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Definition 11.1 (Hessian and moment matrices). We associate with each agent
k a pair of matrices { Hy, G}, both of which are evaluated at the location of
the limit point w = w*. The matrices are defined as follows:

N N R (real case)

= VA * =

Hi = Vo Je(w?), G = [ gik g‘%k ] (complex case) (11.12)
q,k s,k

Both matrices are dependent on the data type (whether real or complex); in
particular, each Hy is 2M x 2M for complex data and M x M for real data.
Note that H;,, > 0 and G5, > 0.
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Theorem 11.2 (Network limiting performance). Consider a network of N inter-
acting agents running the distributed strategy (8.46) with a primitive matrix
P = AiA.A>. Assume the ageregate cost (9.10) and the individual costs.
J.(w), satisfy the conditions in Assumptions 6.1 and 10.1. Assume further
that the first and fourth-order moments of the gradient noise process satisfy
the conditions of Assumption 8.1 with the second-order moment condition
(8.115) replaced by the fourth-order moment condition (8.121). Assume also
(11.10). Let

a

Y min {1,~v} > 0 (11.44)

b | =
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with v € (0,4] from (11.10). Then, it holds that

1. 1

lim sup §E H'LUMH2 = ETT(J;CX) + O (prlntlm) (11.45)
1— 00

limsup 7B @i |7 = 55 Tr(X) + O (o) (11.46)

and, for large enough 7, the convergence rate of the error variances, E ||wy. ;||*,

towards the steady-state region (11.45) is given by
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k=1

N

where ¢ is defined by (9.7) and « € (0,1); the smaller the value of « is,
the faster the convergence of E||wy ;||* towards (11.45). Moreover, the ma-
trix X that appears in (11.45)—(11.46) is Hermitian non-negative definite and
corresponds to the unique solution of the (discrete-time) Lypaunov equation:

X —-BXB* =Y (11.48)
where the quantities {), B, J} } are defined by:
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A, = As@Ipy, Ai=A101h, As=As® Iy (11.49)
M = diag{ p1Ipar, polpnars - N Inar} (11.50)
H = diag{ H{,Hs,....Hy } (11.51)
H, = VJu(w") (11.52)
S = diag{ Gy, Go,..., Gy } (11.53)
Y = AJMSMA; (11.54)
B = A} (Al — MH) Al (11.55)
F = B'®,B* (11.56)
T = diag{ Onars .. Onar. Inars Onars - . Opar (11.57)
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with J, having an identity matrix at the k—th diagonal block, and h = 1
for real data and h = 2 for complex data. Furthermore. the following are
equivalent characterizations for the matrix X or its trace:

X = iB”y(B*)” (11.58)
n=0
bvec(X) = (I—f*)_lbvec(y) (11.59)

Tr(X) = (bvec (Y )) (I —F) tbvec (Inyn) (11.60)
Tr(JxX) = (bvec (Y )) (I —F) 'bvec (T (11.61)
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We now use the result of Theorem 11.2 to derive an expression for the
MSD performance of each agent and for the entire network. We will
do so by appealing to the useful low-rank approximation (9.244). Two
observations are in place in relation to the forthcoming result (11.118).
First, observe from (11.118) the interesting conclusion that the consen-
sus and diffusion strategies represented by (8.46) are able to equalize
the MSD performance across all agents for sufficiently small step-sizes.
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This is a reassuring property since it means that all agents, regardless
of the quality of their data, will end up achieving similar performance
levels. At the same time, we remark that although expression (11.118)
suggests that the performance of consensus and diffusion strategies
match to first-order in jipnax, differences in performance actually oc-
cur for larger step-sizes with ATC diffusion exhibiting superior perfor-

mance. These differences are illustrated and explained further ahead in
Example 11.4, and also Examples 11.11-11.13.
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Lemma 9.5 (Low-rank approximation). Assume the matrix P is primitive. For
sufficiently small step-sizes, it holds that

—2 (I-F)"" = [poplel) ezt +0(1) (9.244)

N
A
Z = q [(In ® Hy) + (Hy ® Inar)] (9.245)
k=1
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A similar analysis applies to the following continuous-time Lyapunov
equation (also called a Sylvester equation):

XA*+AX +Q =0 (F.43)

In the continuous-time case, a stable matrix A is one whose eigenvalues
lie in the open left-half plane (i.e., they have strictly negative real
parts).
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Lemma F.3 (Continuous-time Lyapunov equation). Consider the Lyapunov
cequation (F.43). The following facts hold:

(a) The solution X is unique if, and only if, A\p(A) + AJj(A) # 0 for all
k.l =1,2,...,N. In this case, the unique solution X is Hermitian.

(b) When A is stable (i.e., all its eigenvalues lie in the open left-half plane),
the solution X is unique, Hermitian, and nonnegative-definite.
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Lemma 11.3 (Network MSD performance). Under the same conditions of The-
orem 11.2, it holds that

—1 N
MSDaist.rr = MSDaist.ay = —Tr (Z quk) (Z q;’;,Gk) (11.118)
k=1

where A = 1 for real data and h = 2 for complex data.
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Proof. We establish the result for A = 2 without loss of generality by extend-
ing the argument from [71, 278] to the current context. According to definition
(11.37), and expressions (11.45) and (11.61), we need to evaluate the following
limit:

% (bvec (yT))T (I — F) 'bvec (jk))

(11.119)
We focus on the rightmost factor inside the above expression. Using (9.244),
along with the first line in (9.275), we get:

1
MSDaist 1 = )umax( lim limsup

Pmax—0 500 Hmax

(bvee (V7)) (I = F)tbvec(Ji) = O(i.) + (11.120)

(bvec (yT))T (p X Igjyf) &p (p X IQMf) Z_l (]lT X IQIVI) Xp (]IT X IQM’) bvec (jk)
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Using the Kronecker product property (11.86), it is straightforward to verify
that the last three terms combine into the following result, where the bvec
operation is relative to blocks of size 2M x 2M:

(17 ® Ioar) @y (LT @ Ioar)] bvec(Jk) = vee(Lanr) (11.121)

with the rightmost term involving the traditional (not block) vec operator.
Let us therefore evaluate the matrix vector product:

r 2 Z ec(Ioy) (11.122)
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This vector is the unique solution to the linear system of equations
T = VBC(IQMf) (11123)

or, equivalently, by using definition (9.245) for Z:

N N
(Z q’%‘(IQM' ®Hk)) r 4+ (Z Qk(H;I@IQJ\/[)) €r = VeC(IQj\/[) (11.124)
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Let X = unvec(x) denote the 2M x 2M matrix whose vector representation is
x. Applying to each of the terms appearing on the left-hand side of the above
expression the Kronecker product property (11.87), albeit using vec instead
of bvec operations, namely,

vec(UCW) = (W' ® U)vec(C) (11.125)

we find that
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N ( N )
(Z qk(Isz@)Hk)) r = VecC 4 (Z Q’ka) X 3 (11.126)
k=1 . \k=1 Y
N ( N )
(Z qk(Hf;r ®IQM’)) r = veci X (Z quk) > (11127)
k=1 . k=1 /

We conclude from these equalities and from (11.124) that X is the unique
solution to the (continuous-time) Lyapunov equation (cf. Lemma F.3 from
the appendix):
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N N
(Z q"‘?H"J) X + X (Z %Hk) = Iy (11.128)

It is straightforward to verify that the solution X is given by

N —1
1
X = (; qu,@) (11.129)

Therefore, substituting into (11.120) gives
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T\ " —1 _
bvec () (I — F) bvec(Jr) = (11.130)

T
(bvec (V1)) [(p ® Toar) © (p ® Taar)] vee(X) + O(pipyay)
Using the Kronecker product properties (11.87) and (11.125) again, we obtain
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Since X is 2M x 2M, we have bvec(X ) = vec(X).

(bvec (JJT))T (p® Ionr) @, (p ® Iong)] vec(X) <

— Tr [unbvec {(p @ Ion) @ (p ® Iopr) vee(X)} Y]
= Tr [(p® Ioar) X (p' ® Loar) V]

= Tr[(p' @ L) AAMSMA; (p @ Iopg) X|

= Tr[(¢" ® Ioar) S (q ® Lopy) X

N -1 /N
(11.129) 1 5
= 51} (E_lquk) (g_lqu;C) (11.131)
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Grouping terms we conclude that:

(bvec (J)T))T (I — .F)_lbvec(Jk)

N -1 /N
1
— _Tr H 2} O (12 11.132
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We know from the definition of the scalars {qx } in (9.7) that each g is propor-
tional to fimax. Therefore, the first term on the right-hand side of the above
expression is linear in pip.c. Now substituting (11.132) into the right-hand
side of (11.119) and computing the limit as fi. — 0, we arrive at expression
(11.118) for the performance of the individual agents. Since this expression is
independent of the index of the agent, by averaging over all agents, we find
that the network performance is given by the same expression.

[]



Lemma 11.3 (Network MSD performance). Under the same conditions of The-
orem 11.2, it holds that

—1 N
MSDaist.rr = MSDaist.ay = —Tr (Z quk) (Z q;’;,Gk) (11.118)
k=1

where A = 1 for real data and h = 2 for complex data.
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Example 11.2 (MSD performance of consensus and diffusion networks). We spe-
cialize the main result of Lemma 11.3 to the consensus and diffusion strategies,

which correspond to the choices {A,, A1, A2} shown earlier in (8.7)-(8.10) in
terms of a single combination matrix A, namely,

consensus: A, = A, A =1y = Ay (11.133)
CTA diffusion: A=A, Ab=1Iy=A, (11.134)
ATC diffusion: Ay =A, A =1Iny=A4, (11.135)
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In these cases, the Perron eigenvector p defined by (9.9) will correspond to
the Perron eigenvector associated with A:

Ap=p, 1'p=1, p.>0 (11.136)

Consequently, the entries ¢ defined by (9.7) will reduce to

qr — HEPEK (11137)

Using these facts in (11.118) we obtain
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where h = 1 for real data and h = 2 for complex data. Moreover, the con-
vergence rate of the error variances, E ||wy ;||?, towards this MSD value is
determined by

N
Xdist — I — 2)\min (Z /Lkpka) + O (ﬂr(xi\;jc_l)/N) (11139)
k=1

where agise € (0,1). When A is doubly-stochastic, and the step-sizes are
uniform across the agents so that u, = i, the above expressions reduce to
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—1 N
MSDgist.av = th (ZH;,,;) (ch) (11.140)
k=1

N
2
dist — 1 — Wﬂ)\min (Z Hk) + O(p,) (11141)

k=1

Comparing these expressions with (5.65) and (5.67) we observe that, to first-
order in g, the distributed solution is able to match the performance of the
centralized solution for doubly-stochastic policies.
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Observe further from (11.138) that, for sufficiently small step-sizes, the
consensus and diffusion strategies are able to equalize the MSD performance
across all agents. It is also instructive to compare expression (11.138) with
(5.79) and (5.65) in the non-cooperative and centralized cases. Note that
the effect of distributed cooperation results in the appearance of the scaling
coefficients {py }; these factors are determined by the combination policy A.
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Example 11.3 (MSD performance of MSE networks — Case |). We revisit
the setting of Example 6.3, where the data {dy(¢), u ;} satisfy the linear
regression model (6.14) and where the cost associated with each agent is the
mean-square-error cost, Ji(w) = E|dg (i) — g w]?. As mentioned earlier, we
already know from Example 6.1 that, in this case, the reference vectors w®
and w* coincide. We assume the agents employ uniform step-sizes and sense
regression data with uniform covariance matrices, i.e., pp = p and R, = R,
for k=1,2,..., N. We can assess the performance of the resulting consensus

network (cf. Example 7.2) or diffusion network (cf. Example 7.3) as follows.
In the current setting, and assuming complex data for generality, we know

from (8.15) that
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A : Oy % 0 2
Ry = lm E [sp;(w”)s);(w”) | Fiet] = o0p R (11.142)
i—00

Therefore, using the definitions (11.12), we have:

B 0 i X] (11.143)

szl 0 RIIEHJ szagﬁk[ < RT

where the off-diagonal block entries of G are not needed since Hj, is block-
diagonal. Substituting into (11.138), and using h = 2 for complex data, we
conclude that the MSD performance of consensus or diffusion LMS networks
is given by:

N
M
MSDgist e = MSDaist.av = “7 (Zp%;aﬁ,k) (11.144)
k=1
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If the combination matrix A happens to be doubly stochastic, then p = 1/N.
Substituting p, = 1/N into (11.144) gives

uM 1 ZN
—_— . —_— - 2

which agrees with the expression that would result from (5.65) for the cen-
tralized LMS solution in the complex case, namely,

M 1
MSDeon = ’“L ( Zavk) (11.146)
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Therefore, the distributed strategies are able to match the performance of
the centralized solution for doubly stochastic combination policies. Observe
though that, more generally, when A is not doubly-stochastic, the scaling
factors {p?} appear in (11.144).

If the step-sizes were different across the agents, then we would instead
obtain from (11.138) the following expression for the network performance:

v (X LN
MSDaist i = MSDaist v = — (; ;Lk,pk) (; pﬁpgag:k) (11.147)
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Another situation of interest is when the combination weights {as} are se-

lected according to the averaging (or uniform) rule we encountered earlier in
(8.89), namely,

B l/njr@5 ¢ e N
k= { 0, otherwise (11.148)
where
ne 2 [Nl (11.149)

denotes the size of the neighborhood of agent % (or its degree). In this case, the
matrix A will be left-stochastic and the entries of the corresponding Perron
eigenvector are given by:
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~ 1
Pk = ny (Z nm) (11.150)
m=1

Then, expression (11.144) gives

(N 2 /N
1\{SDdis‘c,k — hﬂ:SDdiSt,&V — }UJT (Z nk) (Z ?’L%ng) (11151)
k=1

k=1

which would reduce to (11.145) when the degrees of all agents are uniform,
i.e., np = n.
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Example 11.4 (MSD performance of MSE networks — Case Il). We continue
with the scenario of Example 11.3 for MSE networks except that we now
assume that the regression covariance matrices are not necessarily uniform but
chosen of the form 2, j, = O'g oI In this case, the expressions for {Hy, Gy}
in (11.143) become |

I 0 I X
_ 2 M 2 2 M
Hk — O-U,k [ 0 Iﬂ/f ] , Gk — O-’UJ‘C Ju,k [ v Iﬂ/f ] (11152)

We can assess the performance of the resulting consensus network (cf. Exam-
ple 7.2) or diffusion network (cf. Example 7.3) by substituting these values
into (11.138), and using h = 2 for complex data, to get:
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—1
M
MSDaist k= MSDaistav = (Z ukpkmauk) (Z pkpkauk)

k=1
(11.153)

If the combination matrix A happens to be doubly stochastic, then p = 1/N.
Substituting pr = 1/N into (11.153) gives

M (& - B
MSDaist.r = MSDaist av = oN (Z #ﬁvﬁ,wi,k) (Z#kffﬁ,k)

k=1 k=1
(11.154)
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On the other hand, if the combination weights {agy } are selected accoi“ding to
the averaging rule (11.148), we would then substitute (11.150) into (11.153)
to give

1\/[S[)dist,k — 1\/[S[)dist,‘a,v

YA -1, N —1
= (Z W;) (Z niniaﬁ k9w, k) (Z i 0y k:) (11.155)
k=1 k=1
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If the step-sizes are uniform across all agents, the above expression becomes

MSDdist,k — MSDdist,aV
1 N -1

M
= #7 an anav kaﬁk ana,ﬁ,k (11.156)
k=1 k=1

=
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We illustrate these results numerically for the case of the averaging rule
(11.148) with uniform step-sizes across the agents. Figure 11.1 shows the con-
nected network topology with N = 20 agents used for this simulation, with
the measurement noise variances, {03’ ..}, and the power of the regression data,
assumed of the form R, = O'g Lo, shown in the plots of Figure 11.2, re-
spectively. All agents are assumed to have a non-trivial self-loop so that the
neighborhood of each agent includes the agent itself as well. The resulting
network is therefore strongly-connected.
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employing the averaging rule (11.148).
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power of regression data noise power
13 - : ;

0,k (dB)

Tr(R.x) (dB)

95 L L ! _25 ! ! L
5 10 15 20 5 10 15 20
k (index of node) k (index of node)

Figure 11.2: Regression data power (left) and measurement noise profile
(right) across all agents in the network. The covariance matrices are assumed
to be of the form R, ; = 037 wIar, and the noise and regression data are Gaus-
sian distributed in this simulation.
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Figures 11.3 and 11.4 plot the evolution of the ensemble-average learning
curves, ~E|[lw;||?, for consensus, ATC diffusion, and CTA diffusion for
two choices of the step-size parameter: a smaller value at ¢ = 0.002 and
a second larger value at © = 0.01. The curves are obtained by averaging
the trajectories {=||w;|?} over 100 repeated experiments. The labels on
the vertical axes in the figures refer to the learning curve %EH'&"J@HQ by
writing MSDgjst av(2), with an iteration index 7. Each experiment involves
running the consensus (7.14) or diffusion (7.22)-(7.23) LMS recursions with
h = 2 on complex-valued data {d (i), ur ;} generated according to the model
di(i) = up;w® + vi(2), with M = 10. The unknown vector w® is generated
randomly and its norm is normalized to one.
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0 N =20 agents, M =10, p = 0.002
_10 T -
-20

MSDdist,av (¢) (dB)

_30 ,,,,,,,,,
T SRR RERERERE e IEERTRTES EEETETES _
consensus: (7.14) and CTA diffusion (7.22)
_50 | - theory:(11.156) ... .. . T S T P
: ‘ ATC diffusion (7.23) ‘
-60 | | | | | | | | |
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

i (iteration)

Figure 11.3
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N =20 agents, M =10, p = 0.01

o ‘ ‘ ! ! 1 T ! ‘ !
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-
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Table 11.1: MSD values predicted by expressions (11.178) and (11.156) at
the larger step-size value, = 0.01.

algorithm result (11.178) | result (11.156)
consensus strategy (7.14) —42.00dB —44.34dB
CTA diffusion strategy (7.22) —42.00dB —44.34dB
ATC diffusion strategy (7.23) —43.42dB —44.34dB
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It is observed in Figure 11.3 that the learning curves tend to the same
MSD value predicted by the theoretical expression (11.156), which provides
a good approximation for the performance of distributed strategies for small
step-sizes. However, it is observed in Figure 11.4 that once the step-size value is
increased, differences in MSD performance arise among the algorithms, with
ATC diffusion exhibiting the lowest (i.e., best) MSD value. The horizontal
lines in this second figure represent the MSD levels that are predicted by
future expression (11.178). This latter expression reflects the effect of higher-
order terms in juna and generally leads to an enhanced representation for the
error variance of the distributed strategies, while expression (11.156), which
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is the basis for the results in this example, is an expression for the MSD that
is accurate to first-order in p,.. Table 11.1 lists the MSD values that are
predicted by expressions (11.178) and (11.156) at the larger step-size value,

1= 0.01.
O
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Example 11.5 (Is cooperation always beneficial?). We continue with the dis-
cussion from Example 11.3 over MSE networks. If each agent in the network

were to estimate w? on its own in a non-cooperative manner by running its
individual LMS learning rule (3.125), then we know from (4.186) that cach
agent will attain the MSD level shown below:

MSDyeops = =02, (11.157)

along with the average performance across all N agents given by:

N
uM [ 1
MSDucop.av = - (N ag_k) (11.158)
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Now assume A is doubly stochastic. Comparing (11.145) with (11.158), it is

obvious that {
MSDagist.av = Nl\/ISDnC.:,p’a,V (11.159)

which shows that, for MSE networks, the consensus and diffusion strategies
outperform the average performance of the non-cooperative strategy by a
factor of V. But how do the performance metrics of an agent compare to
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each other in the distributed and non-cooperative modes of operation? From
(11.145) and (11.157) we observe that if the noise variance is uniform across
all agents, i.e., Ug_k = o2, then the MSD of each individual agent in the
distributed solution will be smaller by the same factor N than their non-
cooperative performance. However, when the noise profile varies across the
agents, then the performance metrics of an individual agent in the distributed
and non-cooperative solutions cannot be compared directly: one can be larger
than the other depending on the noise profile. For example, for N = 2, 0531 =
1, and 03’2 = 9, agent 1 will not benefit from cooperation while agent 2 will.
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Example 11.6 (MSD performance of MSE networks — Case |ll). 'We reconsider
the setting of Examples 8.8 and 8.11, which deals with a variation of MSE
networks where the data model at each agent is instead assumed to be given
by

dk(’&) — u;ﬂ:iwg + ’Uk(?,) (11160)

with the model vectors, wy, being possibly different at the various agents. We
explained in Example 8.11 that the gradient noise process at agent £ is given

by expression (8.127), namely,

2 2

Sk.i(Pp 1) = o (Ruie —uj jui;) (W) — dpiq) — E’U’Z,ivk(i) (11.161)
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By repeating the arguments of Example 8.8 for the general distributed strat-
egy (8.5), we can similarly show that the limit point, w*, of the network is
given by a relation similar to (8.86), namely,

N -1 /N
w = (Z q}cRu,k‘) (Z QkRu,kwi?:) (11.162)
=1 1

where the positive scalars {qr} are the entries of the vector ¢ defined by
(8.50). Using (11.161) we can evaluate the second-order moment R, ;. defined
by (11.8) as follows. We introduce the difference

0 2 w? —wt, k=12... N (11.163)



Example #11.6

~ ss [ Lecture #21: Performance of Multi-Agent Networks, Part Il EE210B: Inference over Networks (A. H. Sayed)

It is clear that z;, = 0 when all w} coincide at the same location w?, in which
case we get w* = w’. In general though, the perturbation vectors, {z;} need
not be zero. From (11.161), and using the conditions imposed on the regression
data and noise processes across the agents from Example 6.3, we find that

Rg . = %E (Ru,k — u}:zum) LN (Ru,k — uz,&um) + %oﬁgkRu,k
(11.164)
The first term on the right-hand side involves a fourth-order moment in the
regression data. To evaluate this term in closed-form, we assume that the

regression data is circular and Gaussian-distributed. In that case, it is known
that for any M x M Hermitian matrix Wy it holds that [206, p.11]:
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2

K (ukaiuz:iWkuk,iuzﬁi) — Ru,kTr(WkRu,k) + ERu’kaRu’k (11.165)

This expression shows how the (weighted) fourth-order moment of the process
uy ; is determined by its second-order moment, 2, 5. Let

which is a rank-one nonnegative definite Hermitian matrix. Expanding the
first term on the right-hand side of (11.164) and using (11.165), we conclude
that
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Rui = 1500 u Rk + g RuTr(WeRug) + (% - 1) Ry i WiRo i
(11.167)
In particular, for complex data, the above result evaluates to the following
using h = 2:

Rsp = Jgiju,k — Ru,k||3k||2Ruk (complex data) (11.168)

Each agent & in the network is associated with an individual cost of the form
Je(w) = E|dg(i) — ugw|?. We now assume that the regression covariance
matrices are of the form R, ;. = Ui_ oIar. In this case, expression (11.168) for
R 1 simplifies to |
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Rsp = (Ug,k + Ui,k”ZkHQ) Ui,kIM
2 aﬁakaﬁﬂkIM (complex data) (11.169)

where we introduced the modified noise variance

02, 2 02 402z’ (11.170)
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Consequently, the expressions for { Hg, G} become (compare with (11.152)):

I 0 _ I X

_ 2 M _ =2 2 M

We can assess the performance of the resulting consensus network (cf. Exam-
ple 7.2) or diffusion network (cf. Example 7.3) by substituting these values
into (11.138), and using h = 2 for complex data, to get:

—1
M
MSDaist & = MSDist oy = (Z ukpkamm) (Z MWM)

k=1
(11.172)
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If the combination matrix A happens to be doubly stochastic, then p = 1 /N.
Substituting pr = 1/N into (11.172) gives

M
MSDasstk = MSDaistav = 577 (Z uk%k%k) (Z uwm)

k=1

—1

(11.173)
On the other hand, if the combination weights {as} are selected according to
the averaging rule (11.148), we would then substitute (11.150) into (11.153)
to give
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1\4SI)dist,k — 1\/[S]:)dist,av

N -1 -1
- (Z nk) (Z Hknk% k7w k:) (Z ForeT Ty k) (11.174)

k=1

[f the step-sizes are uniform across all agents, the above expression becomes

N —1
M
MSDdist,k - MSDdist,av - ILT (; nk) (Z nko'fu EOw k:) (Z ngo, k)

(11.175)

We illustrated this result numerically earlier in Figure 8.5 while discussing
the convergence of the network towards its Pareto limit point.
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N =20 agents, M =10, p = 0.001
-10 T T T T T

-15

-20

bl

N
a

consensus (7.14) and CTA diffusion (7.22)

_30 —
theory (11.175) e
b o mm mmEm o mm e e T s & T =
=35 S
ATC diffusion (7.23)
—40 | i | | | | | | | 3
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 Flgure 8.5

i (iteration)
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Example 11.7 (Higher-order MSD terms). We explained earlier in Sec. 4.5,
while motivating the definition of the MSD metric, that expressions of the
form (11.37) help assess the size of the error variance, E ||wy, ;||?, in steady-
state and for sufficiently small step-sizes (i.e., in the slow adaptation regime).

The computation leads to an expression for the MSD that is first-order in
[imax, S can be ascertained from (11.118).
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=0 00

1
{ MSD 2 4. (lim limsup—IEHﬁi’iW) J
v




Recall #6: Ignoring 0. Term &

e[ Lecture #21: Performance of Multi-Agent Networks, Part Il EE210B: Inference over Networks (A. H. Sayed)

! % (bvec (yT))T (I — F) 'bvec (Jk))

(11.119)

(bvec (JJT))T (I — F)  bvec(Ty) =-|— (11.120)

(bvec (yT))T (p X IQJM) Xp (p X [Qj\/[) Z7—1 (]lT X IQMr) Qb (ﬂT X IQM’) bvec (Jk;)

MSDgist .k = umax-( lim lim sup

pPmax—0 i 500 Hmax
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If we revisit the derivation of (11.118) in the proof of Lemma 11.3, we
will observe that this expression was obtained by eliminating the contribution
of the higher-order term, O(u2 ), which appears in the expansion (11.120).
We can motivate an alternative expression for assessing the size of the error
variance, E ||wy, ;||?, by retaining the higher-order term that is available (i.e.,
known) rather than neglecting it. It is expected that, by doing so, the resulting
performance expression will generally provide a more accurate representation
for the error variance, especially at larger step-sizes; we illustrated this be-
havior already in the simulations of Example 11.4 — recall Figure 11.4. The
alternative performance expression can be motivated as follows.
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Similarly to (4.83)-(4.84), the argument that led to (11.45) would estab-
lish the following two expressions for the limit superior and limit inferior of
the error variance at each agent % (see, e.g., (11.107) and (11.109)):

| 1
fimsup LE[@f 7 = TTH(JX) O (i) (11170
11— 00

1 1

liminf SRl ,[* = S Te(Jed) = O (™) (11.177)
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with the same common positive constant Tr(JpX); this constant is equal to
the quantity that appears on the left-hand side of (11.120). Relations (11.176)
(11.177) indicate that we can also employ the quantity +Tr(J,X) to assess
the size of the error variance, E||wy.;|*, in steady-state for small step-sizes.
Subsequently, by averaging over all agents, we can similarly use the quantity
A=Tr(X) to assess the size of the network error variance, +E ||w;||?, also in
steady-state and for small step-sizes. If we recall (11.58), then this argument
suggests the following alternative expressions for evaluating the network error
variance:



Recall #7: Series Expression

X = ) B"Yy(nB) (11.58)

n=0
bvec(X) = (I —F*) tbvec()) (11.59)
Te(x) = (bvec (V7)) (1= F) "bvec (Tnarn) (11.60)

Te(JeX) = (bvec (V7)) (I = F) 'bvec(Jk) (11.61)
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1 oo
MSDyit 0y = —— § ; B"Y (B*)"] (11.178)
; hN ~
1

~ hN (bvee (V7)) (1 — F)"tovee (hary)  (11.179)

where we continue to use the notation MSD to represent this value. As we
already know from the proof of Lemma 11.3, if we expand the right-hand side
of (11.179) in terms of powers of jimax, then the first term in this expansion
(i.e., the one that is linear in fimayx) will be given by expression (11.118).

[
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Theorem 11.4 (Network ER performance). Consider a network of N interact-
ing agents running the distributed strategy (8.46) with a primitive matrix
P = A1A,A,. Assume the aggregate cost (9.10) and the individual costs,
Ji(w), satisfy the conditions in Assumptions 6.1 and 10.1. Assume further
that the first and fourth-order moments of the gradient noise process satisfy
the conditions of Assumption 8.1 with the second-order moment condition
(8.115) replaced by the fourth-order moment condition (8.121). Assume also
(11.11). Then, it holds that



ER Performance

. 1 .~ 1
h?iilclp §E||’wk,z'—1||% = §TT(QJ<;X) + O (prpei)  (11.180)
1 1 _
lim sup —— (IE: T T ) — Ty(HX)+ O (pitm) (11.181
Z_}OOP N || z—l”(IN@H) IN ( ) (Nma}: ) ( )

for the same quantities defined earlier in Theorem 11.2 and where

H = In®@H = diag{H,H,....H} (11.182)
Qi = diag{ Opar,-- -, Opars H,Opas, oo, Opar } (11.183)



with the matrix H defined by (11.36) appearing in the k—block location of
Q. Moreover, it further holds that

Tr(QuX) = (bvee (V7)) (T = F) hvec (Qy) (11.184)

Te(HX) = (bvec (V7)) (I— F) bvec (H) (11.185)



and, for large enough 7, the convergence rate of the excess-risk measure to-
wards its steady-state region (11.180) is given by the same expression (11.47).
Furthermore, the ER performance for the individual agents and for the net-
work are given by:

—1

N N
h
ERaists = ERaistav = 7 (; qk) Tr (; q;%ngk) (11.186)
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Proof. We start from relation (11.84) but select ¥ now as the solution to the
following Lyapunov equation:

Y- B'YB=%H (11.187)

and repeat the argument that led to (11.106)—(11.107) to conclude that ex-
pressions (11.180)—(11.181) hold.

With regards to expression (11.186), we first note from (11.35) and
(11.180) that we need to evaluate the limit:

1

ERgist k1 = Mmax - ( lim limsup

Pmax—>0 50 Hmax

(bvec (JJT))T (I — f)_lbvec(Qk))
(11.188)
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We focus on the right-most factor inside the above expression. Using the low-
rank factorization (9.244), we have

(bvee (V1)) (I = F) thvec(Qp) = O(1i2,)+ (11.189)
(bvec (JJT))T (p® Iapnr) @ (p @ Long) Z~1 (ﬂT X IQM) Xp (ﬂT X IQM) bvec (Qy)

Using the block Kronecker product property (11.86), it can be verified that

(]lT ® IQM) Qb (llT ® IQM) bvee(Qr) = vee(H) (11.190)
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Let « = Z71vec(H). Then, the same argument that led to (11.128) will show
that the 2M x 2M matrix X = unvec(z) is the unique solution to the Lya-

punov equation

N - - N -
(Z qk) HX + XH( qk) — H (11.191)
k
so that

N —1
1
X =3 (Z qk) Lo (11.192)



Proof

& [ Lecture #21: Performance of Multi-Agent Networks, Part Il EE210B: Inference over Networks (A. H. Sayed)

Repeating the derivation that led to (11.132) we arrive at
—1

(bvec (yT))T (I — F)_lbvec(H) = % (Z QA:) Ir (Z ngk) + O(p’?nax)

(11.193)
Substituting into the right-hand side of (11.188) and evaluating the limit we
arrive at (11.186) after recalling from (11.12) that

B R,  (real data)
Tr(Gy) = { 2R, (complex data) (11.194)

[
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Example 11.8 (ER performance of consensus and diffusion networks). We spe-
cialize the result of Theorem 11.4 to the same consensus and diffusion strate-
gies from Example 11.2. In this case we get

N -1 /N
h
ERaist.x = ERaist.av = ZTI“ (; ukpk) (; pipiRS,k) (11.195)

where h = 1 for real data and A = 2 for complex data. When the step-sizes
are uniform across all agents, pur = p, and using the fact that the entries py
add up to one, the above expression simplifies to

N
1h
ERgisit = ERaistay = - (;pim,k) (11.196:
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Example 11.9 (Performance of diffusion learner). We generalize the scenario
of Example 7.4 and consider a collection of N learners cooperating to mini-

mize some arbitrary strongly-convex function J(w) over a strongly-connected
network, namely,

wO

1>

arg min J(w) (11.197)
where J(w) is the average of some loss measure, say, J(w) = EQ(w; xy ;). As
before, each learner £ receives a streaming sequence of real-valued data vectors
{xpi.1=1,2,...} that arise from some fixed distribution X. We assume the

agents run a consensus or diffusion strategy. say, the ATC diffusion strategy
(7.19):
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@bk:i = Wki-1 — }LkvaQ(’wk,i—l : CCkz)
wer = an b, (11198
CeENE

The gradient noise vector corresponding to each individual agent £ is given
by

ski(Wric1) = VyrQ(wri—13 ki) — VorEQ(wpi—1;®r:)  (11.199)

so that
skgi(wo) — vaQ(wO;$k’i) (11200)
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Since we are assuming the distribution of the random process @y, ; is stationary
and fixed across all agents, it follows that

Rep = EV Qw2 [VurQusxys)] = Ry, k=12,...,N

Substituting into (11.186), and using h = 1 for real data, we conclude that
the excess-risk of the diffusion solution (and of consensus as well) is given by

(Z Mkpk) (Z M%P%) Tr (Rs) (11.202)
k=1 k=1

ERdist,av —

I
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If we assume uniform step-sizes, pup = p for £ =1,2,..., N, and use the fact

that the {py} add up to one, then expression (11.202) reduces to

N
ERaist.ay = % (Zpﬁ) Tr (R,) (11.203)
k=1

For comparison purposes, we reproduce below ER expression (5.98) for the
centralized solution from Example 5.3:

1
ERcont = % (N) Tr(R.) (11.204)
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For doubly-stochastic combination matrices A, it holds that p, = 1/N so that
(11.203) reduces to (11.204).

We illustrate these results numerically for the logistic risk function (7.24)
from Example 7.4, namely,

J(w) 2 guwng + E {ln (1 + e—’fk@"iﬂ} (11.205)
Figure 11.5 shows the connected network topology with N = 20 agents used
for this simulation. All agents are assumed to employ the same step-size pa-
rameter, i.e., up = p, and they have non-trivial self-loops so that the neighbor-
hood of each agent includes the agent itself. The resulting network is therefore
strongly-connected.
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Figure 11.5: A connected network topology consisting of N = 20 agents
employing the Metropolis rule (8.100). Each agent % is assumed to belong its
neighborhood Nj.
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( Vi1 = Z age Wy (consensus)
< (N , (11.206)
\ Wi, i = (1= pu)y;i g+ pye(i)he (1 AR )
and
( Vyic1 = Z as, we; (CTA diffusion)
) LeENk . (11.207)
we; = (L=pp)bp,y + pyp(i)hy, (1 AT )
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(

1
L — 1 — - — ‘ 7 .
"-pk;z ( pp“)wkg 1+ pf}’k(z)hkg (1 N epylc(%)h;,iwkai—l

Wi = Z&gk Y, (ATC diffusion)
\ EENk

) (11.208)

where the combination weights {as.} arise from the Metropolis rule (8.100).
This rule leads to a doubly-stochastic matrix, A, so that the entries of the
Perron eigenvector are given by pr = 1/N. In this way, the ER performance
level (11.203) for the above distributed strategies reduces to

ERdist:av — % (_) ITI"(RS) (11209)
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Figures 11.6 and 11.7 plot the evolution of the ensemble-average learning
curves, E {J(w;—1) — J(w?)}, for consensus, ATC diffusion, and CTA diffu-
sion for two choices of the step-size parameter: a smaller value at ;= 1x 1074
and a second value that is three times larger at 4 = 3 x 10~*. The curves

are obtained by averaging the trajectories {J(w;—1) — J(w?)} over 100 re-
peated experiments. The labels on the vertical axes in the figures refer to the
learning curves by writing ERqgist.av(2), with an iteration index . Each exper-
iment involves running the consensus (11.206) or diffusion (11.207)—(11.208)
logistic recursions with p = 10 and A = 1 for real data {7, (i), hy;}, where
the dimension of the feature vectors {hy ;} is M = 50. The data used for the
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N =20 agents, M = 50, Tr(Rs) = 13848, p =3 x 10~ %
T

-10

-15

ER(i) (dB)

20/~ - -\: - consensus (11.206) and CTA diffusion (11.207) . ... .. ... .. .|

ATC diffusion (11.208)

_ theory (11.210)_

Figure 11.7

| | | |
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i (iteration)
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simulation originate from the alpha data set [223]; we use the first 50 features
for illustration purposes so that M = 50. To generate the trajectories for the
experiments in this example, the optimal w? and the gradient noise covariance
matrix, R, are first estimated off-line by applying a batch algorithm to all
data points. For the data used in this experiment we have Tr(R;) ~ 131.48.
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It is observed in Figure 11.6 that the learning curves tend towards the
ER value predicted by the theoretical expression (11.209), which provides a
good approximation for the performance of distributed strategies for small
step-sizes. However, it is observed in Figure 11.7 that once the step-size value
is increased, differences in ER performance arise among the algorithms, with
ATC diffusion exhibiting the lowest (i.e., best) ER value. The horizontal lines
in the second figure represent the ER levels that are predicted by the future

expression (11.210). This latter expression reflects the effect of hieher-order
terms in pumax and generally leads to an enhanced representation for the mean

excess cost, while expression (11.209), which is the basis for the results in this
example, is an expression for the ER that is accurate to first-order in fiyax-
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Example 11.10 (Higher-order ER terms). We explained earlier following
(11.39) that the ER metric (11.33) assesses the size of the mean fluctua-
tion of the normalized aggregate cost, E {J&°"*(w,, ;1) — J&P*(w*)}, in
steady-state and for sufficiently small step-sizes (i.e., in the slow adaptation
regime). The computation leads to an expression for the ER that is first-order
in ftmax, as can be ascertained from (11.186).
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If we revisit the derivation of (11.186) in the proof of Theorem 11.3, we will
observe that this expression was obtained by eliminating the contribution of
the higher-order term, O(z2 ), which appears in the expansion (11.189). We
can motivate an alternative expression for assessing the size of the mean cost
fluctuation by retaining the higher-order term that is available (i.e., known)
rather than neglecting it. It is expected that, by doing so, the resulting per-
formance expression will generally provide a more accurate representation for
the mean cost fluctuation, especially at larger step-sizes; we illustrated this

behavior in Figure 11.7.
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N =20 agents, M = 50, Tr(R,) = 13848, =3 x 10~ *

ER(i) (dB)

| | | | Figure 11.7
0 1000 2000 3000 4000 5000 6000
i (iteration)
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In a manner similar to Example 11.7, we can moti-
vate the following enhanced expression for the excess mean cost, which reflects
contributions from higher-order powers of 1. as well:

1 T\ T _q
FRaistav = 537 (bvec (V7)) (T = F) ™ "bvec (#) (11.210)
where we continue to use the notation ER to represent this value. As we
already know from the proof of Theorem 11.3, if we expand the right-hand
side of (11.210) in terms of powers of fimax, then the first term in this expansion

(i.e., the one that is linear in fimay) will be given by expression (11.186).
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Using results from the previous sections, we can compare some per-
formance properties of diffusion and consensus networks. Recall from
(8.7)—(8.10) that the consensus and diffusion strategies correspond to
the following choices for {A,, A1, A>} in terms of a single combination
matrix A in the general description (8.46):

consensus: A, = A, A =1In=A45 (11.211)
CTA diffusion: A=A, Ay=In=A, (11.212)
ATC diffusion: AQ = A, Al = IN = AO (11213)
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Example 11.11 (Diffusion outperforms consensus over MSE networks). Expres-
sion (11.138) indicates that the MSD performance of the consensus and dif-
fusion strategies are identical to first-order in the step-size parameters, as
already anticipated by the results in Figures 11.3 and 11.4. We now examine
the MSD performance level more closely by considering higher-order terms as
well. More specifically, we resort to the alternative expression (11.178).
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The following example is a generalization of a similar discussion from
248]. Let us consider a situation in which all agents in a strongly-connected
network employ the same step-size, i.e., up = p, and that the diffusion and
consensus strategies from (8.46) are implemented with the same combination
matrix, A. Without loss in generality, we consider the case of real-valued data.
Let us assume further that the Hessian matrices of all individual costs, Jj (w),
evaluate to the same value at the reference point w*, namely,

V2, (w*) = H k=12,....N (11.214)
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for some constant matrix H. We also assuine that the gradient noise variances
{G}\} approach the same value in steady-state apart from some scaling to
account for the possibility of different noise power levels across the agents,
i.e., we assume that the {G,.} have the form:

Gy =o0,,G, k=12..N (11.215)

for some constant matrix . For example, these two conditions on
{V2 J.(w*), G} are readily satisfied by the class of MSE networks defined
earlier in Example 6.3 when the regression covariance matrices are uniform
across all agents, R, = R, for £ = 1,2..... N. Indeed, if we write down

an expression similar to (8.15) for the gradient noise process at each agent k,
namely,
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T P T .
SkilPpizt) = 2 (Ru —u i) @iy — 2uy ,05(0) (11.216)

then we conclude that

Rox 2 lim E [spi(w®)s] (w*)|Fi1] = 402, R, (11.217)

1— 00
so that, using the definitions (11.12), we obtain for the case of real-data:
Vodi(w*) = 2R, = H, Gy = 40.,R, = 0.,G (11.218)

with G = 2H in this case.
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We are interested in comparing the MSD performance of diffusion and
consensus networks under conditions (11.214)—(11.215). If desired, we can
also compare against the performance of the non-cooperative solution. For
this latter comparison to be meaningful, we would need to assume that all
individual costs, Ji(w), have the same minimizer so that the distributed and
the non-cooperative implementations would be seeking the same minimizer. If
we were only interested in comparing the consensus and diffusion strategies,
then there is no need to assume that the individual costs have the same
minimizer; the argument given below would still apply.
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We collect the noise power scalings into an N x N diagonal matrix

R, = diag{o} . 004, 0 n} (11.219)

Then, it holds from (11.53) and (11.215) that & can be expressed as the
Kronecker product:

S =R,®G (11.220)

Using the series representation (11.178) we have

1 o>
MSDaist av = 7= > T (B"Y(B%)"] (11.221)
n=0

S = diag{Gl,Gg, . . .,GN}
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where h = 1 for real data and. from the expressions in Theorem 11.2, the
matrices B and ) are given by the following relations for the various strategies:

( Bncop — IN 0%y (Ihﬂ/f - /MH), yncop — /~L2 (RU & G)
) Bcons — AT & Ihﬂ/f - N(Ih]\/f X H), ycons — )UJ2 (Rv & G)
Batc = AT %Y (IhM’ - MH)f Vate — Mz (ATR”UA %Y G)
L Bcta — AT X (Ihj‘vff - /«LH), Veta — /~L2 (Rv 03¢ G)
(11.222)

Y = ATMSMA,
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We already know from Example 10.1 that, in general, p(Baig) < p(Bucop)
so that diffusion strategies have a stabilizing effect. For the current data
structure, it holds that these spectral radii are equal. Indeed, since A is a
left-stochastic matrix, its spectral radius is given by p(A) = 1. Then,

p(Bair) = plAT @ (Inn — pH))
= p(4) (IhM pH)
= p(py —pH)
= IO(BHCOP) (11.223)

On the other hand, let A\¢(A) denote any of the eigenvalues of A. Since we
know that 1 € {\;(A)}, it then follows:
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P(Brco = max |1 — pA, (H
Bucoy) = g |1 = k()

< - c | Ae(A) — u,,, (H
< 115133%15133555M|e() i (H )|

(8.40)

— p(Bcons) (1122‘4)

In other words, we arrive at the following conclusion for the scenario under
study:

p(Bdiff) — p(Bncop) < p(Bcons) (11225)

It follows from this result that the convergence rate of the diffusion network
is generally superior to the convergence rate of the consensus network.
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Not only the convergence rate is superior, but the MSD performance of the
diffusion network is also superior. To see this. we first note that for consensus
implementations, it is customary to employ a doubly-stochastic matrix A (see
Appendix E in [208]). For example, a left-stochastic A that is also symmetric
will be doubly-stochastic. For the derivation that follows, we shall therefore
assume that A is symmetric, i.e., A = AT; the argument can be extended
to matrices A that are “close-to-symmetric” (i.e., diagonalizable with left-
eigenvectors {x;} that are practically orthogonal to each other) [248]. It is
sufficient for this example to consider the case of symmetric combination
policies, A.
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Since A is now diagonalizable, it admits a Jordan canonical decomposition
of the form [27, 99, 104, 113]:

Al = XDX! (11.226)

where D is a diagonal matrix with the eigenvalues of A, and X is a similarity

transformation. Let {x,,} denote the columns of X and let {y*} denote the

rows of X 1. Then, it follows from (11.226) and the fact that XX ~! = Iy

that

([ ATz, = N\, (A)z,
yr AT = N(A)y;

S, (11.227)
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so that the {w,} correspond to the right eigenvectors of AT and the {y* }
correspond to the left eigenvectors of AT. We assume the eigenvectors {z,,}
are normalized to satisfy

|lzpl? =1, n=1,2,....N (11.228)
Since A is symmetric, then X is an orthonormal matrix, i.e.,

.fl?z.’,tk = (Sgk (11.229)
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Under conditions (11.214)—(11.215), and for sufficiently small step-size p to
ensure mean-square stability, we now verify that diffusion networks lead to
better MSD performance (i.e., smaller MSD values) than consensus networks.
In particular, we verify that the ATC diffusion strategy achieves the lowest
network MSD in comparison to the other strategies:

MSDiS o < MSDGY oy < MSDycopav (11.230)
MSDi5 v < MSDG L (11.231)

Furthermore, if it holds that

1 < pAmin(H) < 2 (11.232)



Example #11.11
Lecture #21: Performance of Multi-Agent Networks, Part Il EE210B: Inference over Networks (A. H. Sayed)

then we verify that the consensus strategy is the worst even in comparison to
the non-cooperative strategy:

MSD3, < MSDSE < MSD,eop av < MSDE™ (11.233)

dist,av

To see this, we introduce the eigen-decompositions of the matrices A and
H into (11.221) and compare the resulting MSD expressions for the various
strategies. Let {\,,(H) > 0} denote the eigenvalues of the Hermitian and

positive-definite matrix H with orthonormal eigenvectors denoted by {z,,}
(m=1,2,...,hM):

Hzp = Ao(H)zpm, m=1,2,3.....hM (11.234)

Substituting the eigen-decompositions of A from (11.227) and H from (11.234)
into (11.221) gives, after some algebra:
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vigpie  _ 2 ii Ak (A1 el 1=l (11.235)
dist,av Nk « L 11_|)\k |2[1—/J)\ (H)] )
kaR Hzm”G
MSDSte K : 11.236
o =N 2 2 TR e O
o N hM 9 9
cons H ”kaR ||Zm||G
MSDECS - 11.237
i = N 2 2 A8 3 GO 2D
ncop.,av. — hN 1_(1_#)\ (H)) .
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Now note that since |A\x(A)| < 1, it is obvious that

MSDES v < MSDSS L < MSDycop.ay (11.239)

dist,av = dist,av

To compare ATC diffusion and consensus, it can be verified that the ratio
of each term on the right-hand side of (11.235) to the corresponding term in
(11.237) is smaller or equal to one [248]:

(AP (1= [Ak(A) = pAm(H)]?)

<1 11.240
T @ (= @) = (11.240)

so that
MSD3i5 o < MSDGE (11.241)
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We can further verify that the performance of the consensus strategy is worse
than the non-cooperative strategy when the step-size satisfies 1 < pApnin(H) <
2. This result is established by verifying that the ratio of the individual terms
appearing in the sums (11.237)-(11.238) is upper bounded by one [248]:

1 — A (A) — pAn (H)?
1 — (1 — pA, (H))? <1 (11.242)
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Example 11.12 (MSD performance of consensus and diffusion networks). The
following example specializes the results of Example 11.11 to the case of MSE
networks from Example 6.3. We reconsider the two-agent network from Ex-
ample 10.2 with both agents running either the LMS consensus strategy (7.13)
or the LMS diffusion strategies (7.22)—(7.23) albeit on real data (for which

h =1). We assume

H1 = 2 =H (11.243)
Rui1=Rys=0 I (11.244)
0< po? <1 (11.245)
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The second condition (11.244) ensures that H = 2021;. The third condition
(11.245) ensures that both agents are individually stable in the mean since
the matrix Byucop = IN @ (Inar — pH) from Example 11.11 will be stable.

The cigenvalues of A defined by (10.129) are at A\{(A) = 1 and \2(A) =
1 — a — b. Using the notation of Example 11.11, this situation corresponds to
the case

Rv — diag{ag,lz 03,2}
G = 402 Iy (11.246)
H = 20’3 LM

In this case, expressions (11.235)—(11.238) reduce to (using h = 1 for real
data):
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1 Ry y3 Roy2(1 —a —b)°
MSDatC — 2 2 2M yl
dist,av = SH Ou [1 (1= 20022 T— (1 —a—b2(1 - 202)?
(11.247)
_ 1 Ruy1 ys Ryyo
MSD o = 2605 M | ——2
distov = ST T 0p02) T T— (1—a— b)2(1 — 20032
(11.248)
_ 1 Roy Y3 R, yo
MSDSES, = 2u202 M J1 11.249
distay = A Ou T (T 2 2002)2 T T— (1 —a—b— 2p02)? ( )
I 1 Roy1 (A
MSDocop.av = 2202 M J1 11.250
Py = SO T T op02)2 T T (1 2p00)? ( )
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Note that the first terms inside the brackets of (11.247)-(11.250) are the same.
Then, it can be verified that these MSD values are related as follows depending

on the region in space where the parameters (a, b) lie:

2
(MSD32 o < MSDif 0y, if 0<atb< 2o
cons cta . 1—2p02 2
MS dist,av 2 MSDdist,ava lf 1——#'0"% S a + b < 2(1 — [,LO'u)
\ ’ (11.251)
MSDG iy < MSDycop, av, — if 0<a+b<2(1—2u0l)
\MS El?gzs,mv 2 MSDncop, avs if 2(1 - 21'50'12;) S a+b< 2(1 — [,LO'?L)
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/a—l—b:2(l—mf§)

a+b=2(1-2us2)

1
M@ \. ®
\‘ eeo o
\\: /
I el
~
b
II
11T
0
a 1
_ 2
a+b= —H_ﬁi‘:ﬁ

II: MSD¢ < MSD** < MSD"™ < MSD"*P

{ I: MSD™® < MSD* < MSD"*P < MSD®"s

II1: MSD** < MSD™" < MSD** < MSD"*P

EE210B: Inference over Networks (A. H. Sayed)

Figure 11.8: Comparison of the network MSD for N = 2 agents operating
on complex-valued data. The consensus strategy is unstable when a and b lie
above the dashed line in region I; it performs well in region III. ATC diffusion
is superior in all three regions.
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For example, the first relation can be established as follows:

MS cons S MSDcta

dist,av dist,av

& (l—a—b—2u0*)* < (1—a—>b)?*1—2uc?)?
& (a+b)?—2(a+b)(1—2pu0%) < [-2(a+b)+ (a+b)*](1 - 2uci)?

& (a+b)?[1—(1—=2u02)%] —2(a+b)(1 —2uo2)[1— (1 —2u02)] <0

4(1 = 2pu02) o
& 0 b) < T
<) S T a0y

1 — 2402
s 0<(ath) < ——Hu (11.252)

1 — po?
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and similarly for the other inequalities. We can therefore divide the a x b
plane into three regions I, II, and III, as shown in Figure 11.8, where each
region represents one possible relation among the MSD levels of the various
strategies. The ATC diffusion strategy is seen to be superior in all regions,
while the consensus strategy is worse than the non-cooperative strategy in
region I and is also unstable in the mean for values of (a,b) lying above the
dashed line in that region, i.e., for a + b > 2(1 — po?), as can be verified by
following an argument similar to (10.135).
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Example 11.13 (Higher-order terms in the MSD expression). Continuing with
Example 11.12, we can rework expression (11.247) for MSDY;S; ., into a more
familiar form (and similarly for the other expressions). Thus, consider the
eigenvectors {x,,, v, } defined by (11.227). Since A is left-stochastic, we have
AT1 = 1. Note, however, from the definition of the eigenvectors {z,,} that
they need to satisfy the normalization condition (11.228). This means that we

can select the first eigenvector as

T = ——1 (11.253)
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It then follows from the condition yixy = 1 that

vl = VN (11.254)

so that the entries of the right-eigenvector y; add up to v/N. Now recall from
definition (11.136) for the Perron eigenvector p that its entries must add up to
one. Both p and y; are right-eigenvectors for A associated with the eigenvalue
at one. Therefore, p and y; are related as follows:

p = Y1 (11.255)

2l-
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Using this result, and the fact that j is sufficiently small and that we are
dealing with a two-agent network in this example (so that N = 2), we can

rewrite (11.247) to first-order in p as follows:
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*
g Y Rvyl

B{SDE& av. 2”2 U?:,M 21 P

’ dpoi — 4p=oy,
Np*R,p
= 2uM 5
4 —4po;

Q

2
M
MT ( E p%agjk) ., since N = 2 and g is small
k=1

2
= uM > pior, (11.256)
k=1

and we recover the analogue of expression (11.144) for real-data.
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