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Definition 11.1 (Hessian and moment matrices). We associate with each agent
k a pair of matrices { Hy, G}, both of which are evaluated at the location of
the limit point w = w*. The matrices are defined as follows:

N N R (real case)

= VA * =

Hi = Vo Je(w?), G = [ gik g‘%k ] (complex case) (11.12)
q,k s,k

Both matrices are dependent on the data type (whether real or complex); in
particular, each Hy is 2M x 2M for complex data and M x M for real data.
Note that H;,, > 0 and G5, > 0.
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Lemma 11.3 (Network MSD performance). Under the same conditions of The-
orem 11.2, it holds that

N

1 N
1 2
1\I{SDdist,k — 1\‘{S[)dist,a,v — %TI‘ (Z Qka) (kzl quk) (11118)

k=1

where A = 1 for real data and h = 2 for complex data.
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Example 11.3 (MSD performance of MSE networks — Case |). We revisit
the setting of Example 6.3, where the data {dy(¢), u ;} satisfy the linear
regression model (6.14) and where the cost associated with each agent is the
mean-square-error cost, Ji(w) = E|dg (i) — g w]?. As mentioned earlier, we
already know from Example 6.1 that, in this case, the reference vectors w®
and w* coincide. We assume the agents employ uniform step-sizes and sense
regression data with uniform covariance matrices, i.e., ur = p and R, . = R,

for k=1.2,...,N.

!

(11.143)
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If the combination matrix A happens to be doubly stochastic, then p = 1/N.
Substituting p, = 1/N into (11.144) gives

N
B opM T Z 9 MSE
k=1

which agrees with the expression that would result from (5.65) for the cen-
tralized LMS solution in the complex case, namely,

M 1
MSDeon = ’“L ( Zavk) (11.146)
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However, it does not generally hold that the distributed solution out-
performs each individual non-cooperative agent [276]. This is because
the average noise power is scaled by 1/N , and this scaled
power can be larger than some of the individual noise variances and
smaller than the remaining noise variances. For example, consider a

situation with N = 2 agents, 03,2 = 50~ and 05’1 = ¢2. Then,
11, )
N (N Z O',U’k,) = 1.50]
k=1

which is larger than o2, and smaller than o2 ,.



Setting

s [ Lecture #22: Benefits of Cooperation EE210B: Inference over Networks (A. H. Sayed)

Example 11.5 focused on MSE networks with quadratic costs and
showed that for adaptation and learning under doubly-stochastic com-

bination policies, it is not necessarily the case that every agent will ben-

efit from cooperation with its neighbors. Some agents can see their per-

formance degraded relative to what they would have attained had they
operated independently of the other agents and in a non-cooperative
manner. We verify in this chapter that the same conclusion holds for
more general costs: doubly-stochastic combination policies enhance the
average network performance albeit at the possible expense of some in-
dividual agents having their performance degrade relative to the non-
cooperative scenario.
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One useful question to consider is whether it is
possible to select combination matrices, A, that ensure that distributed
(consensus or diffusion) networks will outperform the non-cooperative

strategy both in terms of the overall average performance and the in-
dividual agent performance. The choice of A will generally need to

be left-stochastic. We again recall that in order to carry a meaning-
ful comparison with non-cooperative implementations, it is necessary
to assume that all individual costs, Ji (w), share the same global mini-

mizer so that w* = w?. It is also necessary to assume uniform step-sizes
across all agents since the performance of the non-cooperative agents

is influenced by the step-sizes.
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Similarly, a meaningful comparison be-
tween distributed and centralized implementations requires that they
employ the same step-size parameter and that both implementations
approach the same limit point and, therefore, we also need to have

w* = w’. For these reasons, we shall assume in the sequel that

we=p, k=12,....N (12.1)

For ease of reference we recall the expressions for the MSD perfor-
mance of distributed (consensus and diffusion), centralized, and non-
cooperative strategies for sufficiently small step-sizes, for both individ-
ual agents (when applicable) and for the average network performance:
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For a meaningful comparison of non-cooperative,
distributed, and centralized strategies, we assume:

@ All costs Ji(w) are strongly-convex.

@ All costs share the same minimizer, so that w* = w°.

@ Uniform step-sizes . = st



&
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MSD Performance Expressions

n
02 = Tr(H, 'Gy)
N - /N
MSDeent = (Zm) (ch) (12.2)
k=1 k=1
MSDyeopie = = Tr (H, 'Gy) (12.3)

(12.4)

MSDcopay = QNh {ZH gen

N N
L
MSDui e = MSDaistar = 57T (Zpkﬂk) (;pﬁak) (12.5)
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In the analysis that follows, we assume that the various strategies are
employing the same construction for their gradient vectors and that
the moment matrices {G} can be taken to be the same in all imple-
mentations. The matrices { Hy, G} are defined by (11.12) in terms of
the Hessian matrices of the individual costs, evaluated at w* = w°, and
in terms of the second-order moments of the gradient noise processes
across the agents.
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Consider first the case in which the combination matrix, A, used by the
consensus strategy (7.9) and the diffusion strategies (7.18) and (7.19) is

doubly stochastic. Then, the Perron eigenvector p defined by (11.136)
is given by p = 1/N so that all its entries are equal to 1/N. In this
case, expressions (12.2) and (12.5) lead to the conclusion that:

MSDdist,k: — MSDdist,av = MSDecent (126)



Doubly-Stochastic Policies

16 [ Lecture #22: Benefits of Cooperation EE210B: Inference over Networks (A. H. Sayed)

That is, the distributed consensus and diffusion strategies are able to
attain the same MSD performance level as the centralized solution.
Since we already showed in (5.80) that the centralized solution outper-
forms the non-cooperative solution, we conclude that the distributed
solutions also outperform the non-cooperative solution:

1\/ISI)dist,aw — NISDcent < 1\/ISDncop,aw (127)
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Result (12.7) is in terms of the average network performance (obtained
by averaging the MSD levels of the individual agents). In this way,
the result establishes that the average MSD performance of the dis-
tributed solution is superior (i.e., lower) than the average MSD per-
formance attained by the agents in a non-cooperative implementation.
This conclusion motivates the following inquiry: is the improvement in
network performance attained at the expense of deterioration in the
performance of some of the agents?



Doubly-Stochastic Policies

15 [ Lecture #22: Benefits of Cooperation EE210B: Inference over Networks (A. H. Sayed)

In other words, will the perfor-
mance of some agents in the distributed solution become worse than
what it would be if they operate independently? If this is the case, then
result (12.7) would mean that in moving from non-cooperation to coop-
eration, some agents see their performance improve while other agents
see their performance degrade in such a manner that the net effect for
the network is a better (i.e., lower) average MSD value. We now verify
that this is indeed the case for doubly-stochastic combination policies.
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From (12.3) and (12.5) we observe that, to first-order in the step-
size parameter, the MSD of the individual agents in the distributed
implementation will be smaller (and, hence, better) than the MSD of
the individual agents in the non-cooperative implementation only when

for each k =1,2,...,N:

(Em) (e

< Tr(H; 'Gy) (12.8)
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Unfortunately, this condition may or may not hold as illustrated by
the next example. Agents for which the condition is violated would
experience deterioration in their MSD level from cooperation. Before
presenting the example, though, we mention that there are situations
where condition (12.8) holds for all agents, in which case all agents will
benefit from cooperation. This happens, for example, when the Hessian
matrices, H}., and the gradient noise covariances, G, are uniform across
the agents, namely, when

H.=H, Gp,=G, k=12,....N (12.9)
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The condition also holds when the following two requirements hold for
each k=1.2,...,N:

Hy, H (12.10)

1 a —1 —1
~ I {;H Gk] < NTr(H'Gy) (12.11)

We summarize the main conclusion so far in the following statement.
We illustrated this conclusion earlier in Example 11.5.
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Lemma 12.1 (Doubly-stochastic combination policies). Assume all agents em-
ploy the same step-size parameter and that the individual costs are strongly-
convex and their minimizers coincide with each other. For doubly stochastic

combination matrices it holds that

MSDdist.av = MSDeent < MSDpeop.av (12.12)
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However, the performance of individual agents

need not satisfy the same relation!
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is doubly-stochastic:

( 1
max{ng.ng}’ t € Ni\{k}

ag = X (8.100)

L= > amk. =k

L meNE\{k}
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Example 12.1 (Doubly-stochastic policies over MSE networks). We reconsider
the setting of Example 11.4, which deals with MSE networks operating on
real-valued data and refer to the strongly-connected network of Figure 11.1
with N = 20 agents. We assume uniform step-sizes, pu, = p = 6 x 1074,
and uniform regression covariance matrices of the form R, , = Jﬁ[ 7 where

o2 = 2. In this setting, we have

Hy, =201y =H, Gy=4do,, 0.1y, 07 =2Mo,, (12.13)
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We consider two scenarios. In the first case, the agents run the ATC diffusion
strategy (7.23) with the Metropolis combination weights (8.100), namely,

Yy, = Wgi-1+ QMUEJ- di(7) — up ;W i—1]
wei =Y am o (12.14)
LeN

The Metropolis weights result in a doubly-stochastic combination matrix, A,
so that p, = 1/N. In the second case, the agents transfer the data to a fusion
center running the centralized strategy (5.13), i.e

w; = Wwi_1 + ( Z 2'u,k, y (di(i) — up ;w;— 1)) (12.15)
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The resulting MSD performance levels are given by expressions (12.2) and
(12.5), which in the current setting reduce to (using h = 1 for real data):

ubM [ 1 al
MSDeent = MSD gist.ay = —— (— > an) (12.16)
N \N &

We illustrate these results numerically in Figure 12.1 for the two algorithms
listed above running on complex-valued data {dx(7), uy ; } generated according
to the model d(7) = uy ;w’+wvy (i), with M = 10 and where the noise profile is
the same one shown earlier in the left plot of Figure 11.2. The unknown vector
w? is generated randomly and its norm is normalized to one. Figure 12.1 plots
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N =20 agents, M =10, 4 =0.0012
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the evolution of the ensemble-average learning curves, %E |w;||* for diffusion
and E ||w;||? for centralized and weighted centralized. The curves are obtained
by averaging simulated trajectories over 100 repeated experiments. The label
on the vertical axis in the figure refers to the learning curves by writing
MSD(7), with an iteration index 7. It is observed both strategies tend towards
the same MSD level that is predicted by the theoretical expression (12.16).
O
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The previous analysis shows that under doubly-stochastic combina-
tion policies, cooperation among the agents enhances the network MSD
performance albeit possibly at the expense of deterioration in the per-
formance of some individual agents. A useful question to consider is
whether it is possible to select combination matrices A that will ensure

that distributed (consensus or diffusion) networks will outperform the
non-cooperative strategy both in terms of the overall network perfor-

mance and the individual agent performance. We need to search over
the larger set of left-stochastic matrices A since we already know that
doubly-stochastic matrices A may not be sufficient to guarantee this

property.
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From expression (12.3) we observe that the performance of each
agent in the non-cooperative mode of operation is dependent on its
Hessian matrix, Hz. We therefore focus on the important special case
in which these Hessian matrices are uniform across the agents:

H.=H k=12 ....N (12.17)
MSDucop.i = 57 Tt (H ' Gr)

N -1 /N
MSDaist, s = MSDuist,av = %Tf (ZPka) (ZP%Gk)
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As explained earlier, this scenario is common in important situations
of interest such as the MSE networks of Example 6.3 and in machine
learning applications where all agents minimize the same cost function
as in Examples 7.4 and 11.9. For a given network topology, we then
consider the problem of minimizing the MSD level of the distributed

strategies under these conditions, namely,

N
o A . 2 r7—1
A? = aremin Ir E H G

& Ach (klp’“ ’“) (12.18)

subject to Ap = p, ]lTp =1, pp. >0
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where the symbol A denotes the set of all N x /N primitive left-stochastic
matrices A whose entries {as} satisfy conditions (7.10). To solve the
above problem, we start by introducing the nonnegative scalars:

02 2 Te(H'Gy), k=1,2,...,N (12.19)
and refer to them as gradient-noise factors (since they incorporate in-
formation about the gradient noise moments, ;). Comparing with
(12.3), the scalar 6% is seen to be proportional to the MSD level at
agent k in the non-cooperative mode of operation. Interpreting every
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A € A as the probability transition matrix of an irreducible aperiodic
Markov chain [169, 186], and using a construction procedure developed
in [42, 106], it was argued in [276] that one choice for an optimal A°
that solves optimization problems of the form (12.18) is the following
left-stochastic matrix (which we refer to as the Hastings combination
rule).
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Lemma 12.2 (Hastings rule). The following combination matrix, denoted by
A° with a superscript o, is a solution to the optimization problem (12.18):

( 92
k
.l k
max{ ni0%, ned? }’ € Ni\{k}
ag, = % (12.20)
1= Y ahy. =k
. meNL\{k}

where ny, = |[Ng| denotes the cardinality of N or the degree of agent & (i.e.,
number of its neighbors). The entries of the corresponding Perron eigenvector

are given by
—1

1 (L1
pZ - H_Q(Z@) i k:1,2,/N (1221)
ke /

£=1
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Proof. We first consider the optimization problem (12.18) without the eigen-
vector constraint, Ap = p, and minimize instead over the positive scalars {py }:

N
2 2 arg min Zp%@% subject to 1'p=1, pp >0 (12.22)
Pk
k=1

It is easy to verify that the solution to this problem is given by (12.21). Next,
we verify that the matrix A° defined by (12.20) is a left-stochastic primitive
matrix that has p® = col{pf} as its Perron eigenvector.

L(p,\) = p'Dp+ A(1Tp—1)
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To begin with, it is straightforward to verify from (12.20) that A° is left-
stochastic. We now establish that A°p® = p?, i.e., for every 1 < ¢ < N:

N
> agpy = pp (12.23)
=1

=

For this purpose. we note first that for any ¢ # k, the following balanced
relation holds:
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—1
N
0 o 0; 1 1
o P = D 5 ) § 2
max{ npby. nety } ) 0 \ = 0;
—1
N
1 ) 1
— - 2 2 E :_2
max{ n0;. ne; } —0;
o
= ap¢py (12.24)

so that
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N
(@] (9] (0] (9] (8]
E (ppPg = E apg.py + app;
k=1 i
(12.24) .,
= E agpy + awpy
kAl
o o .0
= E :akepe
=1

(8] o
— E Ay | Py
k=1

— py  (since A° is left-stochastic) (12.25)
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It remains to show that A° is primitive. To do so, and in view of Lemma 6.1,
it is sufficient to show that af, > 0 for some k. This property actually holds

for all diagonal entries a?, in this case. Indeed, note that since
2 2
0 0 1

— < < — 12.26
max{ nkQ,%, w@%} - nkQ,% — nyg ( )

(0]
Ay

we get
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DAk = ) ap
k#¢E LeNE\{k}
>
ny
LeNL\{k}
1
S (12.27)

ng

IA
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which implies that

0 . o)
app, = 1— E Ay

LeN\{k}
2 1 _ np — 1
Tk
1
o
> 0 (12.28)
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The Hastings rule is a fully-distributed solution — each agent k only
needs to obtain the products {w@?} from its neighbors to compute the
combination weights {a?, }. Substituting (12.21) into (12.18), we find
that the resulting optimal value for the distributed network MSD is:

N —1
1 1
MSD§. = — E — 12.29
dist.,av 29 (51 93) ( )
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At the same time, it follows from (12.5) that the MSD performance of
the distributed network for any doubly-stochastic (d.s.) matrix A is:

N
v
MSDﬁist’av = 537 ( 93) (12.30)
/=1

Now, using the following algebraic property [206], which is valid for
any scalars {07 }:

N? < (i 93) (i %) (12.31)
(=1 ¢

/=1
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we conclude that
MSDGistav < MSDG: 0y < MSDuncopav (12.32)

so that, as expected, the MSD of the distributed (consensus or dis-
tributed) network with the optimal left-stochastic matrix, A?, is also
superior to the MSD of the non-cooperative network. More importantly,
though, this optimal choice for A leads to the following performance
level at the individual agents in the distributed solution:
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B 1 B
w2 (50
/=1

A
==
VY
aS:E:| =
SN————
R

(12.3)
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so that, to first-order in the step-size parameter, the individual agent
performance in the optimized distributed network is improved across
all agents relative to the non-cooperative case:

MSD%s s < MSDyeopas k=1,2,...,N (12.34)

We summarize the main conclusion in the following statement.
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Lemma 12.3 (Left-stochastic combination policies). Assume all agents employ
the same step-size parameter and that the individual costs are strongly-convex
and their minimizers coincide with each other. Assume further that the Hes-
sian matrices evaluated at the optimal solution, w®, are uniform across all
agents as in (12.17). For the left-stochastic Hastings policy (12.20) it holds

that
MSDSie v < MSDGS oy < MSDicop.av (12.35)
MSDSie e < MSDncopr, k=12,...,N (12.36)
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Example 12.2 (Optimal combination policy for MSE networks). Let us recon-
sider the setting of Example 11.3, which deals with MSE networks. We as-
sume uniform step-sizes and uniform regression covariances, i.e., pp = p and
Ryr=R,lor k=12 ..., N. In this setting we have

4 A

R, O R, X%
H‘f:[ 0 RZ]EH’ G"":Jg”“[x RI]’ O = 2Mow

(12.37)
For these values of {Hy, G}, the optimization problem (12.18) reduces to
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A° 2 argmin o
ok Zp’f * (12.38)

subject to Ap —p, 1Tp=1, pp >0
which is of course the same problem we would be motivated to optimize had we

started from the MSD expression (11.147). Using (12.20), an optimal solution
is given by
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4
T (e Ni\{k
- 2 s (e NL\{k}
max{ KOS 1y M0, }
00 = ¢ (12.39)
0 _
1 — E a, ;.. =k
X meNL\{k}
with

Mo 1)
MSDgist,k :MSDgist,aV — MT (Z T) (1240)
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Note that
{1\
0 p (12.3)
v.k

so that the individual agent performance in the optimized distributed network
is improved across all agents relative to the non-cooperative case.
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Example 12.3 (Optimal MSD combination policy for online learning). We revisit
Example 11.9, which deals with a collection of N learners. Using the notation
of that example we have that, in this case, the gradient-noise factors {67} are

now uniform:
0 =0* = Tr(H 'R,) (12.42)

Substituting into expression (12.20) for Hastings rule, we find that the opti-
mal combination coefficients reduce to the following so-called Metropolis rule,

which we encountered earlier in Example 8.9:
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( 1
: 4 k
max{ ng, ne } € Ni\ik}
ad, = ¢ (12.43)
L— ) apy. =k
L meNL\{k}

Therefore, the optimal combination policy happens to be doubly-stochastic in
this case. Observe that the above combination coefficients now depend solely
on the degrees of the agents (i.e., the extent of their connectivity). Moreover,
from (12.29) and using h = 1 for real data, the optimal MSD value is given
by
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|
MSDG e = % (ﬁ) Tr(H 'R, (12.44)

which, in this case, agrees with the performance of the centralized solution
given by (12.2). On the other hand, for arbitrary left-stochastic combination
matrices A, the MSD performance of the distributed (consensus and diffusion)
solutions can be deduced from (12.5) and would be given by

N
1\’{SI)dist,av — % (ZP%) FIT(H_IRS) (1245)
k=1
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The third question we consider in this chapter is to compare the optimal
MSD performance of the distributed consensus and diffusion solutions
(resulting from the use of the Hastings rule (12.20)), with the MSD per-
formance of the centralized solution under the same condition (12.17)
of uniform Hessian matrices. In this case, from expressions (12.2) and
(12.29), the MSD levels of the centralized and (optimized) distributed
solutions are given by:
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N
_ H 2
/=1
N 4 —1
0 2
MSDdist,av — ﬂ (Ze_g) (1247)
(=1

Using the inequality (12.31) again, we readily conclude that, to first-
order in the step-size parameter,

MSDG i ae < MSDeent (12.48)
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so that the optimized distributed network running the consensus strat-
egy (7.9) or the diffusion strategies (7.18) or (7.19) with the Hasting
combination rule (12.20) outperforms the centralized solution (5.22),
which we repeat below for ease of reference

1 W ——
w; = Wi—1 — W (szw*Jk(wi_l)), 22 0 (1249)
k=1
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The conclusion that the distributed solutions outperform the central-
ized solution may seem puzzling at first. However, this result follows
from the fact that the optimized combination coefficients (12.20)
for the distributed implementations exploit information about the
gradient noise factors, {0?}. This information is not used by the
centralized algorithm (12.49). We can of course modify (12.49) to
include information about the gradient noise factors as well.
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One way to modify the centralized solution (12.49) is as follows [279)].
We incorporate the positive weighting coefficients {p}} into the cen-
tralized update equation:

N
w; = WwWi—1 — KU (sz Vw*Jk(’wi_ﬂ), ZZ 0 (12.50)
k=1

where the p? were defined earlier in (12.21):

NENARRN.
po = @(29—2) . k=1,2....N (12.51)
k \y=1 "¢
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The MSD performance of the weighted centralized solution (12.50) can
be verified to match that of the optimized distributed solution (12.47).
Indeed, compared with (12.49), we can interpret algorithm (12.50) as
corresponding to the centralized stochastic gradient implementation
that would result from minimizing instead the following modified global

cost

N
Jelob:by, Z (12.52)
where each individual cost is a scaled version of the original cost:

J(w) 2 Npg Ji(w) (12.53)
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In this way, the gradient noise vectors that result from using the mod-
ified costs {J°(w)} will be scaled by the same factors {Np?2} relative
to the gradient noise vectors that result from using the original costs
{Ji(w)}. Specifically, if we denote the individual gradient noise process
corresponding to implementation (12.49) by

.--"-_-.‘.--‘-__‘--.

sk,@-('wi_ﬂ = Vw*Jk('w@'_l) — Vw*Jk('w@'_l) (12.54)
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then the gradient noise process that corresponds to implementation
(12.50) will be given by

A ——b
spiwic1) = Ve (wig) — Ve Jp(w; 1)
— Npg sk,i(wi_l) (12.55)

under the reasonable expectation that the gradient vector approxima-
tion, mZ(wi_l), is similarly scaled by Np?. Consequently, the limit-
ing moment matrices corresponding to the new gradient noise vectors,
{sz’i(wo)}, will be scaled multiples of the moment matrices correspond-
ing to the previous gradient noise vectors {s;(w’)}, i.e.,



R, = (Np)? Rep (12.56)
RY. = (Npl)? Ry, k=12,....N (12.57)

It follows from definition (5.56) that the matrices {H® G%} for the
weighted centralized solution (12.50) are related to the matrices
{H, G} } for the original centralized solution (12.49) as follows:

H® = NpSH (12.58)
GY = (Np2)*Gyp, k=1.2,....N (12.59)
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and, therefore, the corresponding gradient noise factors {67, (62)%} are
related as

2
(0h)" = NppoR, k=12,....N (12.60)

Substituting into (12.46) we find that the MSD level for the weighted
centralized solution, denoted by MSDycen is given by



oo J Lecture #22:

Benefits of Cooperation

MSDWCGH

(12.51)

(12.47)

% b2
2N?h (o
1 N
Np99?
N —1
2
2h P 07
MSDcolist,av

(12.61)
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We conclude that it is possible to modify the centralized solution into
the weighted form (12.50) such that the MSD performance of the
optimal distributed solution matches the MSD performance of the
weighted centralized solution.
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Example 12.4 (Comparing distributed and centralized solutions). We reconsider
the setting of Example 11.3, which deals with MSE networks. We assume uni-
form step-sizes, ), = p = 0.001, and real-valued data with uniform regression
covariance matrices of the form R, = J,ﬁ] A Where Jﬁ is chosen randomly

from within the range [1,2]. In this setting, we have

Hy =20y =H,  Gp=4o,, 0.1y, 07 =2Mo., (12.62)
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We consider three scenarios. In the first case, the agents run the ATC
diffusion strategy (7.23), namely,

(ap = w1+ 2puy [di(i) — wkiwg 1]

< ) (12.63)
Wk, — Z Ay ’Pe,z’

\ EENk

where the combination weights {ay, } are the Hastings weights from (12.39).
In the second case, the agents transfer the data to a fusion center running the
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conventional (un-weighted) centralized strategy (5.13), i.e.,

w; = Ww;_1 + ( Z Quk y (dp(2) — up ;w;— 1)) (12.64)

In the third case, the fusion center employs a weighted centralized solution of
the form:

N
w; = Wi—1 + p (Z 2ppuy, (dy (i) — uk,iwi_l)) (12.65)

k=1
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where the {p}} are the entries of the Perron vector given by (12.21), which in
the current setting reduces to:

N

—1
) 1 1
T UT(ZJT) . k=1,2,....N (12.66)

v,k \y—1 vt

The resultine MSD performance levels are given by expressions (12.46)
(12.47) and (12.61) using h = 1:
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y N
2
MSDore = TN Zeg) (12.67)
=1
N 1
MSDyeene = MSDS., .. = & Zi (12.68)
ist,av 2 e 93

where 9% = QMU,?)’E.
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We illustrate these results numerically for the connected network topology
shown in Figure 12.2 with N = 20 agents. The measurement noise variances,
{03 .}, and the power of the regression data, are shown in the plots of Fig-
ure’12.3, respectively. All agents are assumed to have a non-trivial self-loop
so that the neighborhood of each agent includes the agent itself as well. The
resulting network is therefore strongly-connected.
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Figure 12.2
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power of regression data noise power
. , -15 . .

11

1050 PR PR AR

Tr(R,x) (dB)
apy (AB)

5 10 15 20 5 10 15 20

k (index of node) k (index of node)

Figure 12.3: Regression data power (left) and measurement noise profile
(right) across all agents in the network. The covariance matrices are assumed
to be of the form R, ;, = oi[ A, and the noise and regression data are Gaussian
distributed in this simulation.
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Figure 12.4 plots the resulting learning curves for the three algorithms
listed above: ATC diffusion, centralized, and weighted centralized running
on real-valued data {dy(7),ur;} generated according to the model dy(i) =
wg w’ + v(i), with M = 10. The unknown vector w” is generated ran-
domly and its norm is normalized to one. The figure plots the evolution of
the ensemble-average learning curves, +E ||w;||? for diffusion and E ||w;||? for
centralized and weighted centralized. The curves are obtained by averaging
simulated trajectories over 100 repeated experiments. The labels on the verti-
cal axes in the figures refer to the learning curves by writing MSD(7), with an
iteration index z. It is seen in the figure that the MSD level that is attained
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by the diffusion strategy is better (lower) than the MSD level that is attained
by the un-weighted centralized strategy, in agreement with the theoretical
result (12.48). On the other hand, the same figure shows that the weighted
centralized solution (12.65) eliminates the degradation in performance, again

in agreement with the theoretical result (12.61).
O
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N =20 agents, M =10, p = 0.001

T T T T T T T T
TR N S e, SR ST ST SV SO |
_20 Lo -
g
3 B T S P B .
a
E
=
A0 R .
centralized strategy (12.64)
: : : : : ATC diffusion (12.63
e e e e = .
theory(12.68) : : : AR - Flgure 12.4
; : © weighted centralized (12.65) : :
*60 1 1 1 1 1 1 1 1 |
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

i (iteration)
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We focused in the previous sections on the MSD performance measure.
The same conclusions extend to the ER performance measure and,
therefore, we shall be brief. To begin with, for a meaningful comparison
with the non-cooperative solution, we shall assume in this section that

all cost functions are uniform across the agents, namely,
Je(w)=J(w), k=1,2...,N (12.69)

The ER performance levels for the non-cooperative, centralized, and
distributed strategies are then given by
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N
ph (1
ERcent = . (NQ) Tr (Z Rs,k) (12.70)
k=1
1h
ERncop,k — ITI‘ (RS’]{) (1271)
N
wh (1
ERncopav = - (N) Tr ( > R ) (12.72)
k=1
puh a
ERdist,k — ERdist,av — ITI‘ (Z p%Rs,k) (1273)
k=1
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For doubly-stochastic combination matrices, and to first-order in
the step-size parameter, it again holds that

1
_ERncop’aV (12.74)

ERdist,av = ERcent = N
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This result is in terms of the average network performance (obtained
by averaging the ER levels of the individual agents). In this way, the
result establishes that the average ER performance of the distributed
solution is N—fold superior (i.e., lower) than the average ER perfor-
mance attained by the agents in a non-cooperative solution. However,
from (12.71) and (12.73) we observe that the ER of the individual
agents in the distributed implementation will be smaller (and, hence,
better) than the ER of the individual agents in the non-cooperative
implementation only when for each k. =1,2,..., N:
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1 N
N;Tr(Rs,k) < NTr(Rsy) (12.75)
=1

Unfortunately, this condition may or may not hold. For example, if
all the {Rs;} are uniform across the agents, then the condition is

clearly satisfied and the performance of all individual agents will im-
prove through cooperation. On the other hand, if we consider the ex-

ample N =2, R;; = rly and Rgo = 9rlys for some r > 0. Then,

| N
~ ZTr (Rs) = driy (12.76)
k=1
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which is larger than 2R but smaller than 2R, 2. In this case, agent 2
will benefit from cooperation while agent 1 will not.

We can then seek a left-stochastic policy that optimizes the ER
level by solving

11>

N
A° in T °R
gy ()

subject to Ap = p, ]lTp =1, ppr >0

(12.77)
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The solution to (12.77) can be obtained in a manner similar to the
solution of the earlier problem (12.18). The only difference is that the
parameters 6; should now be defined as follows:

02 2 Tr(Ryy), k=12...N (12.78)

in terms of the moment matrices { R ;. } alone — compare with (12.19).
These parameters can then be used in (12.20) to construct the cor-
responding Hastings combination rule. The resulting (optimized) ER
value will be
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(1)

0 M

ERGist,av = 1 (Z ?) (12.79)
and it again holds that

o) S 1
ERdist av < ERgiS‘-c,av — NERHCOP;EW (1280)

so that, as expected, the ER of the distributed (consensus or dis-
tributed) network with an optimal left-stochastic matrix, A°, is also
superior to the ER of the non-cooperative scenario. More importantly,
though, this optimal choice for A leads again to

FRGsr < FRucopp: k=1.2....N (12.81)
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Example 12.5 (Comparing distributed and centralized learners). We reconsider
the numerical example at the end of Example 11.11, which deals with logistic
networks operating on real data {v,(7), hy;} originating from the alpha data
set [223]. We consider the same network topology shown earlier in Figure 11.5
with N = 20 agents employing uniform step-sizes, p, = pu. We already know
from the result of Example 12.3 that the (optimal) Hastings rule reduces to
the Metropolis rule (12.43), which is doubly-stochastic. Therefore, the entries
of the corresponding Perron eigenvector are pf = 1/N.
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In this example, we compare the performance of two algorithms, ATC
diffusion and the weighted centralized strategy, for the minimization of the
(regularized) logistic risk function (11.205). The algorithms take the following
form in this case:

, 1
Yo, = (I—pup)wyi-1+ pyp(i)he, (1 N e’yk(z’)hljiwk,il)
Wi, = Z apg Py ;  (ATC diffusion)
LEN

(12.82)

1
v . igh. centr.
k=1 ’ (1 4 Ve(Dhy jwisy ) (weigh. centr.)
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In this case, and since the combination policy is doubly-stochastic, the ER
performance of both algorithms will tend towards similar values. Using ex-
pression (12.79) with A = 1 for real data, this level is given by

N _1

0 f Z 1 L

ERcent :ERdist,av 1 ( @) — mﬁ(RS) (12.84)
r=1 "¢

where we used (12.78) to note that

07 = 6% = Tr(R,) (12.85)
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Figure 12.5 plots the evolution of the ensemble-average learning curves,
E{J(w;—1) — J(w?)}, for the above ATC diffusion and weighted centralized
strategies using © = 1 x 10~%. The curves are obtained by averaging the
trajectories {J(w;_1) — J(w?)} over 100 repeated experiments. The label on

the vertical axis in the figure refers to the learning curves by writing ER(¢),
with an iteration index z. Each experiment involves running the diffusion
strategy (12.82) or the weighted centralized strategy (12.83) with p = 10. To
generate the trajectories for the experiments in this example, the optimal
w? and the gradient noise covariance matrix, Ry, are first estimated off-line
by applying a batch algorithm to all data points. For the data used in this
experiment we have Tr(Ry) =~ 131.48. It is observed in the figure that the

learning curves tend towards the ER value predicted by the theoretical
expression (12.84).
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N =20 agents, M = 50, Tr(R,) = 13848, ;s = 1 > 10~
\ !

ER(i) (AB

| theory (12.84)

40k - IO ‘ L

weighted centralized'(12.83) i ‘ :
| ‘ | i Figure 12.5
2000 4000 6000 8000 10000 12000

i (iteration)
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