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Using the fact that (Ea)? < Ea® for any real-valued random variable
a, we can readily conclude from (9.11), by using @ = ||wg ||, that
limsup E||wg,]| = O(uifm); k=1,2...,N (9.158)
1—+00
so that the first-order moment of the error vector tends to a bounded

/2

region in the order of O(p,rlnax). However, a smaller upper bound on
|Ewy ;|| can be derived with O(urln/a?x) replaced by O(fmax), as shown
in (9.1) and as we proceed to verify in this section. To do so, we examine

the evolution of the mean-error vector more closely.
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We reconsider the network error recursion (9.12), namely,
Wl = Bi_iwS_, + AIMsS(wé_,) — AIMVE, i >0 (9.159)

where, from the expressions in Lemma 8.1:

B = P — AAMH 1A (9.160)
Pl = AjAlA] (9.161)
H, 1 2 diag{ Hy; 1, Hoj 1. .... Hyi1} (9.162)
H,, . = /0 1 V2 Je(w* —ty;_y)dt (9.163)
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Conditioning both sides of (9.159) on F,_;, invoking the conditions on
the gradient noise process from Assumption 8.1, and computing the

conditional expectations we obtain:
E [wS|Fi_1] = Bioiws_, — Aj M (9.164)

where the term involving s¢ is eliminated since E [s{|F;_1] = 0. Taking
expectations again we arrive at

EwS = E [Bijwi ;| — AJ M (9.165)
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Let
— A
H,_1 = H — H,—4 (9.166)

where, in a manner similar to (9.162), we define the constant matrix
" 2 diag{ Hy, Ho, ..., Hy} (9.167)

with each Hy ;1 given by the value of the Hessian matrix at the limit
point defined by (8.55), namely,

H, 2 V2 J,(w*) (9.168)
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Then, using (9.166) in the expression for B;_1, we can write

Bioi = PT—ATMHAT + ATMH, AT
2 B+ ATMH; AT (9.169)
in terms of the constant coefficient matrix
B2 PT— AT MHAT (9.170)

In this way, the mean-error relation (9.165) becomes

EwS = B (Ewf_,) — Ay Mb® + A Mc; 4 (9.171)
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in terms of a deterministic perturbation sequence defined by

cio1 = B (HiaAlwf_)) (9.172)
The constant matrix B defined by (9.170), and which drives the
mean-error recursion (9.171), will play a critical role in characterizing
the performance of multi-agent networks in future chapters. It also
plays an important role in characterizing the mean-error stability of
the network in this section. We therefore establish several important

properties for B and subsequently use these properties to establish
result (9.1) later in Theorem 9.6.
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Theorem 9.3 (Stability of B). Consider a network of N interacting agents
running the distributed strategy (8.46) with a primitive matrix P = A1 A, As.
Assume the aggregate cost (9.10) satisfies condition (6.13) in Assumption 6.1.
Then, the constant matrix B defined by (9.170) is stable for sufficiently small
step-sizes and its spectral radius is given by

N
p(B) = 1— Anin (Z q;ﬂHk) + 0 (u&ﬁi”m) (9.173)
k=1

where Apnin(-) denotes the smallest eigenvalue of its Hermitian matrix
argument.
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Proof. We first establish the result for diffusion and consensus networks and
then extend the conclusion to the general distributed structure (8.46) with
three combination matrices {A;, A,, As}. The arguments used in steps (a)
and (b) below are justified when all step-sizes in M are strictly positive,
which is the situation under study. The more general argument under step
(¢c) below is applicable even to situations where some of the step-sizes are
zero (a scenario we shall encounter later in Chapter 13).
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(a) Diffusion strategies. For the case of diffusion strategies, the stability ar-
gument follows directly by examining the expression for the matrix 5. Recall
that different choices for {A,, A1, A3} correspond to different strategies, as
already shown by (8.7)—(8.10). In particular, for ATC and CTA diffusion, we
set Ay = A or Ay = A, for some left-stochastic matrix A, and the matrix
A, disappears from B since A, = Iy for these strategies. Specifically, the
expression for B becomes

Bate = A" (Ioyn — MH) (9.174)
Beta = (Ioniny — MH) AT (9.175)
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where A = A ® I, is left-stochastic and

1>

M
H

diag{ puilonr. polons, - .. pnIonr } (9.176)

2 diag{ Hy, H, ..., Hx } (9.177)
The important fact to note from (9.174) and (9.175) is that the combination
matrix AT appears multiplying (from left or right) the block diagonal matrix
Iopiy — MH. We can then immediately call upon result (F.24) from the
appendix, and employ the block maximum norm with blocks of size 2M x 2M
cach, to conclude that
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p(Bate) < pUann — MH) (9.178)
p(Bcta,) i p([zj\/jN_M%) (9.179)

Therefore, for both cases of ATC and CTA diffusion, the respective coefficient
matrices B become stable whenever the block-diagonal matrix Ioyny — MH

is stable. It is easily seen that this latter condition is guaranteed for step-sizes
1 satisfying
2

p(Hy)

from which we conclude that sufficiently small step-sizes stabilize B,i. or Beta.

< k=1,2,....N (9.180)
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Weyl’s Theorem [113, 260], shows how the
eigenvalues of a Hermitian matrix are disturbed through additive per-
turbations to the entries of the matrix. Thus, let {A’, A, AA} de-
note arbitrary N x N Hermitian matrices with ordered eigenvalues

{Am(A), A (A), A (AA) ], e,
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and similarly for the eigenvalues of {A’, AA}, with the subscripts 1
and N representing the largest and smallest eigenvalues, respectively.
Weyl’s Theorem states that if A is perturbed to

A=A+ AA (F.32)
then the eigenvalues of the new matrix are bounded as follows:

M(A) + AN(AA) < M(A) < A(A) + A (AA) (F.33)
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h) Consensus strategy. For the consensus strategy, we set A; = Ay = Iy and
A, = A. In this case, the expression for B becomes

Beons = A'— MH (9.181)

where A now appears as an additive term. A condition on the step-sizes to
ensure the stability of Be.ons can be deduced from Weyl’s Theorem (F.33) in
the appendix if we additionally assume that the left-stochastic matrix A is
symmetric [248], in which case it will also be doubly stochastic. Since A is then
both symmetric and left-stochastic, its eigenvalues will be real and lie inside
the interval [—1,1]. Hence, (Iopsn — A7) > 0. Moreover, since the matrices

Q smallest eigenvalue is zero
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M and ‘H are block-diagonal Hermitian and commute with each other, i.e.,
HM = MH, it follows that B.,,s in (9.181) is Hermitian, as well as the
matrix Byeop = Loy — MH. Now note that we can write the following two
trivial equalities (by adding and subtracting equal terms):

Bncop — Bcons + (IQI\/IN - AT) (9182)
Bcons — ()\min(A) ' IQI\/IN - MH) + (AT - /\min(A) ) IQJ\/IN) (9183)

so that by applying Weyl’s Theorem (F.33) to both representatigns, we obtain

the following eigenvalue relations:
smallest eigenvalue is zero



Proof

I
)\E (Bcons) g )\E (Bncop ) (9 184)
/\E(Bcons) 2 /\E {/\min(A) ) IQJ\/IN - M%} (9185)
for¢ =1,2,...,2M N and where we are assuming ordered eigenvalues, namely,
A1 > Ao > ..., for any of the matrix arguments. It follows that the matrix

Beons Will be stable, namely, —1 < A¢(Beons) < 1 for all ¢ if

A (Baeop) < 1 (9.186)
bY; {/\min(A) o — MH} > —1 (9.187)
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The first condition is automatically satisfied due to the form of the matrix

Bucop and since MH > 0. For the second condition, it will be satisfied by
step-sizes {ur} such that

1 + )\min(A)
p(Hy)
Since we are dealing with strongly-connected networks, the matrix A is

primitive and, therefore, it has a single eigenvalue matching its spectral
radius, which is equal to one. That eigenvalue occurs at +1 so that

e < k=1,2,....N (9.188)
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Amin(A) > —1 and the upper bound in (9.188) is positive. We therefore
conclude that sufficiently small step-sizes stabilize B for consensus strategies
with a symmetric combination policy A. If A is not symmetric, then the next
argument would apply to this case.
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(¢c) General case (eigenvalue perturbation analysis). For the general case,
when the matrix A, is not necessarily the identity matrix or symmetric, and
when all three matrices {A,, A1, Ao} or subsets thereof may be present, the
argument is more demanding. The argument that follows is based on an eigen-
value perturbation analysis in the small step-size regime similar to [277]. We
establish the result for the general case of complex data and, therefore, h = 2

throughout this derivation.
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We introduce the same Jordan canonical decomposition (9.24) for the
matrix P, namely,

1>

Vvl (9.189)

|
—
Ol =
e
1

(9.190)

where the matrix J_ consists of Jordan blocks of forms similar to (9.25) with
e > 0 appearing on the lower diagonal. The value of € can be chosen to be

arbitrarily small and is independent of pi,.x. The Jordan decomposition of
the extended matrix P = P ® Io)s is given by
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—1
P = (Ve®@ Ly )(J @ L) (V7" @ Ian) (9.191)

so that substituting into (9.170) we obtain

B = ((‘/E_l)T@)IQM) {(JT®IQM)—DT} (‘/€T®IQM) (9.192)

where

|1

(V" @ Iopg) AJMHAT (VYT @ Loy

EXS
D12 D22

(9.193)
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Using the partitioning (9.23)-(9.24) and the fact that

Al = Al ®IQ;\4, ./4.2 = A2 ®IQMF (9194)
we find that the block entries {D,,,, } in (9.193) are given by

Dy = Z g H! (9.195)
Dy = (]1 X IQ]\/I)?'[ M(AQVR X IQ;\/[) (9.196)
Dy = ( Al X IQ}\/[)H (q X IQMF) (9.197)

Doy = (VL A ® IQM’)H M(AQVR X IQMr) (9.198)



Proof
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In a manner similar to the arguments used in the proof of Theorem 9.1, we
can verify that

D1 = O(ftmax) (9.199)
Dis = O(jtmax) (9.200)
Ds1 = O(ptmax) (9.201)
Dss = O(ptmax) (9.202)
p(lanr — D-lrl) = 1 —011ftmax = 1 —O(ftmax) (9.203)

where 017 is a positive scalar independent of fiyax.
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Let
A A
Ve = Ve® Iopy, T = Jo®@ Iopy (9.204)

Then, using (9.192), we can write

T | Isps — DT —DJ
B = (Ve 1) [ MiDL 11 T _211);2 ] A (9.205)

so that

Ioar — DT —-DI
ViB(voh)' = [ Mo 21 ] 0.206
R A Al ) (5:200)

which shows that the matrix B is similar to, and therefore has the same
eigenvalues as, the block matrix on the right-hand side, written as
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B ~ [ 12]\/1 - O(Mma){) O(ﬂmax)
O(Nmax) tjeT _|_ O(/“Lmax)

Now recall that J¢ is (N — 1) x (N — 1) and has a Jordan structure. For
ease of presentation, and without any loss of generality, let us assume that J,
consists of two Jordan blocks, say, as

(9.207)

Aa
€ Ay
J. = Ap (9.208)
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Then, the matrix J. = J. ® o5 has dimensions 2M (N —1) x 2M (N —1) and
is given by

Aalanr
elong  Aalanr
Je = Je @ Iang Avdong (9.209)
eloar  Molonr
elonr Aplons |

More generically, for multiple Jordan blocks, it is clear that we can express
J. in the following lower-triangular form:



Proof
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Aa,2l20
Aa.3lons
I = (9.210)
K
i Aa,rlonr |

with scalars {\, ¢} on the diagonal, all of which have norms strictly less than
one, and where the entries of the strictly lower-triangular matrix K are either
e or zero. In the above representation, we are assuming that .J. consists of
several Jordan blocks. It follows that



Proof
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[ )\a,QIQJI/I + O(/Jmax) ]CT + O(/«’Jmax) ]
jeT + O(pimax) = -
i O(Nmax) )\a,LIQJ\/I + O(/Jmax) |
(9.211)

We introduce the eigen-decomposition of the Hermitian positive-definite
matrix D{; and denote it by:

DY, & UAU* (9.212)

where U is unitary and A has positive-diagonal entries {\;}; the matrices
U and A are 2M x 2M. Using U, we further introduce the following block-
diagonal similarity transformation:



0y

\
/
4 FRAD

Proof T}
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A g 1/N 2/N N—-1)/N
T = diag {N’In/a,xUﬂ 2 N g oo i NN Do pmax T2 (9.213)

where all block entries are defined in terms of Isp/, except for the first entry
defined in terms of U. We now use (9.205) to get

7! (VJB (V;l)T) T = (9.214)
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| B @ (ugﬁil)/ N) -
)\a,QIQJ\/I + O(/umax) O (/«L%n/a{:r{)
1/N
Ozt -
1/N
@, (Nm/ax) )\a,LIQﬂ/f + O(/Jmax)

where we introduced the 2M x 2M diagonal matrix

B2 IL,—A (9.215)
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Gershgorin’s Theorem [48, 94, 101, 104,
113, 254, 264], specifies circular regions within which the eigenvalues
of a matrix are located. Thus, consider an N x N matrix A with scalar
entries {ag}. With each diagonal entry ay we associate a disc in the
complex plane centered at ayy and with

N

A
ry — Z |agk| (F35)

kAl k=1
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That is, rp is equal to the sum of the magnitudes of the non-diagonal
entries on the same row as agy. We denote the disc by Dy; it consists of

all points that satisfy

D, = {z c CY such that |z — ap| < ?“g} (F.36)
The theorem states that the spectrum of A (i.e., the set of all its eigen-
values, denoted by A(A)) is contained in the union of all N Gershgorin

discs:

N
AA) c | D, (F.37)
/=1



{,

Recall#2: Gershgorin’s Theorem “&

A stronger statement of the Gershgorin theorem covers the situation in
which some of the Gershgorin discs happen to be disjoint. Specifically,
if the union of L of the discs is disjoint from the union of the remaining
N — L discs, then the theorem further asserts that L eigenvalues of A
will lie in the first union of L discs and the remaining N — L eigenvalues
of A will lie in the second union of N — L discs.
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It follows from (9.214) that all off-diagonal entries of the above transformed
1/N 1/N

matrix are at least O(pumax). Although the factor ppax decays slower than
[imax, 1t nevertheless becomes small for sufficiently small .. Then, call-
ing upon Gershgorin’s Theorem (F.37) from the appendix, we conclude from

(9.214) that the eigenvalues of B are are either located in the Gershgorin cir-

cles that are centered at the eigenvalues of B with radii O(pg\;l)/ N) or in the

Gershgorin circles that are centered at the {\, ¢} with radii O(u}x{g{), namely,



Proof
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Mmax

AB) = AB)| <O (05Y) or [ANB) = Aaul <O (i) (9.216)

where A\(B) and A(B) denote any of the eigenvalues of B and B, and ¢ =
2,..., L. It follows that

4

p(B) < p(B) + O (ﬂfxﬁi”m) or  p(B) < p(J)+O(uily)  (9.217)

Now since J. is a stable matrix, we know that p(J.) < 1. We express this
spectral radius as

p(J) = 1-14, (9.218)
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where 0 5 is positive and independent of fi,.. We also know from (9.203) that

)O(B) =1 =011 pimax < 1 (9219)
since B = U*(I3p; — DI,)U. We conclude from (9.217) that

p(B) < 1= a1 fimax + O (i V/N) or p(B) <1 =8, + O(uifi) (9.220)

If we now select 1. < 1 small enough such that

O (pg\;;'{'l)/N) < oiifimax and O (pggg{) + O(imae) < 0y (9.221)
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then we would be able to conclude that p(B) < 1 so that B is stable for
sufficiently small step-sizes. Both conditions in (9.221) can be satisfied simul-
taneously and they will ensure

p(B) =1- O(ﬂmax) (9'222)
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With regards to expression (9.173) for the spectral radius of B, we call
upon the stronger statement of Gershgorin’s theorem mentioned after (F.37)
in the appendix and which relates to how the eigenvalues of a matrix are
distributed over disjoint Gershgorin sets. To begin with, note from (9.203)
that for pma. < 1, all eigenvalues of B = I>3; — A are real-valued and positive.
We then conclude from (9.222) that all eigenvalues of B lie inside the open

interval
)\(B) < (1 o O(ﬂmax): 1) (9223)

It further follows from this result that the eigenvalues of B are at most
O(pimax) apart from each other.

,L B~ IZM - D—lrla C1MUmax S /\E(Dl—l) g Co Umax
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Now, referring to (9.216), the condition on the left describes a region in

space that consists of the union of 2M Gershgorin discs: each disc is centered

at one of the eigenvalues of B with radius O(ul(nhgil)/ N). We can then choose

Lmax Small enough such that the discs that are centered at distinct eigenvalues
of B remain disjoint from each other. The union of these discs will be contained
within the circle that is centered at one and with radius O(pmax) — see the
region described by the smaller circle on the right in Figure 9.1.
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radiui%/N
O(,U-max)

p(Je) + O(#llr{af;:

v

discs centered around
eigenvalues of B

dIISCS centered around Figure 9.1: The larger circle on the left has radins p(J.) + ()(;r}lﬂ) and is
elgenvalues of JE disjoint from the smaller circle on the right whose radins is O(jtpay). The

tiny {lism_insi(lo the smaller circle on the right are disjoint and have radii
O(y;?ﬁl /"\) each. The eigenvalue corresponding to the spectral radius of B
lies inside the rightmost smaller disc centered around p(B).
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Let us now examine the rightmost condition in (9.216). This condition
describes a region in space that consists of the union of 2M (N —1) Gershgorin
discs: each disc is now centered at an eigenvalue of J. with radius O(ui{ﬁ)
Therefore, again for pma.x << 1, the union of these discs is contained within a
circle centered at the origin and with radius p(.J.) + O(ui{g{); this radius is
smaller than 1 — O(pmax) by virtue of the second condition in (9.221) — see
the region described by the larger circle on the left in Figure 9.1. It follows

that the two circular regions that we identified are disjoint from each other:



Proof
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one region is determined by the circle on the left that is centered at the origin
with radius smaller than 1 — O(pmay ), While the other region is determined
by the circle on the right that is centered at one and has radius O(pimax)-
The 2M discs that appear within this smaller circle are disjoint from the
discs that appear inside the larger circle on the left. We conclude that 2M of
the eigenvalues of B are located inside the discs in the rightmost circle. The

cigenvalue that attains the spectral radius of B occurs inside this region so
that

p(B) = p(B)+0 (NN (9.224)



Lecture #18: Mean Error Network Stability EE210B: Inference over Networks (A. H. Sayed)

Since it is assumed that i, < 1, and by referring back to expression (9.195)
for D11, we have

N
)O(B) — p(IQM - D-lrl) = 1 — Anin (Z qJﬂHk?) (922‘5)
k=1

Combining this relation with (9.224), we arrive at (9.173).
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We can further exploit the structure revealed by expression (9.205) for
B to examine the size of the entries of (I —B)~!. In our derivations, the
matrix B also appears transformed under the similarity transformation:

=~ A LT N\T 0206) | Iaps — DYy —DJ,
B A VTB(V: = (9.226)
() “on, T D
where, according to (9.204),
V. 2 V.® Iy (9.227)

We therefore examine both matrices. The following result clarifies the
size of the entries of (I — B)™! and (I — B)™1.
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Lemma 9.4 (Similarity transformation). Assume the matrix P is primitive. It
holds that for sufficiently small step-sizes:

(I o B)_l — O(l/ﬂmax) (9228)
(I-B)! O(géﬁm) I gg; (9.229)

where the leading (1,1) block in (I — B)~! has dimensions hM x hM.
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Proof. We carry out the derivation for the complex case h = 2 without loss
of generality following arguments similar to [69, 278]. We first remark that,
by similarity, the matrix B is stable by Theorem 9.3. Let

__5 _ | Dh D,
A A AR 2
N e <P <P
= 9.230
| Ao Ao ] ( )

where, from (9.199)—(9.202),



Proof

CEN
X1 = O(pmax) (9.231)
Xlg = O(Mmax) (9.232)
le = O(,umax) (9233)
Xoy = O(1) (9.234)

The matrix X is invertible since I — B is invertible. Moreover, Xj; is invertible

since Dy1 > 0. We now appeal to the useful block matrix inversion formula
113, 206]:
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A BT [4t 0 A~'BA-ICA=! —A"1BA-!
[O D] —[o o]*[ _A-LCA! A
(9.235)
for matrices {A, B,C, D} of compatible dimensions with invertible A and
invertible Schur complement A defined by

A=D—-CA™'B (9.236)
Using this formula we can write

X7+ X XA X X T AT

-1
A - —A_l./YQle_ll A1

(9.237)
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where A denotes the Schur complement of X relative to Xy:
A 2 Xy — Xt X X = O(1) (9.238)
We then use (9.231)—(9.234) and (9.238) to deduce that

Xl = O(géﬁa’{) 88; (9.239)

as claimed.
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Kll K12 . .. Kln
K K K
A o1 Koo ... Koy
K = AR, B = . . :
L Knl Kn2 . ® ® Knn _

where each block Kj; is mp? x mp® and is constructed as follows:

(F.2)
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[ A @B A @B ... Ay @B |

Ajj @Bay Ay @ Bas ... Ajj @ Bopy,
e 7e | 7 (F.3)

| A @B Ay @B ... Ajj @ B |
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Table F.2: Properties of the block Kronecker product definition (F.2).

(A+B) @, C=(A®,C) + (B, C)
(A®pB)(C®, D) = (AC ®, BD)

(AR B)®, (C@D)=(AC)® (B® D)
(A ®p B)T = A" @, BT

(A®, B)* = A* ®, B*

{A(A @y B)} = {Ai(A)A;(B)}EE

Tr(AB) = [bvec(BT)]T bvec(Ag ;_[bvec(B*)]* bvec(.A)
bvec(ACB) = (B" @, A)bvec(C)
bvec(zy') = y @y

%
%

L0 oot W=
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We can establish similar results for the matrix
F 2B e B (9.240)

which is defined in terms of the block Kronecker product operation
using blocks of size hM x hM, where h = 1 for real data and h = 2
for complex data. The matrix F will play a critical role in character-
izing the performance and convergence rate of distributed algorithms,
as will be revealed by future Theorem 11.2. In our derivations, the

matrix F will also sometimes appear transformed under the similarity
transformation:

]:‘

11>

(Ve @p Ve) ' F (Ve @ Ve) (9.241)
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Lemma 9.5 (Low-rank approximation). Assume the matrix P is primitive. For
sufficiently small step-sizes, it holds that

(I-F)" = O(1/ptmax) (9.242)
I-F~" = O(gﬁfgm) I 88; (9.243)

where the leading (hM)? x (hM)? block in (I —F)~1is O(1/ptmax ). Moreover,

we can also write

I-F) " =[pepdel) ez " +0(1) (9.244)
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in terms of the regular Kronecker product operation, where the matrix Z has
dimensions (hM)? x (hM)? and consists of blocks of size hM x hM each:

1>

Z = q [y © Hy) + (H @ Inar)] (9.245)
k=1

where the vectors {p,q} were defined earlier by (9.7)-(9.9). In addition,
Z = O(ftmax)-
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Proof. We again carry out the derivation for the complex case h = 2 without
loss of generality by extending an argument from [278] to the current context.
We recall from (9.170) the expression for B:

B = Pl —AJMRA] = Aj (A} — MH) A] (9.246)
where P = P ® Iy and P = A1 A,As. Since the matrices {A,, A1, Az, M}

are real-valued, and H is Hermitian, we have
B' = Ai(A, —H M)A (9.247)
B* = Ai(A, —HM)A (9.248)
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We introduce the same Jordan canonical decomposition (9.21)—(9.24) and
verify, in a manner similar to (9.53), that

o — B — Lo

Vel
—Fo (Je @ Iopnr) — Fao (E = QM)

(9.249)

B* = (Ve®Ila) [

where the block matrices { £, } are given by
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N
Eyy = Z O (ftmax) (9.250)
k=
Elg = (]1 @IQM)HM(AQVR@)IQM) = O(ﬂmax) (9251)
By = (V] A1 @ La)H(g® Iaar) = O(jtmax) (9.252)
EQQ — (VL A1®IQM)7{M(AQVR®I2M) (Nmax) (9253)
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&2 [ Lecture #18: Mean Error Network Stability EE210B: Inference over Networks (A. H. Sayed)

and their entries are in the order of fpma.y; this fact can be verified
in the same manner that we assessed the size of the block matrices

{D11i-1,D12i-1,D21—1,D25,;_1} in the proof of the earlier Theorem 9.1.
Moreover, the dimensions of Eqq are 2M x 2M.

In a similar manner, we find that

Loy — D —D
T _ 2M 11 12 —1
B = (Ve® ) Do (J. ® Tang) — Das (V7 @ L)

(9.254)
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where the block matrices {D,,,} are given by

Dy = Z aHy = O(fimax) (9.255)
Dy = (]1 ® Ioar)H  M(AVR @ Lng) = O(fimax) (9.256)
Dy = ( A1 X IQ]\/[)H (q X IQM) = O(Mmax) (9.257)

Doy = (VL Aq ®12Mf)7'[ M(AQVB X IQ}\/I) — O(;Lmax) (9.258)
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and Di; has dimensions 2M x 2M. Substituting expressions (9.249) and
(9.254) into (9.240), and using the second property for block Kronecker prod-
ucts from Table F.2 in the appendix, we obtain

F = V.ap V)X (Ve Vo) (9.259)

where the block Kronecker product operation is relative to blocks of size
2M x 2M, and where we introduced

A Iy — Doy —Dio 2 Loy — B —FEi»
—Doy (Je ® Iapr) — Dao b —FEo (Je ® Iapr) — Fao
(9.260)

X
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We conclude that
[—F)' = Ve V)l —-X) " Ve V) ! (9.261)

We partition A into the following block structure:

X1 A2
X = 9.262
[ Aoy Ao ] ( )

where, for example, X;; is (2M)? x (2M)? and is given by

X11 = (Ianr — D11) @ (Ioar — Ei) (9.263)
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It follows that
Iopne — X —X
T_xv — (2M) 11 12 9964
— X1 [ — X5 ( )
and, in a manner similar to the way we assessed the size of the block matri-
ces {D11-1.D12i—1,D21 ;—1, D25 ,_1} in the proof of Theorem 9.1, we can
likewise verify that

Toanz — X1 = O(fmax) (9.265)
Xio = O(jtma) (9.266)

Xo1 = O(fmax) (9.267)

[— Xy = O(1) (9.268)
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In particular, note that

Toary: — X1 = Iy — (o — D) @ (o — Evy)
= (Lo ® Eq11) + (D11 ® Iopg) — (D1 @ Eqy)
O(ftmax) (9.269)
and
[ =Xy = I —((Je®Iapr) — Da2) @p ((Je @ Iapr) — Ea2)

I
= [ — (Je X IQM) Xp (Je X IQM) + O(Nmax)
(1) (9.270)

|
o
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To proceed, we call again upon the useful block matrix inversion formula
(9.235). The matrix [ — X is invertible since [ — F is invertible; this is because

p(F) = [p(B)]? < 1. Therefore, applying (9.235) to I — X we get

_ —1

(I — X)) P XA X (T — X))~ (1 — X)) AL A
A_ngl(I— Xll)_l A1
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It is seen from (9.269) that the entries of (I — X11)™! are O(1/jtmax). While
the entries in the second matrix on the right-hand side of equality (9.271) are
O(1) when the step-sizes are small. That is, we can write

O(l/ﬂmaX) ‘ O(l)
O(1) - 0(1)

(I-x)"1= (9.272)

where the leading (2M)? x (2M)? block is O(1/ptmax). Moreover, since
O(1/pimay ) dominates O(1) for sufficiently small 4., we can also write
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(I-x)" = _(I(QM)zgxll)_l 8] + O(1) (9.273)

- 1
— | {(12M®E11)-|-0(D11 ® Ianr)} 8 ] + o(1)

0

- )
— (2M)* ]Z ! [ I(QM)Q 0 } + O(l)

where we used the fact from (9.245) that, for h = 2,

Z = (I2pr @ Eqp) + (D11 ® Iopg) (9.274)
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Substituting (9.273) into (9.261) and using expressions (9.250) and (9.255) for
D11 and Eq7 we arrive at the following low-rank approximation:

(I—F)"
= @ Luy)® p®In) Z7" (1T ® Iy) @ (LT @ Ioar) + O(1)

(2) (p@p) @ (Tonr @ Ioag)] (1@ Z71) (1@ 1) ® (Ioyr ® Ioa)] +0(1)

[(p®p) ® I4M’2] 1oz (1@ 1) ® Lia2] + O(1)
[ p@p)(l® 11) ez '+0(1) (9.275)
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where step (a) wuses the third property from Table F.2 in the appendix.
Observe that the matrix (p ® p)(1 ® 1)T has rank one and, therefore, the
above representation for (I — F)~!) amounts to a low-rank approximation.

Moreover, since Z = O(fimax), We conclude from (9.275) that (9.243) holds.
We also conclude that (9.242) holds since

I-F) =0V, V) ' U-F) W, V) = I—-X)""  (9.276)

[]
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We now return to examine the mean-error stability of recursion (9.171).
For this purpose, we need to introduce a smoothness condition on the
Hessian matrices of the individual costs. This condition was not needed
while establishing the stability of the second and fourth-order moments,
E |y ;||* and E ||wy ;||*, in the earlier sections. This same smoothness
condition will be adopted in the next two chapters when we study the
long-term behavior of the network and its performance.
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Theorem 9.6 (Network mean-error stability). Consider a network of N inter-
acting agents running the distributed strategy (8.46) with a primitive matrix
P = A;A,As. Assume the aggregate cost (9.10) and the individual costs,
Ji(w), satisfy the conditions in Assumption 6.1. Assume additionally that

each Jj(w) satisfies a smoothness condition relative to the limit point w*,
defined by (8.55), of the following form:

HV?U Jp(w* + Aw) — V2 J(w*)|| < kallAw]| (9.277)

for small perturbations ||Aw|| < e and for some x4 > 0. Assume further that
the first and second-order moments of the gradient noise process satisfy the

conditions of Assumption 8.1. Then, the first-order moment of the network
errors satisfy

limsup [|[Ewg;:|| = O(ttmax)

71—+ 00

k=12 ....N (9.278)

?
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Proof. We multiply both sides of the error recursion (9.171) from the left by
VI and use (9.57) and (9.206) to get

Ewj Iy — DY, —DJ, EwS_, 0 T
[ E&Jf ] [ _DIQ ‘7€T — D;—Q Ef{bf_l B Ee + V. “42 Mei_q
N N 7
- - = 2zj—1
(9.279)

where the matrix B from (9.226) is stable. We already know from (9.59) that
6] = O(ptmax ). We now verify that the limit superior of ||[VIAI Me;_1]| is

O(N?nax) )
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Indeed, in view of result (E.61) from the appendix, we know that condition

(9.277) also holds globally for any Aw with x4 replaced by some constant x/,.
Then, for each agent k:

| H i1 |H — Hp |

1
| ¥t = 92w —tdy )|
0

‘©
AR A I
—ﬂ

1
| il

1 ~
= Seillbel
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1 _
= §Hd a1 Wy i—1
LeN
(F.26) 1 , _
< gha Y ovk Wil
LENY
1 _
< 51 E [we,i-1]
LeN
1
< _H’d E H’wh 1
LeNT,
1,
< gral @i (9.280)

2



Proof

so that
- - 1, .
[Fall = max [Heoll < gebN (@i (9280

and, consequently,

o (9.172) N _
Ve Ay Meiqf| < Ve[ | Al M EH -1 Ay w;_4 |

< Vel A M AE (19 5 |
1 -
< RNV e M A E ;|

1>

7 itmaxE |wi_y ||” (9.282)
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for some constant r that is independent of pimax. It then follows from (9.11)
that
lim sup [V A Mei_1 || = O(pfay) (9.283)
11— OO
as claimed, where one pi,,« arises from M and the other pi,.x arises from
(9.11).
Returning to (9.279), we partition the vectors z; and VI AJ Me;_; into

2 2 [ % ] VIATMe, 2 [ i1 ] (9.284)

< Ci—1
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with the leading vectors, {z;, ¢;_1}, having dimensions A M x 1 each. It follows
that

zi | | L — Dy —DJ, Zi—1 Ci—1 0
e e S L Lot

(9.285)
This recursion has a form similar to the earlier recursion we encountered in
(9.60) while studying the mean-square stability of the original error dynam-
ics (10.2), with two differences. First, the matrices {Dqq, D13, Doy, Dos} in
(9.285) are constant matrices; nevertheless, they satisfy the same bounds as
the matrices {D11 -1, D12.i-1,.D21.-1,D22,;—1} in (9.60). In particular, it
continues to hold that



li

7 \
£
74 JE A

Proof “

B

(9.47)

[ I20r — D1, < 1= 011fmax (9.286)
(9.51)

D> < 012/tmax (9.287)
(9.50)

Doy < 091 [tmax (9.288)
(9.51)

Doo < 022/lmax (9.289)

for some positive constants {11, 012,021, 022} that are independent of fiy,x.
Second, the gradient noise terms that appeared in (9.60) are now replaced by
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[sz-llg = e a ] e p| Blwialm+ o2

h}f—’ [ ggﬂgm) 1 O (1)
B

max

(9.301)

-1 _ 0(1/ max) 0(1)
=1 ‘{ Ot 0(1)]
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We conclude that, as ¢+ — oo,

limsup [Z]? = O(u2.),  lmsup E5]? = Ol (9.303)
1—00 1—00
and, hence,
limsup [|zi]* = O(upax) (9.304)
It follows that
limsup ||z:]| = O(pmax) (9.305)
1— 00
Consequently,
: Ew; B
lim sup H E o° ]H = O(Kmax) (9.306)




Sketch of Argument

s} Lecture #18: Mean Error Network Stability EE210B: Inference over Networks (A. H. Sayed)
and, hence,

limsup |[Ewy ;|| < limsup||Ew;]||

1—00 11— 00

—1\ T E’lbf
¢ |0 |

[

= O(ftamax) (9.307)

< H H (hmsup

1—0Q

as claimed.
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zi | | L — Dy —DJ, Zi—1 Ci—1 0
=t T L Lo
(9.285)
This recursion has a form similar to the earlier recursion we encountered in
(9.60) while studying the mean-square stability of the original error dynam-
ics (10.2), with two differences. First, the matrices {Dqq, D13, Doy, Dos} in
(9.285) are constant matrices; nevertheless, they satisfy the same bounds as

the matrices {Dlljrg_l,Dlgﬂ'_l,Dglﬂ'_l;Dgg_’i_l} n (960)
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From (9.282) and using the
fact that (Ea)? < Ea? for any real random variable a, we have that

IVIAI Meiq|)? < r?pp o B llwy_ |I* (9.290)
and, hence,
= 2 2,2 -~ 4 v 2 2 2 ~ 4
||C'5—1|| <7 NmaXEHwi—IH ) ||Ci—1|| <7 NmaXE”w?}—ln (9291)

Now, if we repeat the argument that led to (9.106), with proper adjustments,
we can show that relations similar to (9.69) and (9.81) continue to hold for
{11112, [|%]/?}. The argument is as follows.
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We first appeal to Jensen’s inequality (F.26) from the appendix and apply
it to the function f(z) = ||z||? to obtain the bound:

_ 1 _ 1 . N
1z0° = H(l - t)m(bM — D{})Zi—1 + t; (=D3y%i—1 + 1)
1 2. 12 202 2 v 124 e 12

(LYY Y - %Y W Yt oY
_ 2 . _

< (U= onpmmad | 4 e (5 il Zia [+ e )
_ 202 g 272 s _

< (1= 011 ptmase) | Zica [|P + 21/ Tma 1Zima |I” + ﬂEI w;_y|*

(9.292)
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for any arbitrary positive number ¢ € (0, 1). We selected t = 011 pimax in the
above derivation. We repeat a similar argument for ||%||%. Thus, using Jensen’s
inequality again we have

2

1
1 — ¢

A 459721 = (1= )= [~Dhai1 — Dlazios + it + O]

(9.76) 1 §
~(p(Je) + €)” |Zi-1 "

4 y _ y
1_¢ [ngﬂiaxnzi—l ||2 + U%Q”ilaxnzi—l”Q + ||Cz'—1||2 + O(/”’?nax)}
(9.293)
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for any arbitrary positive number ¢ € (0, 1). Since we know that p(J.) € (0, 1),

then we can select € small enough to ensure t = p(J.) +¢€ € (0, 1) and rewrite
(9.293) as

v 405 N?nax X 2
2 < (ot + et e iy +

40_%2#?11&){ - 2
A2 117
1—p(Je) —€

) Ell_ "+ 04ty (9.20)
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If we now introduce the scalar coefficients
a = 1—o011pimax = 1 — O(fimax) (9.295)
2 2 max
p o= ZZufwmex o000 (9.296)
011
40%2)“2 2
c = = = O(ptay 9.297
e — O, (9.207)
4U§2M2 2
L—p(Je) — ¢
2 2 max
e = M O (9.299)
a11
4 2,2
Fo= ! Hmax O(1i2 (9.300)
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we can combine (9.292) and (9.294) into a single compact inequality recursion
as follows:

E EY e o R R LT P
y = y + Ellw,;_|" +
[w e d || 5 r | Bl + 1 02 )
h\1:—/ [ O(pumax) 1 O(ﬂ?na){)
O(p

2
max

(9.301)
in terms of the 2 x 2 coefficient matrix I' indicated above. We know from the

argument (9.102) that I' is stable for sufficiently small step-sizes. If we now
recall the result

limsup E ||w}||* -1
1—00

O(himax) (9.302)
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We conclude that, as ¢+ — oo,

limsup %2 = O(u2e),  limsup B[] = O(u2.)  (9.303)
1—00 1—00
and, hence,
limsup [|zi]* = O(upax) (9.304)
It follows that
limsup ||z:]| = O(pmax) (9.305)

1— 00
Consequently,

lim sup
1—00

” 1 ]H = Oftmax) (9.306)

1
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and, hence,
limsup |[Ewy ;|| < limsup||Ew;]||
1— 00 1— 00
T | Ew;
< limsup || (V7! [ . e ]H
E w$
< H H (limsu H .- ”D
= O(jimay) (9.307)

as claimed.
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