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We established in Theorem 9.1 that a multi-agent network running the
distributed strategy (8.46) is mean-square stable for sufficiently small
step-size parameters. More specifically, we showed that, for each agent
k, the error variance relative to the limit point, w*, defined by (8.55),
enters a bounded region whose size is in the order of O(tmax):
HmsupE |wrl|* = O(ptmax). k=1,2,....N (11.1)
1—00
In this chapter, we will assess the size of these mean-square errors for
both cases of real and complex data.
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For single-agent adaptation:
glc-ag p / \

o o | E|lw;|*
limsup E [|w;|| = p-MSD + o(p)
1—00
liminf E||w;||* = p-MSD — o(p) lim sup B
1— 00
N N A
/

for some positive constant MsD . K 4 .

lim inf E||w;
100
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Recall#1: Mean-Square-DeviationV
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| 1
lim (hm sup —E H’waH2) = lim (hm inf IEH?.U@”2) = MSD
[

p—0 - 00 p—+0 1—00 L

® Therefore, as 1t — 0, the quantity ﬁE H’EEJ%H2 approaches a limit.

® Once multiplied by 1, this limit assesses E||w;||* to first-order in f¢:

(simplification)

1 |
% MSD 2 It - (lim lim sup —EH’&J%HQ) MSD 2 lim E||aw;]?
p T

—() 500 1—00
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Definition: MSD over Networks “%
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1
MSDdiSt,k é Hmax ° (N lim_m hm sup p E H’ﬁjk’?jHQ) (112)
max 1—00 max
PN Ry
MSDdist,aV — N (Z MSDdist,k) (113)
k=1
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The presentation will assume the same conditions we used in the last
two chapters to examine the stability of multi-agent networks. In par-
ticular, we assume the aggregate cost (9.10) and the individual costs,
Ji.(w), satisfy the conditions in Assumptions 6.1 and 10.1. We also
assume that the first and fourth-order moments of the gradient noise
process satisfy the conditions of Assumption 8.1 with the second-order
moment condition (8.115) replaced by the fourth-order moment condi-
tion (8.121), in addition to a smoothness condition on the noise covari-
ance matrices defined as follows.
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We refer to the definition of the individual gradient noise processes
in (8.109), namely, for any ¢ € F,_q:

$ki(@) 2 Vedi(@) — VieJi(o) (11.4)

where F,;_| denotes the filtration corresponding to all past iterates
across all agents:

Fi—1 = filtration defined by {wy ;, j <i—1, k=1,2,...,N}
(11.5)
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We define the extended gradient noise vector of size 2M x 1:
) A Sk,i(qb)

(32,5(¢))T (11.6)

Sz,z‘(ﬁb

We denote its conditional covariance matrix by

Cei(@) S E | s (@)si(0) | Fia | (11.7)



[ ] [ ]
Noise Covariance
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We further assume that, in the limit, the following moment matrices
tend to constant values when evaluated at the limit point w™*:

Rery 2 lmE [spi(w)st,(w*)|Fi1 | (11.8)
1—00 L ’ -

Rye 2 lmE |sp(w)s),(w*)|Fi_ | (11.9)
1—00 L ’ -
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Definition 11.1 (Hessian and moment matrices). We associate with each agent
k a pair of matrices { Hy, G}, both of which are evaluated at the location of
the limit point w = w*. The matrices are defined as follows:

N N R (real case)

= VA * =

Hi = Vo Je(w?), G = [ gik g‘%k ] (complex case) (11.12)
q,k s,k

Both matrices are dependent on the data type (whether real or complex); in
particular, each Hy is 2M x 2M for complex data and M x M for real data.
Note that H;,, > 0 and G5, > 0.




Aggregate Hessian Matrix
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In view of the lower bound condition in (6.13), it follows that

N
> qHp > 0 (11.13)
k=1

so that the weighted sum of the { H;} matrices is invertible. This matrix
sum will appear in the performance expressions.
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Assumption 11.1 (Smoothness condition on noise covariance). It is assumed
that the conditional second-order moments of the individual noise processes
satisfy smoothness conditions similar to (5.37), namely,

7

|RS i (w* + Aw) = R (w*)]| < ki || Aw|| (11.10)

in terms of the extended covariance matrix, for small perturbations [[Aw|| <'e,
and for some constants x4 > 0 and exponent 0 < v < 4.
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Following the argument that led to (4.24) in the single-agent case, we
can similarly show that the conditional noise covariance matrix satisfies
more globally a condition of the following form for all ¢ € F,_1:

|8 () — B ()| < mal I +wylB12 (1L11)

where ¢ = w* — ¢ and for some constant Kkl > 0.

The performance expressions that will be derived in this chapter
will be expressed in terms of the following quantities, defined for both
cases of real or complex data.



Second-Order Moment
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Lemma 11.1 (Limiting second-order moment of gradient noise). Under the
smoothness condition (11.10), and for sufficiently small step-sizes, it holds that
the covariance matrix of the extended gradient noise process, sj (¢, ;1) at
each agent k satisfies for ¢ > 1:

E s (@ri1) (55.:(0p0 ) = G + O (p3) (1)

where 0 < v < 4 and G}, is given by (11.12). Consequently, it holds for i > 1
that the trace of the covariance matrix satisfies:

Tr(Gr) —bo < Ellsi(dpi-)? < Tr(Gr) +bo (11.15)

for some nonnegative value b, = O (/Jmin{l’%}).
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Proof. By adding and subtracting the same term we have [71, 278]:
E [SE,@(%,@_J (Slf:,z’(qbks,i—l))* |}-i—1}
= E | () (s54(w")" | Fima | +
E Siz(qbkz—l) (Siz(d)m_ﬂ)* |-7'-f£—1] -

E | sf,,(w7) (s5.,(w")" | Fii | (11.16)

which, upon using definition (11.7), can be rewritten as:
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E [Sz,z’(qbk,i—l) (Sz,i(fbk,i—ﬂ)* |-7'_7;—1}
= B [ sf(w") (s (") | Fia | +

z,k z((ybkz 1) sk@(w*) (1117)

Subtracting the covariance matrix Gy defined by (11.12) from both sides, and
computing expectations, we get:

ESE,@(Cbk,@—ﬂ (Sz,rg(f}b;@,zz—l))* — Gy,
= E (B |sf,(0) (sf,(0")" [ Fit | - Gi) +
( skz(cbkz 1) skz(w )) (1118)
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It then follows from the triangle inequality of norms, and from .Jensen’s in-
cquality (F.29) in the appendix, that

HESEJ(@c,z—O (Si,@(ﬁbk,rg—l))* - GkH
<||E (B | sii(w") (sii(w")" m_l} - a)| +
I (RS ki (brimr) = B pei(w?)) |

(F29 .
E |[E [ sf.0(") (s.(w7) |:Fz-_1} o +
E HRS k.1 qbk:'& 1 s, k 'z H (1119)
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Computing the limit superior of both sides, and using (11.8)—(11.9) to
annihilate the limit of the first term on the right-hand side, we conclude that

lim sup H ESE,@(ﬁf’k,@—l) (Sz,i(gbk,i—l))* - GkH <
71— 00
limsup E HRS i @pio1) — ngz(W*)H (11.20)

1—> 00

We next use the smoothness condition (11.11) to bound the right-most term
as follows:
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||R§kz(¢5kz—1) —Rggf(W*)H < K’d”qbk,i—1”7 + H’Zﬁ”¢k,i—1”2 (11.21)

where
A

&k,i—l = W' — @y (11.22)
Recall from the distributed algorithm (8.46) that

—~—

Dric1 = 1,0k Wei—1 (11.23)

so that exploiting the convexity of the functions f(z) = z? and f(z) = x*.
and applying Jensen’s inequality (F.26), we get:



Proof
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2
loriall? = a1, opWe,i—1
LeN
(F.26)
< Z ar || we i1 ||?
LeENL
< 3 il
LeENL
N

VAN
]
B
T

(11.24)
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Likewise, we have
N N
lpiaallt < D lweill* (11.25)
r=1
and since the function f(x) = 27/ is increasing over = > 0:

/4
o 5 o e SN 4 ’Y
[friall” = (Ifrical) " < (D leil (11.26)
/=1

Substituting (11.24) and (11.26) into (11.21), we obtain
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/ \
=
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Proof <
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N v/4 N

| RS g i(Dpiq) — RS ;(w™)|| < Ky (Z ||’ff7€,@—1||4) + Ky (Z ||’ﬁ3£,v;—1||2)
(=1 (=1

(11.27)

Using arguments similar to the steps that led to (4.31) in the single-agent
case, we find under expectation and in the limit that:
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limsup E||RS (@, 1) — RS (w”)|
1—> 00
( v/4 )
< limsup ¢ g E (Z ||'fbg_i_1||4) + Kk, E (Z ||'ﬁ}g,i_1||2) >
e (=1 (=1 )
(a) ( N v/4 N )
a
< limsup q Kg (ZE||@g_i_1||4) + K (ZEH’lﬁﬁg,i_ﬂF) )
e (=1 (=1 )
(9.11)

O /2) (11.28)

!U’max
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where in step (a) we applied Jensen’s inequality (F.30) to the function f(x) =
x7/4: this function is concave over z > 0 for ~ € (0,4]. Moreover, in the last
step we called upon results (9.11) and (9.107), namely, that the second and
fourth-order moments of wy ;1 are asymptotically bounded by O(fimax) and
O(p2,..), respectively. Accordingly, the exponent ~/ in the last step is given
by

!/

~ 2 min {7, 2} (11.29)

since O(p'ﬁl/azx) dominates O(ptyax) for values of v € (0, 2] and O(fiyay) domi-

nates O(p'ﬁl/a%() for values of v € [2,4]. Substituting (11.28) into (11.20) gives
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limsup || Esf (dy,1) (55 (1)) = G| = OGndd)  (11.30)
1—> 00
which leads to (11.14). Moreover, since for any square matrix X, it holds that

'Tr(X)| < ¢|| X[, for some constant ¢ that is independent of 4/, we conclude
that

limsup |E||s. (- )|° = Tr (Gr)| = O(upnls) = b (11.31)

17— 00
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in terms of the absolute value of the difference. We are denoting the value of
the limit superior by the nonnegative number by; we know from (11.31) that
by = O(;ﬂr/ 2). The above relation then implies that, given e > 0, there exists
an I, large enough such that for all 2 > I, it holds that

[E s}, i(fri—)]® = Tr(Gr) | < bi+e (11.32)

If we select € = O(/ﬂf/ 2) and introduce the sum b, = by + ¢, then we arrive

at the desired result (11.15).
O



Performance Metrics

Course EE210B
Spring Quarter 2015

Proc. IEEE, vol. 102, no. 4, pp. 460-497, April 2014.
Foundations and Trends in Machine Learning, vol. 7, no. 4-5, pp. 311-801, July 2014.




° o 0 [ , ® C
Definition: Mean-Square-Deviati
] Lecture #20: Performance of Multi-Agent Networks, Partl _ EE210B: Inference over Networks (A. H. Sayed) _

1
MSDdiSt,k é Hmax ° (N lim_m hm sup p E H’ﬁjk’?jHQ) (112)
max 1—00 max
PN Ry
MSDdist,aV — N (Z MSDdist,k) (113)
k=1
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N
]Ob E lob oy z : oy
k=1

k=1

v/ v
Jelobx () Zq;c]k(m Vi JEPH(w*) =0 <= Y gV Jp(w*) =0

A .
(is also strongly convex) q = diag{pu, p2,. .., N Ap



Recall (Example #8.5) il
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Example 8.5 (Normalization of weights in aggregate cost). If desired, we may
normalize the positive weighting coefficients {qi} defined by (8.50) to have
their sum add up to one, say, by introducing instead the coefficients:

N
_ A
qr = %/Z% (8.58)
k=1
and replacing (8.53) by the convex combination:

N
T () 20N gy (w) (8.59)
k=1
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Clearly, both aggregate functions, J&°P* (w) defined by (8.53) and J&°P* (w),
are scaled multiples of each other and, hence, their unique minimizers occur

at the same location w*. One advantage of working with the normalized ag-
gregate cost (8.59) is that when all individual costs happen to coincide, say,
Ji(w) = J(w), then expression (8.59) reduces to

TP () = J(w) (8.60)

whereas .J8°P* () will be a scaled multiple of .J(w).
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Definition: Excess-Risk |
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ERaqist,k = (11.33)

1 _ _
ma - ( lim Tim sup —— B {.J&°"* (awy, ;) — Jg10b=*(w*)})

Pmax—0 i 300 [max

The main difference in relation to (4.95) is that we are now scaling by
lmax and using the normalized aggregate cost (8.59). The reason why
we are using this normalized cost in (11.33), rather than the regular



E Risk
XCess-NIS \
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aggregate cost J&°P*(w) from (9.6), is to ensure that the above defi-
nition of the excess-risk is compatible with the definition used earlier
for non-cooperative agents in (4.95) and for centralized processing in
(5.53). For example, when the individual costs happen to coincide, say,
Ji(w) = J(w), then the expectation on the right-hand side of (11.33)
reduces to E{J(wg;—1) — J(w’)}, which is consistent with the earlier
expression (4.95).



Excess-Risk
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. . 1 _
ERascr = o | lim lmsup ——E g, 03,) (1135

Hmax—0 i 300  Mmax

where the matrix H denotes the value of the Hessian matrix of the

normalized cost, J&°P*(w), evaluated at w = w*. It follows from (8.59)
that this matrix is given by

N
H 2 S g.H, (11.36)
k=1



E Risk
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We further define the network ER measure as the average ER values
across all agents:

1 N
ERdist,av é NT (Z ERdist,k) (1134)

It is straightforward to verify that the MSD and ER performance mea-
sures defined so far can be equivalently expressed as follows in terms of

the extended error vectors {wj, ;, w;} defined by (8.133) and (8.143):



[ )
Performance Metrics ~
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1 1
MSD qist & 2 Mmax'( lim limsup ) (11.37)

Pmax—0 500 MmaxQ

11>

1 1
MSDascar 2 g (T, Tim s El@fl*) (1139

Hmax—=0 i s00  Mmax 2V

o (I R
ERdist,aV = Hmax - (MHEECH_)O h?ii}jlp e QNEH’U)Z-_IH(IN@H))
(11.39)
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| B
MSDgiccx = lim =E [@¢ |2 (11.40)
’ i—o0 2 :
MSDdistav = lim ! —F ||lw¢||* (11.41)
’ i—o0o0 2N
N T 5
ERaist . = ?,1320 QEH’wk,i—lﬂg (11.42)
. 1 _
ERagistay = lim —E||w;_ 1||( (11.43)

io0 ON IN®H)
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We examine first the mean-square-error performance of the multi-agent
network and derive closed-form expressions for the MSD measures of
the individual agents and the entire network. The expressions given be-
low involve the bvec and block Kronecker operations defined in Sec. F'.1
in the appendix.



MSE Performance
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Theorem 11.2 (Network limiting performance). Consider a network of N inter-
acting agents running the distributed strategy (8.46) with a primitive matrix
P = AiA.A>. Assume the ageregate cost (9.10) and the individual costs.
J.(w), satisfy the conditions in Assumptions 6.1 and 10.1. Assume further
that the first and fourth-order moments of the gradient noise process satisfy
the conditions of Assumption 8.1 with the second-order moment condition
(8.115) replaced by the fourth-order moment condition (8.121). Assume also
(11.10). Let

a

Y min {1,~v} > 0 (11.44)

b | =
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with v € (0,4] from (11.10). Then, it holds that

1. 1

lim sup §E H'LUMH2 = ETT(J;CX) + O (prlntlm) (11.45)
1— 00

limsup 7B @i |7 = 55 Tr(X) + O (o) (11.46)

and, for large enough 7, the convergence rate of the error variances, E ||wy. ;||*,

towards the steady-state region (11.45) is given by
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N
a = 1— 2\, (Z quk) L0 (ﬂ&ﬁi”’”) (11.47)
k=1

where ¢ is defined by (9.7) and « € (0,1); the smaller the value of « is,
the faster the convergence of E||wy ;||* towards (11.45). Moreover, the ma-
trix X that appears in (11.45)—(11.46) is Hermitian non-negative definite and
corresponds to the unique solution of the (discrete-time) Lypaunov equation:

X —-BXB* =Y (11.48)
where the quantities {), B, J} } are defined by:



MSE Performance
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A, = As@Ipy, Ai=A101h, As=As® Iy (11.49)
M = diag{ p1Ipar, polpnars - N Inar} (11.50)
H = diag{ H{,Hs,....Hy } (11.51)
H, = VJu(w") (11.52)
S = diag{ Gy, Go,..., Gy } (11.53)
Y = AJMSMA; (11.54)
B = A} (Al — MH) Al (11.55)
F = B'®,B* (11.56)
T = diag{ Onars .. Onar. Inars Onars - . Opar (11.57)
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with J, having an identity matrix at the k—th diagonal block, and h = 1
for real data and h = 2 for complex data. Furthermore. the following are
equivalent characterizations for the matrix X or its trace:

X = iB”y(B*)” (11.58)
n=0
bvec(X) = (I—f*)_lbvec(y) (11.59)

Tr(X) = (bvec (Y )) (I —F) tbvec (Inyn) (11.60)
Tr(JxX) = (bvec (Y )) (I —F) 'bvec (T (11.61)
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Proof. We start from the long-term model (10.19), namely,

o’ = Bw, , + AIMsS(we_,) — AT Mb* (11.62)

1

We drop the argument w¢_; from s§ for compactness of presentation. Condi-
tioning on the past history and taking expectations gives

E (ﬁ};‘?’ |]—'@-_1) = Bw' | — AIMb (11.63)
so that taking expectations again we obtain the mean recursion:

Ew' = B (Ei‘bf_l) — AT MO (11.64)

1
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Now observe that recursion (11.62) includes a constant driving term on the
right-hand side represented by the factor AJ Mb¢. To facilitate the variance
analysis, we introduce the centered variable:

2z 2 @ —Ewf (11.65)
Subtracting (11.64) from (11.62) we find that z; satisfies the following recur-

sion:
z; = Bzi_1 + A MsS(wS ) (11.66)
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where the deterministic driving terms are also removed. Although we are
interested in evaluating the asymptotic size of E||w; ||?. we can still rely on
the centered variable z; for this purpose. This is because it holds for z > 1:

— ! — !
Elzl* = E|wy[?® - [Ew; |
(10.108)

2 RS 2+ O(i2) (11.67)

Moreover, we established earlier in (10.30) that under the fourth-order mo-
ment condition (8.121) on the gradient noise processes, the error variances

IE2||'iIEJf!||2 and E||@¢||2 are within O(pil2) from each other. Therefore, we
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may evaluate the network error variance (or MSD) in terms of the mean-
square value of the variable z; (similarly for any weighted square measure of
w; such as the ER) by employing the correction:

1 _ 1
fim sup 5B ][ = lim sup 5B 2] + O(ui/2) (11.68)

We therefore continue with recursion (11.66) and proceed to examine how the
mean-square value of z; evolves over time by relying on energy conservation

arguments [6, 205, 206, 269, 278|.
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Let X denote an arbitrary Hermitian positive semi-definite matrix that
we are free to choose. Equating the squared weighted values of both sides of
(11.66) and taking expectations conditioned on the past history gives:

E (Iz:l21Fi1) = lzioilEss + B (Is{3qman | Fio) (1169
Taking expectations again removes the conditioning on F;_1 and we get

Ellzifls = E ([lzi-1l

bons) + B (883 amarae)  (1170)

We now evaluate the right-most term. For that purpose, we shall call upon
the results of Lemma 11.1. To begin with, note that
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E (s I3 amarre) = T [MASAIME (sf(wi_,) (s5(wi_,))")]
(11.71)
where the entries of the covariance matrix E s§(w§_ ;) (sf(wf_l))* that ap-
pears in the above expression were already evaluated earlier in (11.14). Using
that result, and the fact that the gradient noises across the agents are uncor-

related with each other and second-order circular, we obtain

lim sup HEsf(w,f_l) (sf(w,f’_l))* — SH = O(u)./2) (11.72)

) max
11— 0

7" = min{~, 2}
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where ~' was defined in (11.29) as 4" = min{~, 2}. Using the sub-

multiplicative property of norms, namely, ||AB| < ||A]|l ||B]|, we conclude
from (11.72) that

lim sup HMAQE-A;_M (Esf('wf_l) (85 (wi 1)) - 8) H

71— 00

— TH(D) - O (ﬂﬁgg’/”) (11.73)

where an additional factor ;2. has been added to the big-O term; it arises
from the fact that | MA; XA M| = Tr(X)-O(p2,,. ). Note that we are keeping
the factor Tr(X) explicit on the right-hand side of (11.73); this is convenient
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for later use in (11.92) — the reason we have Tr(X) in (11.73) is because
|2|] < Tr(X) for any Hermitian positive semi-definite X. Using again the fact
that |Tr(X)| < ¢|| X || for any square matrix X, we conclude that

limsup (E|ls7 % 4,5a100 — T (EY)| = Ta(E) .o( z+(wz)) — b,

' Hmax
11— 00
(11.74)

in terms of the absolute value of the difference and where we are denoting
the value of the limit superior by the nonnegative number b1; we know from

(11.74) that by = Tr(X) -O(Nﬁit&’””). The same argument that led to (11.15)
then gives for 7 > 1:
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TH(2Y) — b, < E (Hsfnfmgmw) < Tr(XY) + b, (11.75)

for some nonnegative constant b, = Tr(3) -O(N?HEQ'/ 2)). It follows from (11.75)

that we can also write for z > 1:
E (s 13 asarpe) = THEY) + Te(®) -0 (pZ072)  (11.76)
Substituting (11.75) into (11.70) we obtain for 7 > 1:

E ||zl

E ||zl

E (llzi-illgsp) + Te(ZY) + b, (11.77)

<
> E(lziilliss) + THEY) — b, (1L78)
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lim sup (a(i) + b(7)) limsup a(z) + limsup b(7) (4.117)

liminf (a(i) +b(7)) > liminf a(i) + liminf b(2) (4.118)

71— 00 17— 00 71— 00

IA
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Using the sub-additivity and super-additivity properties (4.117)—(4.118) of
the limit superior and limit inferior operations, we conclude from the above
relations that:

limsupE||z;[5 < limsupE (||zi—1lgesg) + Tr(ZY) + b,  (11.79)

1— 00 1— 00
lminfE||z5 > UminfE (||zi—1[|g.swg) + Te(ZY) — b,  (11.80)
i—00 1—00

Grouping terms we get:

IA

Hmsup E || z;]|3_gess Tr(XY) + b, (11.81)

1—>00

HminfE |25 _gesg > Tr(ZY) — b, (11.82)
1— 00
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and, consequently, by using the fact that the limit inferior of a sequence
is upper bounded by its limit superior, we obtain the following inequality
relation:

TH(EY) — by < liminfE 2,2 _gup
1— 00

< limsupE||zi]|3_g-xs < Tr(ZY) + b, (11.83)

1—> 00

Recalling that b, = Tr(Z) - O(p20'/2)), we conclude that the limit superior

max

and limit inferior of the error variance satisfy:
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imsupE ||zi|[%_gesg = Tr(XY) + TT(E)-O( 2+(7’/2)) (11.84)

Hmax
71— 00

TH(ZY) — Tr(Z)-O( 2+(’>”/2)) (11.85)

fumax

liminfE ||z |2 .
iminf B {|z:[5- gy

We can now use (11.84) to justify (11.46). To do so, it is useful to review
first two properties of block Kronecker products, which will be used in the
derivation.
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Table F.2: Properties of the block Kronecker product definition (F.2).

(A+B) 2y C=(A®,C) + (B®,C)
(A®,B)(C ®y, D) = (AC @, BD)
(A®B)®, (CeD)=(AC)® (B® D)
(A2, B)T = AT @, BT

(A®, B)* = A* ®, B

(A D, B)} = (A (AN (B)} 7

Tr(AB) = [bvec(BT)]T bvec(Ag ;_[bvec(B*)]* bvec(A)
bvec(ACB) = (BT @, A)bvec(C)

bvec(zy') =y @y

L XN oot W=
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Given N x N matrices X, A, and (), where () is Hermitian and non-
negative definite, we consider first discrete-time Lyapunov equations,
also called Stein equations, of the following form:

X - A*XA=Q (F.38)

Let A\i(A) denote any of the eigenvalues of A. In the discrete-time case,
a stable matrix A is one whose eigenvalues lie inside the unit disc (i.e.,
their magnitudes are strictly less than one).
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Lemma F.2 (Discrete-time Lyapunov equation). Consider the Lyapunov
equation (F.38). The following facts hold:

(a) The solution X is unique if, and only if, A (A)AJ(A) # 1 for all
k.l =1.2,...,N.In this case, the unique solution X is Hermitian.

(b) When A is stable (i.e., all its eigenvalues are inside the unit disc), the
solution X is unique, Hermitian, and nonnegative-definite. Moreover, it admits
the series representation:

o0

X =) (A)"QA" (F.39)

n=0
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Returning to (11.84), we recall that we are free to choose the weighting ma-
trix ¥. Assume we select ¥ as the solution to the following (discrete-time)
Lyapunov equation:

Y —B*SB = Iy (11.88)

We know from (9.173) that the matrix B is stable for sufficiently small step-
sizes. Accordingly, we are guaranteed from the statement of Lemma F.2 that
the above Lyapunov equation has a unique solution X and, moreover, this
solution is Hermitian and non-negative definite, as desired. The advantage of
this choice for X is that it reduces the weighting matrix on the mean-square
value of z; in (11.84) to the identity matrix. We can then focus on evaluating
the value of the right-hand side of expression (11.84).
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For this purpose, we start by applying the block vectorization operation
to both sides of (11.88) and use (11.86) to find that

bvec(X) — (BT @, B*) bvec(X) = bvec(I,rn) (11.89)

so that in terms of the matrix F defined by (11.56), which is also stable, we
can write

bvec(X) = (I —F) tbvec(Ijun) (11.90)

Now, substituting this 3 into (11.84), we obtain E||z;||* on the left-hand side
while the term Tr(X))) on the right-hand side becomes:



0y

\
/
4 FRAD

Proof o}
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(11.87) T
Tr(XY) = (bvec(Y")) bvec()

— (bvec(yT))T (I — F) " 'bvee(Tparn) (11.91)
Likewise, the second term on the right-hand side of (11.84) becomes:
O (w2l ) - me(2) "E 0 (w7 - (bveelnaan)) T bvec(s)

= O (pij;g!ﬁ)) - (bvec(Tnprn))' (I —F) "bvec(Innn)
(11.92)



o § Lecture #20: Performance of Multi-Agent Networks, Part | EE210B: Inference over Networks (A. H. Sayed)

But since F is a stable matrix, we can employ the expansion
I-F)' = IT+F+F+F+..
= 1+ (B'®,B")+ ((IS’T)2 D (B*)Q) +...(11.93)

and appeal to properties (11.86) and (11.87) again, to validate the identities:

o]

[bvec (yT)]T (I — F)"'bvec (Inyn) = Z Tr (B"Y(B*)"]  (11.94)
(bVGC(IhMrN))T (I — F)_leGC(IhMFN) = Z Tr [(B*)an] (1195)

n=0
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The two series that appear in the above expressions converge to the trace
values of certain Lyapunov solutions. To see this, let

x 2 Z B)' B, x 2N BY(BY (11.96)
n=0 n=0

Then, these series correspond, respectively, to the unique solutions of the
following Lyapunov equations (cf. Lemma F.2 from the appendix):

—B*X'B = I.un (11.97)
X —BXB* = Y (11.98)
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Moreover, the matrices X and X’ so defined are Hermitian and nonnegative-
definite (note for X that the matrix ) defined by (11.54) is Hermitian and
non-negative definite). Therefore, we have established so far that

lmsupE ||z;[|* = Tr(X) + Tr(x’)-O (#ﬁgg'ﬂ)) (11.99)

71— 00

We now verify that Tr(X”) = O(1/pmax) — see (11.103); this result will permit
us to assess the size of the second term on the right-hand side of (11.99) —
see (11.104).
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Lemma 9.5 Assume the matrix P is primitive. For

sufficiently small step-sizes, it holds that

—5 (-7 = O(1/ja) (9.242)

o [LOWe) | O()
-7 = o

(9.243)

where the leading (hM)? x (hM)? block in (I —F)~! is O(1/ ptmax )-



Proof

Applying the bvec operation to both sides of (11.97) and using (11.86) we
find that
bvec(X’") = (I — F) 'bvec(I) (11.100)
Then,

[bvec(X)|| < |[(T =F)7H| [bvec(T)]
r || =F)71|, Ibvee(d)

O(1/pmax) (11.101)

where in step (a) we used a positive constant r to account for the fact that
matrix norms are equivalent (cf. (F.6) in the appendix). We can use this result
to bound the trace of X’ as follows.
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Let L x L denote the dimensions of X’; we know that L = hINM. Let
further {z/. ., n =1,2,..., L} denote the diagonal entries of X’. Since X’ >
0, we know that =/~ > 0. We collect the diagonal entries of X’ into the
column vector b = col{z/ }. Then, for any two vectors a and b of compatible
dimensions, we use the Cauchy-Schwartz inequality (a*b)? < |lal|? [|b||* to

conclude that



Proof

A - i
9
2 (zm;,n)
n=1
9
= (1T
2 117112

< [[Zf7 8]

= L-|p)°

< L - Hbvec(A:”)H2

(11.101)
L0 01 /p2) (11.102)

and, therefore,

Tr(X) = O (1) (11.103)



Proof

[ -
It follows that [ Y= mln{Q,fy} ]
294 (~'/2 14+(~"/2
O (W0 ) -me(a) = 0 (i) (11.104)

Returning to (11.99), we conclude that

limsup E|z]* = Tr(&x) + O( 1+(7’I/2)) (11.105)

Hmax
1—> 00

and, consequently, using (11.68), we obtain the following two equivalent char-
acterizations for the network MSD:



Proof 0 (ubi) + O (jumad ™)
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1
) | Y £ 5 min{l, 7}
limsup —=E |w{[]* = =—=Tr(X) + O (uihlm) (11.106)

1 - n *\ T
= 5% L BIEVE)T+0(id) - (1110m)

with 4 replacing .. These results, along with the arguments leading to them,
justify expressions (11.46) and (11.58)—(11.60). Observe in particular from
(11.54) and (9.243) that the term on the left-hand side of (11.94) is O(ftmax)
since [|Y| = O(p?,.,) and ||(I — F)~ Y| = O(1/ptmax ). Therefore, the value of
Tr(X) in (11.60) is O(ftmax), which dominates the factor O(pptm).

M max
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Similarly, if we start from (11.85) instead, and apply the same arguments
we would arrive at the following equivalent expressions:

1 e 1
lim inf ﬁEH'wZ—HQ — ﬁﬁ(ﬂ,’) — O (pptm) (11.108)

1 E T k\N
= ﬁ;)mzs V(B*)"] = O (phtym)  (11.109)

This last result is not needed in the current derivation but is referred to later
in Example 11.7.
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We can also assess the mean-square performance of the individual agents
in the network from (11.77). Let us introduce the N x N block diagonal matrix
J. defined by (11.57) with blocks of size hM x hM, where all blocks on the
diagonal are zero except for an identity matrix on the diagonal block of index
k. Then, the error variance for agent k satisfies:

lim sup IE||'wZ||Jk lim sup IE||z?,ij + O(u3/2) (11.110)

MIH%X
12— 00 1— 00

The same argument that was used to obtain expression (11.46) for the network
mean-square-error can then be repeated to give (11.45) and (11.61).
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With regards to the convergence rate of E||wy ;||* towards the region

(11.45), we substitute (11.76) into (11.70) to write for 7 > 1:

Ellzills = E (lzi-1

/umax

2u5) + TH(ZY) + Tx() - O ( 2+W/2>) (11.111)
Selecting origin of time at some large time and iterating from there:

Elzil? = Ellz_1l’g g + 3. T BYVB)] + o()  (11.112)

n=_0
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The first-term on the right-hand side corresponds to a transient component
that dies out with time. The rate of its convergence towards zero determines
the rate of convergence of E ||z;||? towards its steady-state region. This rate
can be characterized as follows. Note that, using properties (11.86)—(11.87)
for block Kronecker products, we can express the weighted variance of z_4
as the following trace relation in terms of its un-weighted covariance matrix,
which we denote by R, =Ez_12z*:



Proof
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2 o * #\1+1 i1
Ellz-ilfpyiges = E (2208 B 2)

— T ((B*)i+1 Bz’+1Rz)

=" [bvec (RI)}T bvec ((B*)ile BiH)

i+1

L.86) [bvec(Rz)]T ((BT) ®sb (B*)Hl) bvec(T)

(11.113)
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It is clear now that the convergence rate of the transient component is dictated
by the spectral radius of the matrix multiplying bvec(/), namely, by

i+1 s\ 1+1 2 i+l
p(BT) e B = (lB)°) (11.114)
We conclude that the convergence rate of E|[|z;||? towards the steady-state
regime is dictated by [p(B )]2 since this value characterizes the slowest rate at

which the transient term dies out. Therefore, using (9.173) and the relation

(1—x)%2 =1—2x+ O(2?), we can approximate the convergence rate to first-
order in p as follows:
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N p
[p(B)]Q = [1 — Amin (Z Qka;) + O (Mgil)/N)]
k=

N
= 1- 2)\min (Z Qka) + O (Ngl\aiil)/N) (11115)

[l
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Example 11.1 (Steady-state region for MSE networks). Let us consider the case
of MSE networks, defined earlier in Example 6.3, where the data {d(7), wx.;}
satisfy the linear regression model (6.14) and where the cost function associ-
ated with each agent is the mean-square-error cost, Jy (w) = E |dy (i) —uy, jw]?.
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We showed in Example 6.1 that in this case, all individual costs are min-
imized at the same location w?. It follows that the reference vectors w? and
w* will coincide and, therefore, the bias vector b that appears in the error
recursion (10.2) will be zero (as is evident from the definition of its entries in
(8.136)). Moreover, the matrices H ;1 and Hj, defined by (10.6) and (10.9),
respectively, will coincide with each other since the Hessian matrix V2 .J,.(w)
will be constant for all w. Thus, in this case, we get:

H,,y = H, = V% J,(w) (11.116)
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We showed in Example 6.1 that in this case, all individual costs are min-
imized at the same location w?. It follows that the reference vectors w? and
w* will coincide and, therefore, the bias vector b that appears in the error
recursion (10.2) will be zero (as is evident from the definition of its entries in
(8.136)). Moreover, the matrices H ;1 and Hj, defined by (10.6) and (10.9),
respectively, will coincide with each other since the Hessian matrix V2 .J,.(w)
will be constant for all w. Thus, in this case, we get:

H,,y = H, = V% J,(w) (11.116)
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As a result, the perturbation term ¢;—; in (10.13) will be identically zero
and recursions (10.13) and (10.19) will therefore coincide (including having
b = 0). Both models (i.e., the actual error recursion and the long-term error
recursion) will then have the same MSD expressions. Therefore, we can rely on
expression (11.68) without the need for the additional error factor O(pﬁ{a?x).
We know from the earlier result (4.16) that v = 2 for mean-square-error costs.
Using this value for « in the derivation leading to (11.107), and ignoring the

correction by O(N?I{fx), we arrive instead at

. 1 ~ €12 1 — n *\ N 2
lim sup ﬁEH'wZH = ﬁZTT[B V(B*)"| + O (piax) (11.117)

11— 00
n=>0
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with an approximation error in the order of O(p2,..) rather than the term

O(u?r{fx) that would result from (11.107) if we use ~,, = 1/2. We conclude
that for MSE networks, the results of Theorem 11.2 are valid with the ap-
proximation error O(ult7=) in (11.45)—(11.46) replaced by the smaller factor
O(i2..).

p’max
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