive filters of the form (22.2), Hermitian nonnegative-definite matrices

>, and for data {d(i),u;} satisfying model (22.1) and the independence
assumption (22.23), it holds that:

E [@n)3 = Ellios-al, + p2o2E (Ll
wille =Bl + w0k g

uwiu; (TATE | wi|3 )
T=T — TE| = — puE|{ 2= )2 + .EE( Z ki,
: (9 [w;] ) : (9’ [w;] ) : g° [

Theorem 22.5 (Mean weight error recursion) For any adaptive filter of
the form (22.2), and for any data {d(7), u;} satisfying (22.1) and (22.23), it

holds that )
Ew,; = [1 — uE (“*ﬁ “’)] Ew;_, (22.29)
glui]
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CHANGE OF COORDINATES

Evaluation of the moments (22.28), and the subsequent analysis, can at times be sim-
plified if we introduce a convenient change of coordinates by appealing to the eigen-
decomposition of R,, = Ew}u;. So let

R, =UAU" (22.30)

where A is diagonal with the eigenvalues of R,,, A = diag{ .}, and U is unitary (i.e., it
satisfies UU* = U*U = I). Then define the transformed quantities:

W = Urwg, W= wlU % 2 USU (22.31)
Since U 1s unitary, it 1s easy to see that
lw:|5 = [w:lE  and  JJuillg = w5 (22.32)
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TRANSFORMED RELATIONS

Theorem 22.6 (Transformed weighted-variance relation) For any adap-
tive filter of the form (22.2), any Hermitian nonnegative-definite matrix X,

and for data {d(i), u;} satisfying model (22.1) and the independence assump-
tion (22.23), it holds that:

1%
w2 — 2 2,2
Elwillz = Efwi|% + #Po%E [g e
_, [, U | — |2; ||2
) = Y 3E || —puE |2 12E | —=wlw;
g [gm] g [gm] Lﬂ[m] ]

where the transformed variables {w,, u,, %, ff} are related to the original vari-
ables {w;,u;, ¥, ¥’} via (22.31) and (22.34), so that EHE?;H;— = E|jw,|3.

Ew,; = [I s (”*_f)] Ew,_; (22.36)
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LMS WITH GAUSSIAN REGRESSORS

w; = w;_1 + pu,; e(i) (23.1)
for which the data normalization in (22.2) 1s given by

glu;] =1 (23.2)
E|wi||lz = Elwi—1l3 + p’olTr(AY) (23.12)
Y = T uZA - pAT + @2 [ATr(EA) + ATA] (23.13)
7 2 diag{Z}  and A\ = diag{A) (23.15)

Y = diag{7} and A = diag{\} (23.16)
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LMS ENERGY & VARIANCE RELATIONS

Elwilz = ElWi-1lz, + #*0i(A\'9) (23.20)
g = Fo (23.21)
Fo= (I—=2pA+ p2A%) + 20T (23.22)

Ew; = [I-pAEw;_q (23.23)
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MEAN BEHAVIOR

23.2 MEAN BEHAVIOR

The behavior of Ew; can be inferred from (23.23). Thus note that since, by assumption,
the 1nitial condition 1s zero, w_; = 0, we get

w_, = w? — w_, = w®

or, equivalently,

1%

—

w_1 =U"w’ w

The vector w? 1s modeled as an unknown constant so that Ew_; = w?. Therefore, iterat-
ing (23.23) we find that

Ew;, = (I — pA)'™ w°

We can now derive a condition on the step-size in order to guarantee convergence in the
mean, i.e., in order to ensure that Ew; — 0 as ¢ — oo, which is equivalent to Ew; — 0.
Indeed, since I — A 1s a diagonal matrix, the condition on s is easily seen to be:

1— | <1 fork=1,2,.... M
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MEAN BEHAVIOR

where the { A\ } are the entries of A (i.e., the eigenvalues of R,,). In other words, ;. should
satisfy

1< 2/ Amax (23.24)

where A, .« 18 the largest eigenvalue of R,,. For such step-sizes, it follows that

lim Ew, = w°
1— 00

and we say that the LMS filter is convergent in the mean and, hence, asymptotically unbi-
ased.
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MEAN-SQUARE BEHAVIOR

23.3 MEAN-SQUARE BEHAVIOR

The study of the mean-square behavior of the filter 1s more demanding and also more
interesting. We start by noting that the desired quantity E ||w;||°, which is also equal to
E ||0;]|%. can be obtained from the variance recursion (23.20) if 3 is chosen as ¥ = I (or,

equivalently, > = I in view of (22.31)). This corresponds to choosing @ as the column
vector with unit entries, 1.e.,

& = |col{l,1,....1,1} 2 ¢ (23.25)
which we denote by ¢. Then (23.20) gives
E ||w;||* = E||m£_1||%q + 1202 (ATq) (23.26)
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MEAN-SQUARE BEHAVIOR

E|[w;|? = El[@i-1lF, + 1207 (ATq) (23.26)

This recursion shows that in order to evaluate E ||w0;{|? we need to know E ||w;_, H%q’ with
a weighting matrix whose diagonal entries are F'q. Now the quantity E ”E”*H% can be
q

inferred from the variance relation (23.20) by writing it for the choice @ = F'g, namely,
— 12 — 2 2 2 (\TT

We now find from (23.27) that in order to evaluate the term

we need to know

: C : =2 : : e .

with a weighting matrix defined by the vector F" ¢. This term can again be inferred from
e : =2

(23.20) by writing it for the choice & = F' ¢:
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MEAN-SQUARE BEHAVIOR

— 32
E|[w; )2, = E[W;1]2s, + 4203 (,\TF q) (23.28)

. . . . . —3 .
and a new term with weighting matrix determined by /' ¢ appears. The natural question
1s whether this procedure terminates, and whether weighting matrices that correspond to
increasing powers of /' keep coming up? The procedure does terminate. This 1s because

. , —(M —1
once we write (23.20) for the choice 7 = FIi }q we get:

—(M—
EszH—cw v, = EHE’IL—IH%IMQ + ,u-gcrg ()\TF( ”q) (23.29)

S : . S —M
where the weighting matrix on the right-hand side 1s now F' ¢. However, we do not need
M .
to write (23.20) for the choice @ = F" g in order to determine E Hw1||_M This is because
q

this last term can be deduced from the already available weighted fautms:

{Elmil, Elwili%, ElwilZ, . E[® 2, | (23.30)
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CAYLEY-HAMILTON

This fact can be seen as follows. With any matrix F' we associate its characteristic polyno-
mial, defined by

p(x) = det(zl — F)

[t 1s an M —th order polynomial in r,

p(z) = M+ PM—lil’?M_l —|—pM_25L‘M_2 + ...+ p1z+ po

with coefficients {pr, par = 1} and whose roots coincide with the eigenvalues of F. Now
a famous result in matrix theory, known as the Cayley-Hamilton theorem, states that every
matrix satisfies its characteristic equation, i.e., p(F') = 0. In other words, F' satisfies

—M —M-1 —M—2 —
F 4o F + par—oF + ...+ F+polyr =0

which means that the M —th power of F' can be expressed as a linear combination of its
lower order powers.
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CAYLEY-HAMILTON

Using this fact we can write

_ = |12
EszH—W = EHwT’H(—pM_lfM 1 par— QFM Q—--.—plﬁ—pul.-w]lq
= _pﬂEHEﬁiH - plEszHpq T e T er—lEHEiHZF(M—nq
That 1s,
M-1
E|[wilZa, = > —peE|wil % (23.31)
k=0

which expresses E ||w1||_w as a linear combination of the terms in (23.30), as desired.
q

We can collect the above results into a single self-contained recursion by writing (23.26)—
(23.31) as:
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STATE-SPACE MODEL

I EH?T:HE ] "0 | 1 [ Ellwi—i]? |
E|[w:|2, 00 E[wi-1llz,
— 1|2 ———
E|[wili2., o0 0 NN
'_. 2 ' — 2
E ||T1H2F(M—2)q _0 0 0 1 E Hfil—l HF(M—?“JQ
L EH’wiHF(M—l)q 1 L P ™M _pf o ThM-1 ) i E||w1;_1||%M_1]q |
~ A
2w, d
p— AE —
A
—2
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STATE-SPACE MODEL

If we introduce the vector and matrix quantities {W;, F, Y} indicated above, then this
recursion can be rewritten more compactly as

Wt' = .FWi_l -+ }Lzﬂ'gy (2332)

This 1s a first-order recursion with a constant coefficient matrix F. In the language of lin-
ear system theory, a recursion of the form (23.32) is called a state-space recursion with
the vector VV; denoting the state vector. We therefore find that the mean-square behavior
of LMS is described by the M —dimensional state-space recursion (23.32) with coefficient
matrix F. To be more precise, the transient behavior of LMS is described by the combi-
nation of both (23.32) and recursion (23.23) for the mean weight-error vector. These two
recursions can be grouped together into a single 2A/-dimensional state-space model with
a block diagonal coefficient matrix as follows

EEI L I—}_Lﬁ Eﬁi_l 2 2 0
[m]‘[ F”m_l]*“ﬂ[y]
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COMPANION MATRIX

The matrix F in (23.32) has a special structure in this case; 1t 1S a companion matrix
(namely, a matrix with ones on the upper diagonal and the negatives of the coefficients of
p(x) in the last row). A well-known property of such matrices is that their eigenvalues
coincide with the roots of p(x) = 0, which in turn are the eigenvalues of F from (23.22),
L.e.,

[ eigenvalues of F } = {rootsof p(x)} = { eigenvaluesof F' }

Recursion (23.32) shows that the transient behavior of LMS is the combined result of the
time evolutions of the A variables in (23.30), which are the entries of W,. For this reason,
these variables are called state variables; since they determine the state of the filter at any
particular time instant.
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MEAN-SQUARE BEHAVIOR

Lemma 23.1 (Mean-square behavior of complex LMS) Consider the

LMS recursion (23.1) and assume the data {d(i), u;} satisfy model (22.1)
and the independence assumption (22.23). Assume further that the regressor
sequence is circular Gaussian. Then the mean and mean-square behaviors of
the filter are characterized by (23.23) and (23.32), namely, by the recursion

5 1[5 ) el
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MEAN-SQUARE STABILITY

23.4 MEAN-SQUARE STABILITY

The LMS filter will be said to be mean-square stable if, and only if, the state vector
W; remains bounded and tends to a steady-state value, regardless of the initial condition
W_1. A necessary and sufficient condition for this to hold can be found as follows. For
any state-space model of the form

Ir; = Cﬂji_l Sin b

a well-known result from linear system theory states that the sequence {x;} remains
bounded, regardless of the initial state vector {x_, }, and that the sequence {x;} will tend
to a finite steady-state value as well, if, and only if, all the eigenvalues of C' lie inside the
open unit disc. Applying this result to (23.32), we conclude that the LMS filter will be
mean-square stable if, and only if, all eigenvalues of F are inside the unit disc or, equiva-
lently, the eigenvalues of F' from (23.22) should satisfy

-1<A(F) <1 (23.33)

That 1s, we need F' to be a stable matrix; here we are writing A(F') to refer to the eigenval-
ues (spectrum) of F'.
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BOUNDS FOR STABILITY

The lower bound on A(F') is automatically satisfied because F' is at least nonnegative-
definite (and, hence, its eigenvalues are all nonnegative). This fact can be seen by writing
F' from (23.22) as the sum of two nonnegative-definite matrices:

F o= (I=2pA+p2A%) + ®2A\T = (I—pA)* + 2N (23.34)

To find a condition on x for the upper bound on the eigenvalues of F to be satisfied, we
start by expressing F' as -
F=1-puA+/*B (23.35)

where, in this case, the matrices A and B are both positive-definite and given by
AZ292A, B2 AZ4ANT (23.36)

[t 1s shown 1n Prob. V.3 that for nonnegative-definite matrices F of the form (23.35), its
eigenvalues will be upper bounded by one if, and only if, the parameter p satisfies

0 < p < 1/Amax (A'B) (23.37)
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BOUNDS FOR STABILITY

It 1s also shown 1in that problem that the
eigenvalues of A=!B are real and positive.
Let
n° = 1/Amax (A7 B)

The bound (23.37) on p 1s simply the smallest positive scalar 7 that makes the matrix
I— -J;A_IB singular, 1.e., it 1s the smallest 7) such that

det (I—nA~'B) =0 (23.38)

Combining (23.37) with (23.24) we find that the condition on g for the filter to converge
in both the mean and mean-square senses 1s

0 < p < min{2/Amax, n°} (23.39)

It turns out that we can be more explicit and show that 1® < 2/A,.x so that the upper
bound on g 1s ultimately determined by 7 alone. Indeed, using the definitions (23.36) for
A and B we have
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BOUNDS FOR STABILITY

A—1
det (I-nA~'B) = det (1 - n% A%+ MT})
= det (1- 2 [A+2"])

We are interested in the smallest value of 7 that makes I — nA~1 B singular. Actually, in
view of condition (23.39) on ., we are only interested in those values of 7 that lie within
the open interval (0, Q/Amax). If any such 7 can be found, then n° < Q/Amax. Since over
the interval n € (0, 2/ Apax) the matrix (I — A) is invertible, we can write

. ; —1 .
det (1-nA~'B) = det (I-JA)-det (1— 1-2JA| 2 AT)

= (1-ATRp-A) ) det (1= 7A) (23.40)
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BOUNDS FOR STABILITY

where in the last step we used the determinant identity
det(I - XY) = det(I -Y X)

for any matrices { X, Y} of compatible dimensions, so that when X 1s a column and Y 1is
a row we have
det(I—azy') = 1 —y'x

The values of 7 € (0,2/Aax) that result in det (I — nA~"' B) = 0 should therefore satisty

AT (2 1—A) g =1

Moo
3 M _q (23.41)
Pt 2 — A
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BOUNDS FOR STABILITY

Introduce the function

A M AL7)
— 23.42)
P (

and observe that f(0) = 0 and f(7) is monotonically increasing between 0 and 2/ Ay ax:
this latter claim follows by noting that the derivative of f(-) with respect to 7 is positive,

M

df 2N,
— = > 0 for n € 0,2/ Anax
& = 2T AP 7€ 10,2/ Amas)

Observe further that f(n) has a singularity (i.e., a pole) at n = 2/ A ax, so that f(n) — <
as ) — 2/ Amax — Fig. 23.1.
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FUNCTION BEHAVIOR

Plot of f(n)

FIGURE 23.1 Behavior of the function f (1) defined by (23.42) over the semi-open interval
10,2/ Amax ).
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STABILITY BOUNDS

Theretfore, we conclude that there exists a unique positive 7 within the interval (0, 2 / Amax )
where the function f(n) crosses one, i.e., for which

M
An’

— 2 — A\pm°

This value of 7 is the smallest 77 that makes I —nA~! B singular and, therefore, it coincides
with the desired 7° and is smaller than 2/A.x. In conclusion, we find that condition
(23.39) 1s equivalent to requiring p to satisfy

M
S
2 — App

k=1

When this happens, the LMS filter will be mean-square stable.
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COMPLEX LMS

Theorem 23.1 (Stability of complex LMS) Consider the LMS recursion
(23.1) and assume the data {d(z), u;} satisfy model (22.1) and the inde-
pendence assumption (22.23). Assume further that the regressor sequence is
circular Gaussian. Then the LMS filter is mean-square stable (i.e., the state
vector W, remains bounded and tends to a finite steady-state value) if, and
only if, the positive step-size p satisfies

M

where the {\..} are the eigenvalues of R,. The above condition on x also
guarantees convergence in the mean, i.e., Ew; — w?.
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REAL LMS

Theorem 23.2 (Mean-square behavior of real LMS) Consider the LMS
recursion (23.1) and assume the data {d(i),u;} satisfy model (22.1) and
the independence assumption (22.23). Assume further that the regressor
sequence is real-valued Gaussian. Then the LMS filter is mean-square stable
(i.e., the state vector W; remains bounded and tends to a finite steady-state
value) if, and only if, the step-size p satisfies

= <1
2 — 1 — Appe

where the {\;.} are the eigenvalues of R,. The above condition on p also
guarantees convergence in the mean, i.e., Ew; — w®. Moreover, the mean
and mean-square behaviors of LMS are characterized by recursions (23.23)
and (23.32), namely,

Eﬁi o :[—I,ELI"L EEE'_]_ 2 2 0
E N kR

(or, more generally, by (23.48) further ahead for other choices of 7 in the
mean-square case). The coefficients {p;} that define the matrix F are now
obtained from the characteristic polynomial of the matrix F in (23.45).
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STEADY-STATE PERFORMANCE

23.5 STEADY-STATE PERFORMANCE

In this section, we shall re-examine the excess mean-square error,

EMSE 2 lim E|e,(i)[?

1— 00
as well as study the so-called mean-square deviation of the filter, which 1s defined as

MSD 2 lim E||w;|?
12D
To begin with, let us first note that 1if model (23.32) 1s stable, then 1t will remain stable
if ¢ 1s replaced by any other choice for . Indeed, it 1s straightforward to see from the
arguments that led to (23.32) that had we started with any other choice for &, a similar
state-space recursion would have resulted with the same coefficient matrix J, namely
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STEADY-STATE PERFORMANCE

[ EHE:I% | C 0 1 11 EHE?L—IH% |
E H?@Hgﬁ 0 0 1 E ||?«i—1 HQFF
E ||| e B o0 0 0 1 E w122
E ([ |2 sy o 0 0 | R .
F o F o
i E HET'HQF(I‘J_]'}E _J L _pD _pl _EE .o _pjif{—]. 4L E ||E1__1H2F(ﬂ{[_l‘j3 _
évw. =F
— )\-I-_E —
N Fa
—2
20| AFT
\TFM L
with g replaced by . In other words, it would still hold that
W, =FW,_1 + ;chff,y (23.48)
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STEADY-STATE PERFORMANCE

With this issue settled, we can now explain how the freedom in selecting @ can be useful.
To see this, consider the setting of Thm. 23.1 and assume the step-size p has been chosen
to guarantee filter stability. Then recursion (23.20) becomes in steady-state

E|Wa |2 = E|[Ws]3 + p202(\5) (23.49)

which 1s equivalent to

E ||Wm||?1_r:.a = u202(\15) (23.50)

This expression can be used to examine the mean-square performance of LMS in an inter-
esting way.
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MSD PERFORMANCE

For example, in order to evaluate the MSD of LMS we would need to evaluate the
expectation E [, ||?. Thus assume that we select the weighting vector & in (23.50) as the
solution to the linear system of equations (I — F)&pneq = ¢, 1.€., a8 Fmsq = (I — F) " 1q.
In this way, the weighting vector that appears in (23.50) will become ¢. Then the left-
hand side of (23.50) will coincide with the filter MSD and, therefore, we would be able to

conclude that

MSD = 202\T(1—F)~ g (23.51)

more explicit expression for the MSD can be found by evaluating the product AT —
)~1q. Using expression (23.22) for F' we have

A
F
- F = 2uh — A% — 20T 2 D — 27

where we introduced, for convenience, the matrix

D = 2ul — p2A? (23.52)
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MSD PERFORMANCE

Then, using the matrix inversion formula (5.4),

AMI-F)'q = A(D—p®2\")g
2
T —1 H —1\\T -1
= A (D +1—,u-2)\TD_1)\D AN'D )q

ATD-1q
= 1z XD (23.53)

Substituting (23.53) into (23.51), we get

MSD = — (23.54)
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EMSE PERFORMANCE

In a similar vein, we can evaluate the EMSE of LMS. Thus recall from (22.24) that u;
and w;_, are independent random variables. Then it follows that

Ele.(d)]” = Ew; jujuwi_

= E [E (wi_lu:uéﬂu_l |ﬁ?i_1)}

= E [’&?:—1 E (u:fui; |’11'f1;_1)ﬁ?i_1}

— E(w! R, ;)

= w17,

= [[wi-13 (23.55)

In other words, in order to determine the EMSE we need to evaluate E||w.||%, with
weighting factor A = diag{A}. Therefore, assume that we now select & in (23.50) as the
solution to the linear system of equations (I—F)Femse = A, 1.€., 28 Feomse = (I—F) 1A, In
this way, the weighting quantity that appears in (23.50) will become A. Then the left-hand
side of (23.50) will coincide with the filter EMSE and we would get
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EMSE PERFORMANCE

EMSE = 202\T(I1— F)~ ) (23.56)

Again a more explicit expression for the EMSE can be found by evaluating the product
AT(I — F)~'X in much the same way as we did for the MSD above, leading to

_ AT D=1\
ANI-—F)y"\ =
( ) 1 — p2ATD-1)
SO that
2 M A
p’gﬂ E 2—;:}-1‘:
EMSE — *‘j}
A
- Pbicgl =%,
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MSD AND EMSE EXPRESSIONS

Theorem 23.3 (MSD and EMSE of LMS) Consider the LMS recursion
(23.1) and assume the data {d(7),u;} satisfy model (22.1) and the indepen-
dence assumption (22.23). Then the MSD and EMSE are given by

M M

1
:UJE Z 2 S;uf)ik #Jg,l;l 2—8u Mg
EMSE = M MSD = v
1_#22 Splh 1_'L'122 S,‘_i;’sk

where s = 1 if the regressors are circular Gaussian and s = 2 if the regressors
are real-valued Gaussian. Moreover, the {\.} are the eigenvalues of R,,.
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LMS WITH NON-GAUSSIAN REGRESSORS

24.1 MEAN AND VARIANCE RELATIONS

Thus refer again to the transformed recursion (23.7), which characterizes the transient
performance of LMS. When the regressors u; were Gaussian, we were able to evaluate the
three moments below (see (23.9)—(23.11)):

Eujw, E|w|: and  E|w|iww; (24.1)

In particular, we found that E%; uz and E||w,;||sw; @, were simultaneously diagonal and

that the weighting matrices {Z-,E } themselves could be made diagonal as well — see
(23.13).

However, when the regressors w; are non-Gaussian, it 1s generally not possible to ex-
press the last moment in (24.1) in closed-form any longer (as we did in (23.11); see
though Prob. V.11). In addition, and more importantly perhaps, the moments Ew;w; and
E||w;||sw; w; need not be simultaneously diagonal anymore. In this way, the weighting

_— ‘ =
matrix X need not be diagonal even 1f X 1s.
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VEC NOTATION

Nevertheless, the transient analysis of LMS can still be pursued in much the same way as
we did in the Gaussian case if we replace the diag{-} notation in (23.15) by an alternative
vec{-} notation. Before doing so, we remark that since the weighting matrices {ff,f}
are not necessarily diagonal anymore, we shall pursue our analysis by working with the
original variance and mean relations (23.3), instead of the transformed variance and mean
relations (23.7), namely, we shall now work with

Ellwi|$ = Ellwi—1llg + p?07E|wi
> Y — uXE [ujw;] — pE [uju,) X + p?E [||lu||fu; ;) (24.2)
E'it']fjft (I— ;LRH) E’ﬁ.?t_l

Vector Notation

The diag{-} notation allowed us to replace an M x M matrix by an M x 1 column vector
whose entries were the diagonal entries of the matrix. More generally, we shall use the
vec{-} notation to replace an M x M arbitrary matrix by an M? x 1 column vector whose
entries are formed by stacking the successive columns of the matrix on top of each other.
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VEC NOTATION

We shall therefore write

o = vec(X) (o isnow M? x 1) (24.3)

with o denoting the vectorized version of Y. Likewise, we shall write » to denote the
vectorized version of R,,.

r =vec(R,) (r is M? x 1) (24.4)

and 7’ to denote to the vectorized version of RL

r’ = vec(R)) (24.5)

When the regressors are real-valued, so that R, = R], the vectors {r, '} will coincide.

However, when the regressors are complex-valued, we need to distinguish between r and

7.
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VEC NOTATION

In addition, we shall use the notation vec™*{-} to recover a matrix from its vec repre-
sentation. Thus writing vec ™ {a} for an M? x 1 column vector a, results in an M x M
matrix whose entries are obtained by unstacking the elements of a. This choice of notation
is in contrast to the diag{-} operation, which is generally accepted as a two-directional op-
eration: it maps diagonal matrices to vectors and vectors into diagonal matrices. Therefore,
we shall write

Y, =vec {o} and R, =vec {r} (24.6)

to recover {X, R, } from {o, r}.
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KRONECKER PRODUCTS

The vec{-} notation is most convenient when working with Kronecker products (see App. B.7).
The Kronecker product of two matrices A and B, say of dimensions m, X n, and my, X np,
respectively, is denoted by A @ B and 1s defined as the m,myp X n,np matrix

{ll:lB C-LLQB ‘e {ILHGB
_ A az 1B az2B ... ax,,B
A B = . .
| a'ma,lB a'ma,EB SRR 270 ,n,lB ]

This operation has several useful properties (see Lemma B.8), but the one that most in-
terests us here is the following. For any matrices { P, X, Q} of compatible dimensions, it
holds that

vec(PXQ) = (QT @ P)vec(X) (24.7)

This property tells us how the vec of the product of three matrices is related to the vec of
the center matrix.
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LINEAR VECTOR RELATION

With the above notations, we can now verify that expression (24.2) for X" in terms of X still
amounts to a linear relation between the corresponding vectors {o, o’ }: just like it was the

case for {X, ¥ } in (23.17). Indeed, applying (24.7) to some of the terms in the expression
for X’ in (24.2) we find that

vec(XE [uiw;]) = ([Eujw]" @Iy)o = (R! @1y
vec(E [u;u;|Y) = (Im ®[Euu;]))o = (I ® Ry)o
vec(E||u;||3uiu;) = vec(E [uiu;Sulwu;]) = E ([u:ut]T ® [u:‘ut]) o

Taking the vec of both sides of (24.2), and using the above equalities, we find that the
weighting vectors {o, o'} satisfy a relation similar to (23.21), albeit one that is M 2-
dimensional,

o = Fo (24.8)

where F is M? x M? and given by

=

F = Iy — p(ly @Ry) — p(RY@Ty) + p2E([wjw]’ @ [ufn]) | (24.9)
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VARIANCE RELATION

or, more compactly, in factored form:

F2E [(IM — puiw)T @ (I — ﬁu;uz-)] (24.10)

Variance Relation
We can further rewrite recursion (24.2) for E ||w;||4 by using the weighting vectors {o, o'}
instead of the matrices {X, ¥'}. Using (24.8) and the notation (24.6), recursion (24.2)
becomes
=112 ~ 2 T

E ||wi||vec—1{cr} = E ||w’i—1||VEC—1{FJ} + # Ty ( )
where, for the last term, we used the fact that E ||u;[|2 = Tr(R,X) = 'To. For com-
pactness of notation, we shall drop the vec™1{-} notation from the fuuba-;rlpts and keep the
vectors, so that the above can be rewritten more compactly as

E||w;||2 = E||lw;—1]|%, + p202(+'To) (24.11)
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VARIANCE RELATION

The vector weighting factors {o, F'o} in this expression should be understood as com-
pact representations for the actual weighting matrices {vec 1 {o},vec™ {Fo}}. In other
2 denotes

J2l2 2 ||z3ec-1(oy = =*Bz, where T =vec'{o}

In summary, starting from (24.2), we argued that the weighting matrices {¥, ¥’} can
be vectorized, so that (24.2) can be equivalently expressed more compactly as in (24.8)—
(24.10) and (24.11), namely,

Ellw;|2 = E|wiilf, + ploi(r'Mo) (24.12)
o/ = Fo (24.13)
Fo= Tae—ply @ Ry) — w(RY @ L) + p2E([ulwg]” @ [ufe;]) (24.14)

Ew; = (I— pRy)Ewi_q (24.15)
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STABILITY CONDITIONS

Although the coefficient matrix in the recursion for Ew; 1s (I — R, ), this recursion is
equivalent under the unitary transformation (22.31) to (23.23), so that the same condition
on p from (23.24) guarantees convergence in the mean, 1.e.,

i < 2/ Amax (24.16)

guarantees Ew; — w?.

F =12 — pA+ 1B (24.20)

with Hermitian matrices { A, B} given by

A=y ®Ry) + (RT®1y), B=E ([uguf ® [u:ui]) (24.21)

Actually, A 1s positive-definite and B 1s nonnegative-definite. We shall assume that the
distribution of the regression sequence is such that B 1s a finite matrix. For mean-square
stability we need to find conditions on g in order to guarantee —1 < A(F') < 1. How-
ever, contrary to the Gaussian case in (23.34), the matrix F' is no longer guaranteed to be
nonnegative-definite in general — see Prob. V.4 for an example.
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STABILITY CONDITION

It 1s
shown in App. 25.A that the matrix F' will be stable for values of x in the range:
0 < p < mi : : (24.22)
< 1min : .
a Amax(AIB) max{/\(H) - ]R+}

where the second condition 1s 1n terms of the largest positive real eigenvalue of the follow-
ing block matrix,

H A [ 114/ 2 —*ﬁ/ 2 ] (2M x 2M) (24.23)
M2

when 1t exists. If A does not have any real positive eigenvalue, then the corresponding
condition is removed from (24.22) and we only require & < 1/Apax(A ™" B). Conditions
(24.16) and (24.22) can be grouped together into a single condition as follows:

2 1 1
0 < < mi : : 24.24
po= { Amax . Amax(A71B)’ max {A(H) - ]R+} } ( )
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Theorem 24.1 (Stability of LMS for non-Gaussian regressors) Assumd
the data {d(i), u;} satisfy model (22.1) and the independence assumption
(22.23). The regressors need not be Gaussian. Then the LMS filter (23.1) is
convergent in the mean and is mean-square stable if the step-size p is chosen
to satisfy (24.24), where the matrices A and B are defined by (24.21) and
B is finite. Moreover, the transient behavior of LMS is characterized by the
M*-dimensional state-space recursion (24.17)—(24.19), and the mean-square
deviation and excess mean-square error are given by

MSD = ,u crtr‘ (I—F) lq, EMSE = ,ucr r (I—F) Ly

where r = vec(R,), 7’ = vec(R)), and ¢ = vec(I).
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The expressions for the MSD and EMSE in the statement of the theorem are derived in
a manner similar to (23.51) and (23.56). They can be rewritten as

MSD = ﬂ-zﬂ'gEHuiH?I_F]—lq and EMSE = ﬂ'QggEHuiH?I—F]—lT

or, equivalently, as

MSD = 1202Tr(R,Ymsa) and  EMSE = p202Tr(R,Yemse)

where { Y154, Yemse | are the weighting matrices that correspond to the vectors o,sq =
(I — F)~'gand ocpee = (I — F)~1r. That is,

Emsd — VEC_I(Jde) and Eemse — VEC_I(gemse)
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DATA NORMALIZED FILTERS

W; = Wi—1 + [

7

glui]

e(i), i>0 (22.2)

i, (22.3)
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DATA NORMALIZED FILTERS

Theorem 25.2 (Stability of data-normalized filters) Consider data nor-
malized adaptive filters of the form (22.2)-(22.3), and assume the data
{d(i), w;} satisfy model (22.1) and the independence assumption (22.23).
Then the filter is convergent in the mean and is mean-square stable for step-
sizes satisfying

0 < p < min{ 2 Amm(P), 1/ dmae (AT B), 1/max {MH) = RT}}

where the matrices {A, B, P,H | are defined by (25.15)-(25.17) and (25.20)
and B is assumed finite. Moreover, the transient behavior of the filter is
characterized by the M *-dimensional state-space recursion W, = FIW._; +
ptal¥, where F is the companion matrix

0 1
0 0 1
0 0 ] 1 2 2
F= . I:Jll-f w M :I
0 0 1] 1
—In TP P2 —PM2-1

with
Mo

plx) 2 det(zl— F) =2M" + 3 ppat
k=0

denoting the characteristic polynomial of F in {25.19). Also,

E||ﬁ’i||§
E||w;| £, .
w, 2 | EllwilFe, . [V =E [%] k=0, M*1

B F sy

for any o of interest, eg., @ = g or @ = v. In addition, the mean-square
deviation and the excess mean-square error are given by

[ -y~ 12—y
. TIa-Fy=ig — 2 lla-Fy=ie
MSD = p?c’E [ pET) ; EMSE = u®~°E eI

where r = vec{fu) and g = vec(I).

UCLA ELECTRICAL ENGINEERING DEPARTMENT cez1UA: AUAPTAT1L1UN AND LEARNING (A. H. SAYED) 50




COMPUTER PROJECT

Project V.1 (Transient behavior of LMS) In this project we examine the transient behavior of
LMS and verify some of the results derived in the chapter for both cases of Gaussian and non-
Gaussian data.

Thus consider a real-valued regression sequence {u;} with covariance matrix I?,, whose eigen-
value spread we set at p = 5. Let the noise variance be o2 = 0.001 and fix the filter order at

M =5.

(a) Generate a covariance matrix 7, whose eigenvalue spread is 5. This can be achieved, for ex-
ample, by choosing ., to be diagonal with smallest eigenvalue at 1 and largest eigenvalue at
5. Generate independent and identically distributed regression vectors {u; } from a Gaussian
distribution with covariance matrix F.. For each time instant 7, generate also the reference
signal as follows:
d(i) = u,w’ + v(i)

where v(7) is white Gaussian noise with variance (.001, and w® is some arbitrary weight
vector that we wish to estimate. Adjust the norm of w® to unity.
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COMPUTER PROJECT

(b) Fix initially the step-size at ;. = 0.01 and train LMS for 10000 iterations. Average the
squared-weight-error curve, ||w;||?, over 30 experiments and generate an ensemble-average
curve for E ||4;||%. Use recursion (23.32) to generate the theoretical curve for E ||w;||%. Ob-
serve that since in this project we are choosing 1, to be diagonal and, hence, I7,, = A, it
holds that r; = w;. Compare the simulated and theoretical curves. Use the simulated curve
to estimate the MSD. Compare this value with the one predicted by theory through expression
(23.54).

(c) Repeat the simulation of part (b) and generate a curve of the MSD pertormance as a function
of the step-size. Simulate for the values

€ {0.03, 0.05, 0.07, 0.08, 0.09, 0.095, 0.1, 0.125}

At what value of the step-size does the filter become unstable? Now recall that according
to Thm. 23.2, the LMS filter remains mean-square stable for all step-sizes that satisty the
condition

Plot the function f(z¢). At what value of ;2 does f(:) exceed one? Compare this theoretical
value with the simulated value.
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COMPUTER PROJECT

(d) Repeat the simulation of part (b) except that now the regression vectors {u; } are selected as
independent and identically distributed realizations of a uniform distribution with covariance
matrix /,,. More specifically, each wu; is generated as follows. Select first random vectors s;,
of the same size as w.. but with i.i.d. entries that are uniformly distributed within the interval
[—1, 1]. In this way, each entry of s; has variance 1/12. Then set

w; = '\/E+S¢+Rif2

where, since I?,, is diagonal, 2,/ is the diagonal matrix with the positive square-roots of the
entries of 7,,. Verify analytically that the vectors u; generated in this manner have covariance
matrix [7,,.

Generate also a uniform noise sequence v(i) with variance o2 = 0.001. Use the data
{d(i),w;} so obtained to simulate the operation of LMS with step-size ;z = 0.05. Use the
recursion in Prob. V.7 to generate the theoretical curve for E ||1is;]|*. Compare the simulated
and theoretical curves. Construct also a curve for the MSD performance of the filter for the
same range of step-sizes as in part (b). At what value of the step-size does the filter become
unstable? Now recall that according to Thm. 24.1, the LMS filter remains mean-square stable
for step-sizes that satisfy condition (24.24), namely,

2 1 !
0 < p <mi )
1 < min { Amax Amax(A~1B) max {\(H) € R} }
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COMPUTER PROJECT

where { A, B} are given by (24.21); for real-valued data, these matrices reduce to

A= (I @Ry + (Ru®ln), B =E (I:’H;;—I—Hi] & [ujug])

- A/2 —-B/2
Lar2 0
Estimate the matrices A and B via ensemble-averaging and evaluate the upper bound on g
for mean-square stability. Compare this result with the one obtained from the simulated MSD

curve.
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COMPUTER PROJECT

Project V.1 (Transient behavior of LMS) The programs that sclve this project are the following,

1. partA.m This program solves parts A, B, and C. It generates data {w;,d(i)} with the desired specifica-
tions. Figure 1 shows a typical ensemble-average learning curve for the weight-error vector, when the
step-size is fived at p = 0.01. The ensemble-average curve is superimposed onto the theoretical curve.
It is seen that there is a good match between theory and practice. Figure 2 plots the MSD as a function
of the step-size. Observe how the filter starts to diverge for step-sizes close to 0.1. The rightmost plot

in Fig. 2 shows the behavior of the function f{p) over the same range of step-sizes. The plot shows
that fiu) exceeds one around p =2 0.092. We thus find that the simulation results are consistent with
theory.

LMS theoretical and ensemble-average leaming curves for E | w™—w
i

Case of Gaussian regressors
o T T T I
. . H — Simulatizn
: +we« THeory (smooth curve)
-5 L. e e
| é :
-0 .ll... . .I .
1 ? :
15 ‘.!l‘ A i .
1 ; :
1 ' :
-20 _.!l.. .
o |
s !
D_zﬁ _..-I.. -
@ 1
= 1
_apbo |
1
1
1
-5+ ..1|.. : S RLLGL ALRCEIEREERRREER
i : :
40 a\h : ; ; :
il B e e L T Ll
i i ; ;
1000 2000 3000 4000 5000
Iteration

Figure V.1. Theoretical and simulated learning curves for the weight-ervor

vector of LMS operating with a step-size p = 0.01 and using Gaussian regres-
ROTH.
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COMPUTER PROJECT

MSD ws. step—size for LMS

for Gaussian regressors Pliot of flp)
—+ Simulaton : : :
Iu- —B-—TI‘EDI? L i CEREEEERLE | ]
: ; 1.5
g o -
a . . . 4! . [ S [ O S uu-
) : : : LAY : = : : : Stabity
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Figure V.2, Theoretical and simulated MSD of LMS as a function of the
step-size for (Gaussian regressors ( leftrmost plot). The rightmost plot shows the
behavior of the function f(u) over the same range of step-sizes.
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COMPUTER PROJECT

2. partD.m This program generates two plots. Figure 3 shows a typical ensemble-average learning curve
for the weight-error vector, when the step-size is fixed at u = 0.05. The ensemble-average curve is
superimposed onto the theoretical curve that follows from Prob. V.7. It is seen that there is also a good
match between theory and practice for non-Gaussian regressors.

. . 2
LMS theorefical and ensemble—average learning curves for E w"’—wl
Casze of non-Gaussian regressors

0 T T T T T T I T T
. . . . —— Simulation
1 .'-" Thm:!r;‘I ismonth curve)
Y - e e e R U U i L i
|
|
_1']1 ........ x ......... x ......... -\. ......... -\. ......... e .-.-a ........ -
ﬁ{
_15_1 ....... e B B SIRRIEEE e e _
— | : : : : :
m 1
=2 1
C‘_zn_1 ________________________________________________________________________________________________ .
o
=

0 100 200 300 400 500 G600 700 800 900 1000
Iteration

Figure V.3. Theoretical and simulated learning curves for the weight-error

vector of LMS operating with a step-size ¢ = 0.05 and using non-Gaussian
Tegressors.
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COMPUTER PROJECT

Figure 4 plots the MSD as a function of the step-size. The theoretical values are obtained by using the
following expression

MSD = p2e2r'T(I—F)"1q, EMSE = p202¢/T(1-F) s
where {r,r’, g, F'} are defined in the statement of the theorem. Observe how the filter starts to diverge
for step-sizes close to 0.1. Actually, using the estimated values for A and B that are generated by the
program, it is found that

1 1
= 0103, ~ 0.204
Amax (A~ 1B) ' max {A(H) € R}

so that we again find that the simulation results are consistent with theory.

MSD vs. step-size for LMS with non—-Gaussian regressors

—#%— Simulation
20| —— Theaory

uﬂ' | '&_ | ] i i
0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Step-size

Figure V.4. Theoretical and simulated MSD of LMS as a function of the
step-size for non-Gaussian regressors.

UCLA ELECTRICAL ENGINEERING DEPARTMENT EE210A: ADAPTATION AND LEARNING (A. H. SAYED) 58




	Slide Number 1
	LECTURE #13
	ENERGY & VARIANCE RELATIONS
	CHANGE OF COORDINATES
	TRANSFORMED RELATIONS
	LMS WITH GAUSSIAN REGRESSORS
	LMS ENERGY & VARIANCE RELATIONS
	MEAN BEHAVIOR
	MEAN BEHAVIOR
	MEAN-SQUARE BEHAVIOR
	MEAN-SQUARE BEHAVIOR
	MEAN-SQUARE BEHAVIOR
	CAYLEY-HAMILTON
	CAYLEY-HAMILTON
	STATE-SPACE MODEL
	STATE-SPACE MODEL
	COMPANION MATRIX
	MEAN-SQUARE BEHAVIOR
	MEAN-SQUARE STABILITY
	BOUNDS FOR STABILITY
	BOUNDS FOR STABILITY
	BOUNDS FOR STABILITY
	BOUNDS FOR STABILITY
	BOUNDS FOR STABILITY
	FUNCTION BEHAVIOR
	STABILITY BOUNDS
	COMPLEX LMS
	REAL LMS
	STEADY-STATE PERFORMANCE
	STEADY-STATE PERFORMANCE
	STEADY-STATE PERFORMANCE
	MSD PERFORMANCE
	MSD PERFORMANCE
	EMSE PERFORMANCE
	EMSE PERFORMANCE
	MSD AND EMSE EXPRESSIONS
	LMS WITH NON-GAUSSIAN REGRESSORS
	VEC NOTATION
	VEC NOTATION
	VEC NOTATION
	KRONECKER PRODUCTS
	LINEAR VECTOR RELATION
	VARIANCE RELATION
	VARIANCE RELATION
	STABILITY CONDITIONS
	STABILITY CONDITION
	MSD AND EMSE
	MSD AND EMSE
	DATA NORMALIZED FILTERS
	DATA NORMALIZED FILTERS
	COMPUTER PROJECT
	COMPUTER PROJECT
	COMPUTER PROJECT
	COMPUTER PROJECT
	COMPUTER PROJECT
	COMPUTER PROJECT
	COMPUTER PROJECT
	COMPUTER PROJECT


<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Error

  /CompatibilityLevel 1.4

  /CompressObjects /Tags

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Default

  /DetectBlends true

  /DetectCurves 0.0000

  /ColorConversionStrategy /CMYK

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams false

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness true

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Preserve

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages true

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages true

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages true

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile ()

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<



    /BGR <>

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /CZE <>

    /DAN <>

    /DEU <>

    /ESP <>

    /ETI <>

    /FRA <>

    /GRE <>



    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)

    /HUN <>

    /ITA <>

    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /LTH <>

    /LVI <>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)

    /NOR <>

    /POL <>

    /PTB <>

    /RUM <>

    /RUS <>

    /SKY <>

    /SLV <>

    /SUO <>

    /SVE <>

    /TUR <>

    /UKR <>

    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /ConvertColors /ConvertToCMYK

      /DestinationProfileName ()

      /DestinationProfileSelector /DocumentCMYK

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure false

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles false

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /DocumentCMYK

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /UseDocumentProfile

      /UseDocumentBleed false

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [612.000 792.000]

>> setpagedevice



