INFERENCE OVER
NETWORKS

LECTURE #24: Combination Policies
%

ooooo EE210B
Spring Quarter 2015

Proc. IEEE, vol. 102, no. 4, pp. 460-497, April 2014.
Foundations and Trends in Machine Learning, vol. 7, no. 4-5, pp. 311-801, July 2014.



Reference

2 [ Lecture #24: Combination Policies EE210B: Inference over Networks (A. H. Sayed)

Chapter 14 (Combination Policies, pp. 662-682):

A. H. Sayed, ““Adaptation, learning, and optimization over

networks," Foundations and Trends in Machine Learning, vol. 7,
issue 4-5, pp. 311-801, NOW Publishers, 2014.



Setting

3} Lecture #24: Combination Policies EE210B: Inference over Networks (A. H. Sayed)

We end our exposition by commenting on the selection of the combina-
tion policy, A. Although unnecessary, we assume in this chapter that
all agents are informed so that their step-sizes are strictly positive. It
is clear from the performance expression (11.118) that the combina-
tion weights {as.} that are used by the consensus (7.9) and diffusion
strategies (7.18) and (7.19) influence the performance of the distributed
solution in a direct manner. Their influence is reflected by the entries
{pr}, defined earlier through (11.136), namely,
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N -1 /N
1
MSDiist.k = MSDaist.av = 5-Tr (kzl ukpkﬂk) (kzl u%p;%ck) (14.1)

There are several ways by which the coefficients {ag.} can be selected.
On one hand, many existing combination policies rely on static se-
lections for these coefficients, i.e., selections that are fixed during the
adaptation and learning process and do not change with time. On the
other hand, the discussion will reveal that it is important to consider
selections where these coefficients are also adapted over time, and are
allowed to evolve dynamically alongside the learning mechanism.
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To begin with, Table 14.1 is extracted from [208] and lists some common
static choices for selecting the combination weights {as } for a network
with NV agents. In the table, the symbol ny = |Nx| denotes the degree of
agent k£, which is equal to the size of its neighborhood, and the symbol
Nmax denotes the maximum degree across the network:

A
n = max n 14.2
max | <K< N k ( )
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The Laplacian rule, which appears in the second line of the table, re-
lies on the use of the Laplacian matrix of the network and a positive

scalar, #. The Laplacian matrix is a symmetric matrix whose entries
are constructed as follows [41, 82, 143, 208]:

g — 1, if k= ¢
L], =1 —1, ifk#/and /(e N (14.3)

0, otherwise




[ ] ([ ] ([ ]
Static Policies
¢ [ Lecture #24: CombinationPolicies ~___________ EE210B: Inference over Networks (A. H. Sayed)

The Laplacian matrix has several useful properties and conveys im-
portant information about the network topology [208, App. B]. For
example, (a) L is always nonnegative-definite; (b) the entries on each
of its rows add up to zero; and (c) its smallest eigenvalue is zero. More-
over, (d) the multiplicity of zero as an eigenvalue for £ is equal to the
number of connected subgraphs of the network topology. Accordingly,
a graph is connected if, and only if, the second smallest ecigenvalue of
L (also called the algebraic connectivity of the graph) is nonzero.
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Entries of combination matrix A Type of A
1. Averaging rule [39]:
1/ng, iffeNg
0, otherwise
2. Laplacian rule [215, 265]:

app, = 1 — j[ﬁ]ﬂ\ nj =0

ag = left-stochastic

symmetric and
doubly-stochastic

3. Laplacian rule using 5 = 1 /nyay ¢

1/ M if & # ¢ are neighbors .
R P e symmetrie and
k= Mmax doubly-stochastic
0. otherwise

4. Laplacian rule using 3 = 1/N
(or maximum-degree rule [266]) :
1/N, if k # ¢ are neighbors
app =4 1—(n—1)/N. k=t
0, otherwise
5. Metropolis rule [106, 167, 265]:
m if k # ¢ are neighbors
= 1— Z e k=1 symmetrie and .
MENN [k} doubly-stochastic

symmetrie and
doubly-stochastic

0, otherwise
6. Relative-degree rule [58]:
i

1y n, 4 . .
am =14 " ( Z ”’”) . fLEN left-stochastic
meNL

0, otherwise




[ ] ([ ] ([ ]
Static Policies
10 [ Lecture #24: CombinationPolicies ~__________ EE210B: Inference over Networks (A. H. Sayed)

It is observed from the constructions in Table 14.1 that the values
of the combination weights {ay.} are solely determined by the degrees
(and, hence, the extent of connectivity) of the agents. As explained
in [208], while such selections may be appropriate in some applica-
tions, they can nevertheless lead to degraded performance in the con-
text of adaptation and learning over networks [232]. This is because
these weighting schemes ignore the gradient noise profile across the
network.
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One way to capture the gradient noise profile across the network is by
means of the factors {7} defined earlier in (12.19) and (12.78):

~1
92 A { Tr(H'Gyg) (for MSD performance) (14.4)

Tr(Rs.) (for ER performance)

where G, is also dependent on the gradient noise variance, Ry ., in view
of definition (11.12). Now, since some agents can be noisier (with larger
07) than others, it becomes important to take into account the amount
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of noise that is present at the agents and to assign more or less weights
to interactions with neighbors in accordance to their noise level. For
example, if some agent £ can determine which of its neighbors are the
noisiest, then it can assign smaller combination weights to its interac-
tion with these neighbors. One difficulty in employing this strategy is
that the noise factors {#?} are unknown beforehand since their values
depend on the unknown noise moments {G/, Rs ¢ }. It therefore becomes
necessary to devise noise-aware schemes that enable agents to estimate
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the noise factors {07} of their neighbors in order to assist them in the
process of selecting proper combination coefficients. It is also desirable
for these schemes to be adaptive so that they can track variations in
the noise moments over time. The techniques described in this chapter
are motivated by the procedures developed in [208, 244, 280]; variations
appear in [95, 270]. We first consider an example to illustrate the idea.
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Example 14.1 (Noise variance estimation over MSE networks). We continue
with the MSE network from Example 12.1 where we assumed uniform step-

sizes and uniform regression covariance matrices, i.e., jup, = pand R, = R, >
0 for bk =1,2,..., N. Recall that for these networks, the data {dx(7), ur.;}

4 4

are assumed to be related via the linear regression model:
dk(?,) = u;@,iwo + ’U}C(Z‘); E=1,2.....N (14.5)

where the variance of the noise is denoted by 03’]@ = E|v,(i)]*. We derived
in Example 12.2 the (optimal) combination coefficients in the form of the
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Hastings rule (12.39), namely,

(

2

1 —

\

Jv k
> 0 e Ni\{k}

max{ NETy 1 ngag’g }

E o
Ao e s

meNE\{k}

(14.6)
0=k

and noted that the gradient noise factors in this case are given by 67 =
2M O'g_ ., they are therefore proportional to the measurement noise power,

o2, . Tt is clear that rule (14.6) takes into account the size of the noise powers,

{03’6}, at the agents. Moreover, in this particular construction, only the noise
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levels of the two interacting agents are directly involved in the computation
of their combination weights; no other agents from the neighborhood of agent
k. are involved in the calculation.

A second combination construction is motivated in [280] for MSE net-
works by solving an alternative optimization problem than the one that led
to the Hastings rule (12.39) or (14.6). We shall describe this alternative con-
struction further ahead in (14.27). For now, we simply state that the resulting
combination rule for the case under study in this example, and which we shall
refer to as the relative-variance rule [206], takes the following form:
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( —1
1 |
af = 9 T(Z o2 ) - LN (14.7)

O_,U’g TRENk v, M
L 0, otherwise

Comparing with (14.6), we note that in this second rule, the interaction be-
tween agents &£ and ¢ is more broadly dependent on the noise profile across
the entire neighborhood of agent k. In particular, neighbors with smaller noise
power relative to the neichborhood are assigned larger weights.
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For every agent k, both rules (14.6) and (14.7) still require knowledge of
the noise variances {¢2 ,}. This information is generally unavailable but can
be estimated by agent k: as follows — see the derivation that leads to (14.53)
in the next section. Assume, for illustration purposes, that the agents arc
running the ATC LMS diffusion strategy (7.23):

Vi = Wei-1 + pug [di(i) — W iwy 1]

S a o, (14.8)

eEN

Wi i
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Then, agent k can estimate the noise variance, 05 ¢, by running the recursion:

Vi) = =7l = 1) + (g —wrial®, CeN,  (14.9)

where 0 < ( < 1 is a small positive coefficient, e.g., ¢ = 0.1. This recursion
relies on smoothing the energy of the difference between the intermediate
iterate, v, ;, received from neighbor ¢ and the existing iterate wy ;—; at agent
k. The resulting energy measure provides an indication of the amount of noise

that is present at agent ¢ since it can be verified that asymptotically [208] —
see also (14.55):

Ev2(i) ~ p202,Te(R,), i1 (14.10)
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with the limit being proportional to JS’E. Therefore, the running variables
{~%.(i)} can be used by agent k as scaled estimates for the noise variances.
These variables can then be used in place of the noise variances in rules
(14.6) and (14.7) to adapt the combination weights over time. Under this
construction, each agent k£ ends up running n; recursions of the form (14.9),
one for each of its neighbors, in order to update the necessary variables
{7, (i), £ € N} -
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Before discussing adaptive constructions for the combination weights,
we present two combination policies that are noise-aware. We already
encountered one such policy when we derived the Hastings rule earlier
in Sec. 12.2 — see expression (12.20). Here we review it briefly before
discussing the second policy, known as the relative variance rule. Recall
that the Hastings rule was derived under the condition of uniform step-
sizes and uniform Hessian matrices, namely,

ue=p, Hp=H, k=12,....N (14.11)
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Optimal MSD level:
4 . N N
A° = argmin Tr i en
AeA kzz:l (12.18)

subject to Ap = p, ]lTp =1, pp. >0
- /
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The rule followed from the solution to the optimization problem (12.18)
and led to
( Ut 0 e Ni\{k}
max{ ni07, ned; }’ g
ag, = 4 (14.12)

1 — Z a,?nk, € = k
\ meN\{k}

Observe how the entries of this policy are dependent on the gradient-
noise factors:

1>

0 = e(H'Gy), k=1,2,....N (14.13)
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Observe also that these factors are not only dependent on Gy but that
they also depend on the Hessian matrix information, H. In compari-
son, the relative-variance policy described in the next section will be
independent of H. Recall from the derivation in Sec. 12.2 that the
above Hastings rule is a solution to the optimization problem (12.18);
it therefore minimizes the network MSD. While deriving the Hastings
rule in Sec. 12.2, we formulated the problem in the context of cost
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functions, {.Ji(w)}, that share a common minimizer. In this case, the
minimizer, w°, of the aggregate cost, J&°P(w), defined by (8.44) will
be invariant under the combination policy, A. For this reason, we can
interpret Hastings rule (14.12) as providing a combination policy that
results in the smallest possible MSD relative to the same fixed limit
point w°.
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We now describe a second noise-aware policy to select the combination
weights; this second rule will be independent of the Hessian matrix
information, H.

Recall:

—1 N
MSDaise.k = MSDaist,av = —Tr (Z ukpkﬂk) (Z u%piak) (14.1)
k=1
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Recall that the Hastings rule was derived by working with the MSD
expression (12.5), which results from keeping the first-order term in the
MSD expression (11.178). The second policy that we shall derive here,
and which we refer to as the relative-variance policy, is instead based
on working with the alternative MSD expression (11.178). The deriva-

tion of this second policy does not require the uniformity conditions
(14.11).
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To begin with, we know from (11.178) that the MSD performance
of the ATC diffusion network (7.19) can be evaluated by means of the
following series expression for sufficiently small step-sizes:

MSD?iggt,av — z TI‘ atcyatc atc)n] (1414)

where h = 1 for real data and h = 2 for complex data, and where the



] [ J [ J
Relative-Variance Policy
] Lecture #24: Combination Policies . EE210B:Inference over Networks (A. H. Sayed)

matrix quantities {Batc, Vatc} are defined as follows:

Bate = A" (Inyny — MH) (14.15)
Vate = A MSMA (14.16)

which in turn are defined in terms of the quantities:

M = diag{p1lnnr, p2dpnr, - pnInnrt ( )
S = diag{Gy,Ga.....Gx) (14.18)
R = diag{Hy,Hs,...,Hy} ( )
A = Ay ( )
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Starting from (14.14), we pose the problem of seeking a left-
stochastic combination matrix A that solves:

4 A 00 N
A° = argmin Tr [BL  Vate (Bii)"”
Aeh BatcVace (Bare)'] (14.21)
subject to ATl = L, ap >0, ag, =01if 0 & Nk/

-

However, solving problem (14.21) is generally non-trivial and we replace

it by a more tractable problem. Specifically, we replace the cost in
(14.21) by an upper bound and minimize this upper bound instead.
Indeed, it is shown in [208, Sec. 8.2] that the following inequality holds
for a stable matrix Bazc:
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00
Z TI' atcyatc( atc) ] < CTr(yatc) (1422)
n=>0

for some finite positive constant ¢ that is independent of A. In other
words, the series is upper bounded by a multiple of the trace of Vtc.
which happens to be the first term of the series itself. Therefore, instead

of minimizing the series in (14.21), we replace the problem by that of
minimizing its first term, namely,
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min  Tr(Vate
Aeh (are) (14.23)

subject to AT1 =1, agp >0, ap =0if ¢ ¢ Ny
Using definition (14.16), the trace of Vai. can be expressed in terms of

the combination coefficients {ag.} as follows:

yatc Z Z ﬂg (ng TI' Gg) (1424)

k=1 (=1

and it is seen that problem (14.23) can be decoupled into N separate
optimization problems, one for each row of A:
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4 N

N
min Zu% az, Tr(Gy), k=1,....N
{aff?k}fgil /—1

N (14.25)

subject to Zagk =1, ap. >0, ag, =0if £ & N,
N = Y

With each agent ¢, we associate the following nonnegative scalar, which

is proportional to the trace of the gradient noise moment matrix Gy:

A

i = uiTe(Gy), €=1,2,...,N (14.26)
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The factor 77 so defined plays a role similar to the factor 67 defined
earlier in (14.13) for the Hastings rule; note that both factors contain
information about the noise moment matrix, Gy.

Lemma 14.1 (Relative-variance rule). The following combination matrix, de-
noted by A? with a superscript o, is a solution to the optimization problem

(14.25):
( 1
| |
— — . if e N,
ag, = 7 ( 2 %%) | ’ (14.27)

meN
0, otherwise




Relative-Variance Policy

3} Lecture #24: Combination Policies EE210B: Inference over Networks (A. H. Sayed)

In the above construction, agent k£ combines the iterates from its
neighbors in proportion to 1/47. The result is physically meaningful.
Agents with smaller noise power, relative to the neighborhood noise
power, are assigned larger weights.
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Example 14.2 (Relative-variance rule for MSE networks). We return to the
setting of Example 14.1, which deals with MSE networks. The agents employ
uniform step-sizes and the data have uniform regression covariance matrices,
e, pup=pand R, =R, for k=1,2,...,N. In this case,

R, X
Gp = oo, [ AT ] (14.28)

so that expression (14.27) reduces to expression (14.7), namely,

—1
. 1 1
aly = — ( > — ) . (EN, (14.29)
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If the step-sizes are not uniform across the agents, then expression (14.27)
would instead reduce to

—1
1 1
0 = ), ren (14.30)
S (g,k ugnaz,m)

If both the step-sizes and the covariance matrices are not uniform across the
agents, then expression (14.27) would lead to:

—1
1 1
ay, = ., LeN, 14.31
T o e R (ZN o UmmRm) o (D
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To evaluate the relative-variance weights (14.27), the agents still need
to know the gradient noise factors, {77}, defined by (14.26). We mo-
tivate in this section a procedure for estimating these factors in an

adaptive manner.
To begin with, we recall the definitions of the original and weighted

aggregate cost functions:

N
JEPw) 23 Jp(w) (14.32)
k=1
(8.53) N
JEPHw) 2T gdi(w) (14.33)
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whose unique minima are denoted by w? and w*, respectively. The
individual costs, {.Ji(w)}, are assumed to share a common minimizer
and, hence, w° = w*, i.e.,

Ve Jo(w)=0, k=1,2,...,N (14.34)

The common minimizer assumption ensures that the location of the
global solution, w? or w*, is fixed and invariant under A. This is a useful
condition especially when A is implemented in an adaptive manner and
varies with time.
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We illustrate the construction of the adaptive combination policy
by considering the ATC diffusion strategy (7.19), which is repeated
here for ease of reference:

Yy, = Wii—1 — V(W i—1)
\ wi; = Z ank ¥y, (14.35)
L CeNk

A similar construction applies to the CTA diffusion strategy (7.18) and
the consensus strategy (7.9). The following result forms the basis for
the procedure developed in this section for estimating the factors {77 }.
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Lemma 14.2 (Useful expression for 77). Consider a network of N interacting
agents running the distributed strategy (14.35) with a primitive left-stochastic
matrix A. Under the same conditions in the statement of Theorem 9.2, it holds

that
Ellyi, —wi, 17 = 7 + o(ppa). fori>1 (14.36)
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Proof. Using the mean-value theorem (D.20) from the appendix and (14.34)
we note that we can write at an arbitrary agent ¢:

Vs Je(wei—1)
VwT Jg (wg’rg_l)

(14.38)

S
jﬁs(‘b
|
AN
>
1
S
Sy
qc‘m-)(-
-
'—L
S
_|
I —
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Therefore, in terms of the extended vectors and replacing the approximate
oradient in terms of the sum of the true gradient and the gradient noise
process, we can write for any arbitrary agent ¢:

1% — wi i ]®

a135) o ||| St (Wei-1) Ve Jo(we 1)
= My T
(577 (we,i—1)) Vot Je(wei—1)
(

= |87 i(wei—1) — He i 1w§,@;—1”2

= pp lIsti(wea- )P+ pf | Hpimawi ;| —

207 Re [wy's_ Hy 18] ;(wri—1)] (14.39)
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Now, we can deduce from an argument similar to (11.30) and from (11.8)
that, for 2 > 1, and for sufficiently small step-sizes:
Elsf(wein)> = Tr(Goe) + O(l3) (14.40)

where v/ = min{~, 2} and ~ € (0, 4]. Likewise, we can deduce from an argu-
ment similar to (9.280) that, for small step-sizes and for i > 1:

e (9.107)
E|Hpiawp, ]? < aBllwy, I =" O(pia) (14.41)

IJII".LELX
for some constant a that is independent of ji,,.. Moreover, using the inequal-
ities [x*y| < ||z ||y|| for any vectors x and y, and (Ea)? < Ea? for any scalar
real-valued random variable a, we have
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E [|wy Heio18,(wei1)| | Fia]
<@ Hei|| B [l (wein)]) | Fioi]
< VlatoH o P B sl i
(9.280) — 1
< Val@gl e (st w11 7]
(8.118) . A 5 N 5 5
< allwg @ P 202,
< Valwt” B+ V2o
VOO i P+ 2002, i (14.42)
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E |0 H, 180, (wei1)|

<

IA

VaSe - 3 -
7 E [lwg, ] + /2002 B lwi; |

. 3/4 ~ e
) e e
\/aﬁe (O(MQ ))3/4 + 2&03)5 O(Mmax)

h max
alSe
VP02 + 2002, Ol

O(ftmax) (14.43)
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Using the fact that |[Re(z)| < |z] for any complex number, we deduce from
(14.43) that

E |Re [wii_1Hei—187 (wei—1)]| = Oftmax) (14.44)
Substituting these results into (14.39) we conclude that for i > 1 we can
write:
e e min{3=2+7—f}
Blvh —who il = TG + O (i)
14.26 min 2
e v 4+ O (IUJmax{S’Q_'_Q})

= %+ o(max) (14.45)



Adapti Poli
50} Lecture #24: CombinationPolicies ~__ EE210B: Inference over Networks (A. H. Sayed)

Result (14.45) shows that, for sufficiently small step-sizes, if we
can approximate the limiting value of the variance that appears on
the left-hand side of (14.36), after sufficient iterations have elapsed,
then we would be able to estimate the desired factor v;. We can esti-
mate this variance iteratively by using at least one of two constructions.



Agent-Centered Calculation

st [ Lecture #24: Combination Policies EE210B: Inference over Networks (A. H. Sayed)

First, observe that

2 2
E ||wf - wiii| = 2E |1, — wei| (14.46)

where the extended 2M x 1 vectors {4 ;, w7, ;} are replaced by the

regular M x 1 vectors {1, ;, we;—1}. Then, agent ¢ can estimate its
variance parameter by running a smoothing filter of the following form:

i) = (1= )77 —1) + Gl — weiall? (14.47)
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where the quantities {1, ;, we; 1} that are needed to run the recursion
are available at agent k. In this recursion, the notation 47 (i) denotes the
estimator for 752 that is computed by agent ¢ at iteration 7. Moreover,

0 < (y < 1is a positive scalar much smaller than one. Note that under
expectation, expression (14.47) gives

Eq7(i) = (1= C)EA7(i — 1) + (Ellby; —wei|* (14.48)
so that after sufficient iterations and using (14.36):

Eq%(i) ~ ~2/2, fori>1 (14.49)
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That is, the estimator 4%(i) converges on average to the desired mea-
sure 77 (scaled by 1/2); the scaling is irrelevant because it will appear
in both the numerator and denominator of the expression for ay,, in the
relative-variance rule (14.27) and will therefore cancel out. Each agent
¢ can then share the estimator ~47(i) with its neighbors. That is, in
this implementation, agent ¢ shares both %, ; and ~%(i) with its neigh-
bors. Using the iterates 47 (i), we can then replace the relative-variance
weights (14.27) by their adaptive counterparts and write:
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Ve (@)

Equations (14.47) and (14.50) provide one adaptive construction for the
relative-variance combination weights {af,}. These adaptive weights

would be used in (14.35) to evaluate wy ;, and the process continues.
The above procedure is valid for both real and complex data.

ay,.(i) = L ( Z ”‘21(?;)) . e N, (14.50)
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Adaptive relative-variance rule (agent-centered)
(individual costs have a common minimizer)
for each time instant ¢ > 0 repeat:

for each neighbor ¢ of agent k =1,2,..., N do:

2

||

Yo Yy, — weio1 (ATC diffusion)

Fe()) = (1= C)F = 1) + Cllyell?

ay, (i) = Azl(z.) ( Z Agl(_)) . LEN;

end
end




e
° ° | {x
Neighbor-Centered Calculation™
5| Lecture #24: Combination Policies ___________ EE210B:Inference over Networks (A. H. Sayed)

There is an alternative implementation where we move the estimation
of the parameter 77 into the neighbors of agent £; this mode of operation
removes the need for transmitting 4%(7) from agent ¢ to its neighbors.
This advantage, however, comes at the expense of added computations
as follows. Note that agent £ now only has access to the iterate 1, ; that
it receives from its neighbor ¢. Agent k does not have access to wy ;1 in
the ATC diffusion implementation. To overcome this difficulty, we can,
for example, replace wy;—1 by wyg,;—1 since for 7 > 1, the iterates at
the various agents approach w* within O(umax) with high probability
and, hence,
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2 2
E ||tpe; — weia| ~ E ||t — wii| (14.52)

With this substitution, agent k£ can now estimate the variance fy? of its
neighbor locally by running a smoothing filter of the following form:

V(1) = (L= C) vl = 1) + Gl — wria (14.53)
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where the quantities {1, ;, wk; 1} that are needed to run the recursion
are available at agent k. In this recursion, we are employing the no-
tation 7, (i), with two subscripts, to denote the estimator for 47 that
is computed by agent £ at iteration :. Thus, observe that now several
estimators for the same quantity 77 are being computed: one by each
neighbor of agent ¢. Again, under expectation, expression (14.53) gives

Ev7, (i) = (1= G)EvG (i — 1) + GE|lpp; —wri—al|*  (14.54)
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so that, again, after sufficient iterations and using (14.36):
E~%.(i) ~ ~v7/2. fori>1 (14.55)

That is, the estimator «7, (i) converges on average to the desired mea-
sure 7 (scaled by 1/2); the scaling is again irrelevant. Using the it-
erates v7,(i), we can replace the relative-variance weights (14.27) by
their adaptive counterparts and write:

—1
ag.(i) = gi(i) ( > : ) . LeN, (14.56)
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Adaptive relative-variance rule (neighbor-centered)
(individual costs have a common minimizer)
for each time instant ¢ > 0 repeat:

for each neighbor ¢ of agent £k =1,2...., N do:

>

Yori = Yoo — Wrio1 (ATC diffusion)

Yip(i) = (1= G) v (i — 1) + G ||yev<;,@'||2

-1
ag, (i) = 21.(2 1.) (e,

Frfk(z) meNL FYTan (Z)

end
end
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Example 14.3 (Detecting intruders and agent clustering). The following ex-
ample is extracted from [214]. Allowing diffusion networks to adjust their
combination coefficients in real-time enables the agents to assign smaller or
larger weights to their neighbors depending on how well they contribute to
the inference task. This capability can be exploited by the network to ex-
clude harmful neighbors (such as intruders) [273]. For example, over MSE
networks, the ATC diffusion strategy (7.23) with the adaptive combination
weights (14.57) will take the following form.
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ATC diffusion with adaptive combination weights
set v7,(—1) =0forall k =1,2,..., N and ¢ € Ny.

7 J

for + > 0 and for every agent £ do :

Yii = Wri-1 + %uz@ di (i) — wp ;W i—1]
5(0) = (1= 3G —1) + (e — wriall?, £ €N
N Y, (i)
ap (i) = s, L EN;
D men, Yok ()
Wi = Z aor (i),
LeEN,

end
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Figure 14.1 illustrates the ability of networks running algorithm (14.58) to
detect intrusion, and also to perform agent clustering. The figure shows a
network with N = 20 agents. One of the agents, say, agent ¢,, is an intruder
and it feeds its neighbors irrelevant data such as sending them wrong iter-
ates ¥, ;. In some other applications, agent £, may not be an intruder but is
simply subject to measurements {dy,.uy, ;} that arise from a different model.
wh, than the model w?. The figure on the left shows the state of the combi-
nation weights after 300 diffusion iterations: the thickness of the edges reflect
the size of the combination weights assigned to them; thicker edges corre-
spond to larger weights. Observe how the edges connecting to the intruder
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are essentially cut-off by the algorithm. The figure on the right illustrates
the ability of diffusion strategies to perform agent clustering (i.e., to separate
into groups agents that are influenced by two different models, w and w?).
Agents do not know beforchand which of their neighbors are influenced by
which model. They also do not know which model is influencing their own
data. By allowing agents to adapt their combination coefficients on the fly, it
becomes possible for the agents to cut their links over time to neighbors that
are sensing a different model than their own. The net effect is that agents end
up being clustered in two groups. Cooperation between the members of the
same group then leads to the estimation of {w*, w°}.
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Example 14.4 (Adapting combination weights over MSE networks). We illus-
trate the performance of adaptive combination rules over MSE networks of the
form described earlier in Example 6.3. We employ uniform step-sizes across
the agents, pr = p = 0.001. Figure 14.2 shows the connected network topol-
ogy with NV = 20 agents used for this simulation. with the measurement noise
variances, {Ug’ ..}, and the power of the regression data, assumed of the form

Ry = Ji‘kl A, shown in the left and right plots of Figure 14.3, respectively.
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Figure 14.4 plots the evolution of the ensemble-average learning curves,
~E|w;|? for the ATC diffusion strategy (14.58) using four different
combination rules: the left-stochastic uniform or averaging rule (11.148), the
doubly-stochastic Metropolis rule (12.43), the relative-variance rule (14.31),
and the adaptive combination rule (14.58) with uniform {, = ¢ = 0.01.
The curves are obtained by averaging the trajectories {=-||w;||*} over 100
repeated experiments. The label on the vertical axis in the figure refers to
the learning curves %EH{E}@HQ by writing MSDgist.av(2), with an iteration
index 2. Each experiment involves running the diffusion strategy with h = 2
on complex-valued data {dp(7),u,;} generated according to the model

di(i) = up ,w® + vi(2), with M = 10. The unknown vector w® is generated
randomly and its norm is normalized to one.
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Figure 14.2
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It is further observed in the figure that the learning curve of the relative-
variance rule tends to the MSD value predicted by the theoretical expression
(11.153) with the entries {py } corresponding to the Perron eigenvector that is

associated with the combination policy (14.31), which reduces to the following
expression in the example under consideration:

—1
. 1 1
af, = ﬁ(z s ) , LeN (14.59)
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It is also observed from Figure 14.4 that the adaptive rule is able to learn
the noise factors {77} and to attain a performance level that is expected from
the relative-variance rule. However, the convergence rate of the adaptive rule
is clearly slower than the uniform and Metropolis rules: this is because of the
additional adaptation process that is involved in learning the noise factors
{~2} and the combination coefficients {a,(7)}. Schemes for speeding up the
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convergence of the adaptive combination rule are proposed in [270] and [95].
One idea is based on training the network initially by using a static rule, such
as the uniform rule, while the combination weights are being adapted and
subsequently switch to the adaptive combination rule. Criteria for selecting
the switching time is developed in these references. Figure 14.5 illustrates this
construction where the switching time occurs at = = 1000. It is seen that the
adaptive combination rule is able to recover the faster convergence rate of the
uniform rule.
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