, INFERENCE OVER
NETWORKS

LECTURE #17: Stability of Multi-Agent
Networks

| 2
10
9

ooooo EE210B
Spring Quarter 2015

Proc. IEEE, vol. 102, no. 4, pp. 460-497, April 2014.
Foundations and Trends in Machine Learning, vol. 7, no. 4-5, pp. 311-801, July 2014.




Part V:
Multi-Agent Network
Stability and Performance

ooooo EE2108B

Proc. IEEE, vol. 102, no. 4, pp. 460-497, April 2014.
Spring Quarter 2015 F

|
oundations and Trends in Machine Learning, vol. 7, no. 4-5, pp. 311-801, July 2014.




§ f S

Reference L
3} Lecture #17: Stability of Multi-Agent Networks EE210B: Inference over Networks (A. H. Sayed)

Chapter 8 (Evolution of Multi-Agent Networks, pp. 496-506):
Chapter 9 (Stability of Multi-Agent Networks, pp. 507-551):

A. H. Sayed, ““Adaptation, learning, and optimization over
networks," Foundations and Trends in Machine Learning, vol. 7,

issue 4-5, pp. 311-801, NOW Publishers, 2014.



Distributed Strategies

Proc. IEEE, vol. 102, no. 4, pp. 460-497, April 2014.
Foundations and Trends in Machine Learning, vol. 7, no. 4-5, pp. 311-801, July 2014.

ICASSP 2015



Unified Description

s} Lecture #17: Stability of Multi-Agent Networks EE210B: Inference over Networks (A. H. Sayed)
Table 8.2: Update equations for non-cooperative, diffusion, and consensus
strategies.
algorithm update equations
non-cooperative | wg; = Wy i—1 — ,ukV/w:T]k (Wgi—1)

"vbk,z'—l = Zaﬁk Wy -1

consensus LEN,
Wk, i = Y1 — 1V Jy (wp,i—1)

Vi = Zaék Wy, i—1

CTA diffusion LEN,
Wi, = ’¢k,z‘-1 — Vo=, (wk,z‘—l)
- Vi = Wi — Ve (we 1)
ATC diffusion Wi, = Z aek "7[’42,1

LeN
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In a manner similar to (8.5), we can again describe these strategies
by means of a single unifying description as follows:

4
Gbk,z'—l — Z aiek Wei—1
teNy, .
) wk,i = Z (o, 0k Qbé,i—l — e V= J (¢k,i—1) (8.46)
teNy
Wi, = Y s Yoy
L eEN
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where {¢,; 1,%;;} denote M x 1 intermediate variables, while the
nonnegative entries of the N x N matrices A, = [aosk], A1 = [a1 k],
and As = |ag | satisfy the same conditions (7.10) and, hence, the
matrices {A,, A1, Ao} are left-stochastic

All1=1, Al1=1, Al1=1 (8.47)

We assume that each of these combination matrices defines an underly-
ing connected network topology so that none of their rows are identically
Zero.
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Again, different choices for {A,, A1, A>} correspond to different
distributed strategies, as indicated earlier by (8.7)—(8.10), and where
the left-stochastic matrix P represents the product:

P2 AA A (8.48)
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(a) The matrix P has a single eigenvalue at one.

(b) All other eigenvalues of P are strictly inside the unit circle so
that p(P) = 1.

(¢c) With proper sign scaling, all entries of the right-eigenvector of P
corresponding to the single eigenvalue at one are positive. Let p
denote this right-eigenvector, with its entries {p,} normalized to
add up to one, i.e.,

Pp=p, 1'p=1, pp>0, k=1,2,....N (8.49)

We refer to p as the Perron eigenvector of P.
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Following [68-70], we next introduce the vector:

A
q = diag{p, p2, ..., N} A2p (8.50)

It is clear that all entries of ¢ are strictly positive since each pp > 0 and
the entries of Asp are all positive. The latter statement follows from
the fact that each entry of Asp is a linear combination of the positive

entries of p. Therefore, if we denote the individual entries of the vector
q by {qx}, then it holds that

g >0, k=1,2,....N (8.51)
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We also represent the step-sizes as scaled multiples of the same factor

[max, hamely,
e 2 T e, k=1,2.... N (8.52)

where 0 < 7, < 1. In this way, it becomes clear that all step-sizes
become smaller as jtmax is reduced in size.
We further introduce the weighted aggregate cost

N
JEP () 20N g (w) (8.53)
k=1
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N N
lob/ o o
JEIob () Z o | VW TP w0) =0 = 3 Vi Jp(w?) = 0
— k=1

/
v,/ oy
Jelobx (4 qujk w) —s | Vi JEP*(w*) = 0 <= Y ¢V Jp(w*) =0
k=1

(is also strongly convex)
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From this point onwards, we shall therefore measure the performance
of the distributed strategy (8.46) by using w* as the reference vector
(instead of w?) and define the error vectors as:

b, w =y, (8.107)
(Bk,z'—1 w”* — Gbk:,i—l (8.108)

> >
*

11>
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Moreover, with each agent k, we associate a gradient noise vector in
addition to a mismatch (or bias) vector, namely,
A —
Ski(@Pric1) = Vudi(@pio1) — Vurdi(dpi)  (8.109)
and

a

by Vo i (W) (8.110)
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Example 8.11 (Gradient noise over MSE networks). Let us continue with the
setting of Example 8.8, which deals with a variation of MSE networks where
the data model at each agent is instead assumed to be given by

dk(?/) — ukgiw,‘; + ’Uk(?,) (8.126)

with the model vectors, wy, being possibly different at the various agents. In
a manner similar to (8.15), we can verify that if the distributed strategy (8.5)
is employed at the agents, then the resulting gradient noise process at each
agent k is now given by:

2 2

Sk,i(qbk:,i—l) — E (Ruk - uzaguk%) (wz - qbk’@'_l) — EUZ’Z’U;C(Z) (8127)
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We explained earlier after (8.45) that because the Hessian matrices,
V2 J.(w), are not generally block diagonal, we will need to introduce
extended versions of the error quantities {wy, ;. {kaﬂ-, &Bkjé_l} in order to
fully capture the dynamics of the network in the general case. This is
in contrast to the mean-square-error case studied in Example 8.1 where
these errors were sufficient to arrive at the state recursions (8.22) or
(8.25) for the evolution of the network dynamics.
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To motivate the need for extended error vectors, let us first intro-
duce some notation. Thus, note that if we express any column vector
w € CM in terms of its real and imaginary parts z,y € R™, then

w = x + jy (a column vector) (8.128)
w* = z'—jy'  (arow vector) (8.129)
(Wt = z—jy (a column vector) (8.130)

T

In other words, the quantity (w*)' is again a column vector, just like w,

except that its complex representation is obtained by replacing 5 by —j.
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The reason why we need to introduce the quantity (w*)7 is because, as
the discussion will reveal, we will need to track the evolution of both
quantities wy; and (wZ,z)T in the general case in order to examine
how the network is performing. Thus, using equations (8.46), we can
deduce similar relations for the evolution of the complex conjugate

iterates, namely,
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s T T
* _ *
( k:,z'—l) - Z ai ek (wﬁ,i—l)
(eEN
L \T . T _—
4 ( k:z) — Z (o, Ck (¢€,i—l) — 1Vt (¢k,i—1)
(eNy
T T
k kS
(wk,z’) = Z 2 ¢k (%2,@')
\ (eEN

(8.131)
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Observe how the gradient vector approximation that appears in the
second equation now involves differentiation relative to w' and not
w*. Representations (8.46) and (8.131) can be grouped together into a
single set of equations by introducing extended vectors of dimensions
2M x 1 as follows:
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4 B Wy
Drie1 il
el N
I (Cbk;,z'—l) (EN Wy ;1
< ¢MT _ Z 0 ¢£¢—1T - Vur T 1 (@ i-1)
* _ o, *
i (wk,i) LEN (Cbe,z’—l) VwTJk; (¢k,¢—1)
Wy Yy
(wi) | T 2| )
L L k.i eN I
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We therefore extend the error vectors into size 2M x 1 and introduce

~¢ A @k,i ~e A ¢kz ~e A ¢k,i—1
Wi ; = ~x \T |5 TPM — ~% \ T ; Cbk i—1 ~ % T
| (w,”) ’ ( kz) ’ (qbk:,i—l)
(8.133)

where we are using the superscript “e” to refer to extended quantities
of size 2M x 1. We also introduce extended versions of the limit vector,
the gradient noise vector, and the bias vector:
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A - N Ski(Pri—1) . A by,
(w?)" = [ ! ] e [ (SZ&-(%Z;_J)T ] e [ B ]

(8.134)

where the vector sj, ; in (8.134) should have been written more explic-
itly as sz’i(qbk’i_l); we are dropping the argument for compactness of
notation. Now, subtracting (w*)¢ from both sides of the equations in
(8.132) and using (8.109) gives



0y

/ \
k-
4 FRAD
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N
r € L ~ e
¢k,z’—1 = Z 1.k Wy i1
(eENG ) )
vw*Jk:(Qbk:,i—l)
~ € ~E
— €
§ Y = Z otk Pri—1 + [k + [EkSk;
(ENK Vird ) (¢k,z’—1)
Wi ; — Z a2 ¢k we,i
\ éeNk

(8.135)
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We observe that the gradient vectors in (8.135) are being evaluated at
the intermediate variable, ¢ ; _;, and not at any of the error variables.
For this reason, equation (8.135) is still not an actual recursion. To
transform it into a recursion that only involves error variables, we call
upon the mean-value theorem (D.20) from the appendix, which allows

us to write:
Vox (Cbk,i—1) V= J(w”) ! ~ ~e
= — [/ ViJk(W* - t¢k,i—1)dt Qbk,z‘—l (8.136)
Vot Jk (qﬁk,i—l) Vot (w™) L0 .

p. - v

~~
A
=H,,

1>

_ e
bk
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That is,

- vw*Jk(Cbk:,z‘—l) e
— _bz - Hk?,?;—lqbk‘,’i—l (8137)

i va Jk(ék,i—l) i

in terms of a 2M x 2M stochastic matrix Hy ;_1 defined in terms of
the integral of the 2M x 2M Hessian matrix of agent k:

1 ~
Hyi 2 / V2 Jp(w* — thy;)dt (8.138)
0
Substituting (8.137) into (8.135) leads to
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N
¢ € L ~ ¢
¢k,i—1 — Z A1,k Wy ;1
(eN
~e ~ € ~e e e
) wk,@- = Z (o, 0k ¢£,i—1 - Mka,i—1¢k,i—1 — piby + HEkSk
eN
~ e ~e
\ (eN},

(8.139)
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These equations describe the evolution of the error quantities at the
individual agents for £ = 1,2,...,N. Observe that when the matrix
H . ;1 happens to be block diagonal, which occurs when the Hessian
matrix function itself is block diagonal (as happened in (8.4) with the
quadratic costs in Example 8.1), then the last term in (8.137) decouples
into two separate terms in the variables

{ ‘;Bk‘,i—la (&Z,i—l)T } (8.140)
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since then

~e H! 0 &k,i—l
Hyi 10,1 = [ i ]

0 mE (Mzi_l)T (8.141)

In that case, it becomes unnecessary to propagate the extended vectors
{wy 4, wz @ qu .1} using (8.139); the dynamics of the network can be
studied by examining solely the evolution of the original error vectors
{wk: 79 wk N qbkz 1} namelYa
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B
¢l L ~
¢k,i—1 — Z a1,k Wei—1
EEN}C
)/, _ p 11
4 Yy — Z otk Poi—1 — e H 5 1Pp i1 — bk + 1Sk i
(eN,
Wi = Y asm WPy,
\ EEN};

(8.142)



o
Error Dynamics
2} Lecture #17: Stability of Multi-Agent Networks ________________________EE210B: Inference over Networks (A. H. Sayed) _

We continue our discussion by treating the general case (8.139). We
collect the extended error vectors from all agents into the following
N x 1 block error vectors (whose individual entries are of size 2M x 1

each):
_ - - ~e€ - - ~e -
wii ?%,z’—l Tfé,z
e A ’ngi ~e A P21 ~e A Yy,
w; = : , Qi = : , Y = :
~ e ~e ~e
| WN,i _ | Pni—1 L YN -

(8.143)
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We also define the following block gradient noise and bias vectors:

e B e
S1, b3
e (4
S92 b5

=
11>
11>

(8.144)

€ €
| SN | by
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Now recall from the explanation after (8.134) that each entry, S.;» In
(8.144) is dependent on ¢y ; ;. Recall also from the distributed algo-
rithm (8.46) that ¢y ;1 is a combination of various {wy¢;_1}. There-

fore, the block gradient vector, s, defined in (8.144) is dependent on
the network vector, w$_;, namely,
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— _
Wy
ws Wi i—1
A 2,1—1 A ,2
e =2 ? € =
w, 1 = . ) ’wk’i_l = N T (8145)
. wk,z—l
(A
| Wy i1 _

€

For this reason, we shall also write s7(w$ ;) rather than simply s¢

when it is desired to highlight the dependency of s on wf_;.
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We further introduce the Kronecker products

( -/40 é Ao 03¢ IQIW
y A é A1 @ Iong (8146)
A
\ /42 — AQ X IQIM

The matrix A, is an N x N block matrix whose (/,k)—th block is
equal to ae i lopr. Similarly, for A; and Ay. Likewise, we introduce the
following N x N block diagonal matrices, whose individual entries are

of size 2M x 2M each:
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A .

M = diag{ Do, polons, . pnTonr } (8.147)
A .

%i—l — dlag{ Hl,i—la H2,i—13 Cee HN,i—l } (8148)

We then conclude from (8.139) that the following relations hold for the
network variables:

f €

sz:—1 — AIin_l N
S i = AT - MH | ¢y + Msi(wE ) — M
W = AJd

(8.149)
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so that the network weight error vector, wj, ends up evolving according
to the following stochastic recursion over ¢ > 0:

wi = AL (AT — MH; ) ATw) | + ATMsS (ws ) — ATMD
(8.150)
For comparison purposes, if each agent operates individually and uses
the non-cooperative strategy, then the weight error vectors across all
N agents would instead evolve according to the following stochastic
recursion:
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ﬁ?f = (IQ]\{N_M%i_l)ibf_l + Msf(’wf_l) — Mb° (8.151)

where the matrices {A,, A1, A2} do not appear since, in this case, 4, =
Ay = As = Iny. We summarize the discussion so far in the following
statement for complex data (we show how these results simplify for real
data in the example after the lemma).
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Lemma 8.1 (Network error dynamics). Consider a network of N interacting
agents running the distributed strategy (8.46). The evolution of the error
dynamics across the network relative to the reference vector w* defined by
(8.55) is described by the following recursion:

w = Bi_jwi_, + AsMsS(ws_ ) — AJMbS, i >0 (8.152)

(4

where
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By = AT (AT - MM, ) AT (8.153)
Ay 2 A, @Dy, A 2 Ai®@DLy, A 2 Ay @Dy (8.154)

M 2 diag{ uilonr, polonss «o .y pinTons } (8.155)
H,., 2 diag{ H1;-1. H2i—1, .... Hn,_1 } (8.156)
Hy,, = /01 V2 Te(w* =ty ,_y)dt (8.157)

where V2 J,.(w) denotes the 2M x 2M Hessian matrix of Jy, (w) relative to w.
Moreover, the extended vectors {wj, 85, b} are defined by (8.143) and (8.144).
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Example 8.12 (Mean-square-error costs). Let us re-consider the scenario stud-
ied in Example 8.1 and verify that result (8.152) collapses to (8.25). Indeed, in
this case, we have w* = w? and the bias vector, b5, will be zero for all agents
k=1,2,...,N. Moreover since the Hessian matrix is now block diagonal, we
can easﬂy Verlfy from the definition (8.137) that

R, 0
Hy, | = [ 0”‘“‘ RTk] (8.158)

Substituting these facts into the expressions in Lemma 8.1 we recover (8.25).
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Example 8.13 (Simplifications in the real case). The network error model of
Lemma 8.1 can be simplified in the case of real data. This is because when
w € RM is real-valued, we do not need to introduce the extended vectors
(8.133) and (8.134) any longer. The simplifications that occur are described

below.
To begin with, the distributed strategy (8.46) will be given by

)
¢k,i—1 — Z aj Wy i—1
(ENL -
} Yo = D ok beimi — mkVurdy (i) (8.159)
(ENL
Wi i — Z &2=€k¢£;5
\ (EN,
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where the gradient vector approximation in the second equation is now relative
to w' and not w*. Subtracting the limit vector w* directly from both sides of
the above equations gives

r ~ —~
Dri1 = a1,e:We i—1
N LEN B
] ¥y, — Z ok Ppi1 + eVt (Dri1) + HrSk.i (8.160)
(eNL B
W i — Z a2,k ;
L (eENL
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where now
A
Sk = va Jk(qbk:z’—l) - va Jk((ﬁ;{’i_l) (8161)

and the error vectors are measured relative to the same limit vector w*:

Wh; =W — Wiy, Y =W =P Gy =0 — Py (8.162)

We then call upon the real-version of the mean-value theorem, namely, ex-
pression (D.9) in the appendix, to write



Example #8.13

4} Lecture #17: Stability of Multi-Agent Networks EE210B: Inference over Networks (A. H. Sayed)

Vrde(@pi—1) = VwTJk [/ Vo i (w tqu )dt &Sk,fé—l

>y

—Hk:z, 1
= —by — Hk,i—lgaak:,i—l (8.163)

where we introduced the M x 1 constant vector b, and the (now) M x M
stochastic matrix H ;. Substituting (8.163) into (8.160) leads to
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7 ~
Cbk,i—l — a1, We i—1
LeN
) Vi — E otk Py i1 — Mk ic1Pp i1 — pbe + Sk i
LEN
Wy, = g az Py ;
\ teNy,
(8.164)

so that the network error vector

ﬁ}i = COI{’(YJLZ'; ‘&5273‘, R ,’EEJN’?;} (8.165)
evolves according to the recursion

w; = Bijwi 1 + ASMsi(wi_ 1) — AAMb, i >0 (8.166)

where now
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Bioy = AL (AT — MM ) AT (8.167)
A, 2 A,@Ly, A 2 A ehy, A 2 Aoy (8.168)

M 2 diag{ s, polar, oo pnIne ) (8.169)
H,_, = diag{ Hy;—1, Ho;—1. ..., Hy ;1 } (8.170)
Hp, ., = /0 1 V2 Jp(w* =ty ;_y)dt (8.171)
wi_y = col{wy 1. Woi 1. ..., Wxi1} (8.172)

and V2 J,(w) denotes the M x M Hessian matrix of .Jy (w) relative to w.
O
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Moreover, with each agent k, we associate a gradient noise vector in
addition to a mismatch (or bias) vector, namely,
A —
Ski(@Pric1) = Vudi(@pio1) — Vurdi(dpi)  (8.109)
and

a

by Vo i (W) (8.110)
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In the special case when all individual costs, Ji(w), have the same
minimizer at wy = w’ (which is the situation considered in Example 8.1
over MSE networks), then w* = w? and the vector by will be identically
zero. In general, though, the vector b is nonzero. Let F;_1 represent
the collection of all random events generated by the processes {wy, ;}
at all agents k=1,2,..., N up to time 7 — 1:

Fi1 = ﬁltration{wk,_l, W0y W1y s Wh i1, all £} (8.111)
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Assumption 8.1 (Conditions on gradient noise). It is assumed that the first and

second-order conditional moments of the individual gradient noise processes,

S1.i(@), satistfy the following conditions for any iterates ¢ € F;_; and for all
kot=1,2,...,N:

E [sk.i(@) | Fiz1] 0 (8.112)

E [sii(@)si (p)|Fii] = 0, k#4 (8.113)

E [sk.i(¢)s0:(0)|Fi1 0, k#! (8.114)

. = 2 _
E [llsk:(@* | Fica] < (Bu/h)" b]* + 724 (8.115)

almost surely, for some nonnegative scalars 3,% and 52, and where h = 1 for
real data and h = 2 for complex data.
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Using the above conditions, and in a manner similar to the derivation
(3.28), it is straightforward to verify that the gradient noise processes
satisfy:

E [Sk,i(¢k,i—1) | ]:i—l} = 0 (8.116)
E [lski(bri )| Fia] < B/ dranll® + o2 (8.117)
Ellski(dri)I? < (B/BDE[ i |? + 02 (8.118)

in terms of the scalars

B 2 2R (8.119)
02 2 2B/n)2wt|? + 2, (8.120)



Gradient Noise Model

52} Lecture #17: Stability of Multi-Agent Networks EE210B: Inference over Networks (A. H. Sayed)

We shall use conditions (8.116) (8.118) more frequently in lieu of
(8.112)—(8.115). We could have required these conditions directly in
the statement of Assumption 8.1. We instead opted to state conditions
(8.112)—(8.115) in that manner, in terms of a generic ¢ € F;_; rather
than wy ;—1, so that the upper bound in (8.115) is independent of the
unknown w*.
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Conditions (8.116)—(8.118) will be useful in establishing the mean-
square stability of the second-order moment of the error vector,
E [|wy ;||*, in the next chapter. Later, in Sec. 9.2, when we examine the
stability of the fourth-order moment of the same error vector, E ||wy. ;||*,
we will need to replace the bound (8.115) by a condition similar to
(5.36) on the fourth-order moments of the individual gradient noise
processes, namely, by the following condition:

E [ [sei( @ Fit | < Br/h)* lol* + (8.121)
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almost surely, for nonnegative scalars {8_,%,5;{,{}. Using an argument
similar to (3.56), we can similarly conclude from these conditions that

E |8t (@D 1 Fict | < (BLa/bY) ldpim|l* + oty (8:122)

for some non-negative parameters defined by:

A _

Bin = 8B (8.123)
A — _

O = 8(Be/h)* Jw||* + Fips (8.124)
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We will not need to introduce condition (8.121) in addition to the
second-order moment condition (8.115). This is because, as explained
earlier following (3.50), condition (8.121) implies that condition (8.115)
also holds, namely, it follows from (8.121) that

E [Isei(@? | Fict | < Bi/h)? 10l° + 72 (8.125)
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We are now ready to
examine the stability of the mean-error process, £ w;, the mean-square-
error, [E||w;||?, and the fourth-order moment, E||w;|[*, by using the
network error recursion (8.152). The key results proven in the current

chapter are that for sufficiently small step-sizes, and for each agent k,
it will hold that

limSUP ||Eibk,’&” — O(ﬂmax) (9'1)
i—00
hInSU-p]E'||7-Al-/’lc,i||2 — O(ﬂmax) (9'2)
1—00

lim Sup ]E||'iz”k:,’£||4 O(urgnax) (93)

1—>00
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where [imax is an upper bound on the largest step-size parameter across
the network since, from (8.52), we parameterized all step-sizes as scaled
multiples of fimax, namely,

uk é T]{;umaxj k — 1,2,...,N (94)

where 0 < 75, < 1. The error vectors, {wy;}, in the above expressions
are measured relative to the limit vector, w*:

'lﬁl/)k’i — w* — Wi i (95)
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where w* was defined by (8.55) as the unique minimum of the weighted
aggregate cost function, J&°*(w), from (8.53), namely,

JEb () 2 quJk (9.6)

and the {q.} are positive scalars correspondlng to the entries of the
vector:

A
— dlag{ula M2y - ,[LN}AQP (97)
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Here, the vector p refers to the Perron eigenvector of the matrix product

P2 AAA (9.8)
and is defined through the relations:
Pp=p, 1'p=1, pp>0 (9.9)

For ease of reference, we recall the definition of the original aggregate
cost function (8.44), namely,

N
JeP (4 Z (9.10)
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{ W = B, + AAMsS(we_ ) — AIMB, i>0 J (8.152)

Bioi = AL (AT~ MM,y ) AT (8.153)
A, 2 A @ DLy, A 2 Ai®@Dby, A 2 As® Ly (8.154)
M 2 diag{ pilonr, polonss -y pnIoar ) (8.155)

Hi 1 = diag{ Hii1, Hoi1, ..., Hy ;1 } (8.156)

H,,, 2 /01 V2 Jp(w* =ty ;_y)dt (8.157)
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Theorem 9.1 (Network mean-square-error stability). Consider a network of N
interacting agents running the distributed strategy (8.46) with a primitive
matrix P = A1 A,As. Assume the ageregate cost (9.10) and the individual
costs, Ji(w), satisfy the conditions in Assumption 6.1. Assume further that
the first and second-order moments of the gradient noise process satisfy the
conditions in Assumption 8.1. Then, the network is mean-square stable for
sufficiently small step-sizes, namely, it holds that

limsup E|w,||* = O(ptmax), k=1,2,....N (9.11)

1— 00

for any ftmax < Mo, for some small enough f,.
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Proof. The derivation is demanding. We follow arguments motivated by the
analysis in [70, 277] and they involve, as an initial step, transforming the
error recursion (9.12) shown below into a more convenient form shown later
in (9.60). We establish the result for the general case of complex data and,
therefore, h = 2 throughout this derivation.

We start from the network error recursion (8.152):
wi = Bi_jw,_; + ASMsS(wi_|) — ASMbE, i >0 (9.12)

1

where



Proof

e |
Bioi = AL (A — MH,_1) Al
— A;AIAI — A;M’HrqulT
= PT - ATMH, AT (9.13)
in terms of the matrix
PT 2 AJATAT
= (A @ Ly ) (A} @ Ioay ) (A @ Iop)
= (A34)A] ® L)

- pPT ® Long (9.14)
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The matrix P = A1 A, A5 is left-stochastic and assumed primitive. It follows
that it has a single eigenvalue at one while all other eigenvalues are strictly
inside the unit circle. We let p denote its Perron eigenvector, which is already
defined by (9.9). This vector determines the entries of ¢ defined by (9.7). Note,
for later reference, that the k—entry of ¢ can be extracted by computing the
inner product of ¢ with the £—th basis vector, e;, which has a unit entry at
the k—th location and zeros elsewhere, i.e..

dr = uk(e}iAgp)
— Hmax Tk (6?;142]9) (9 15)
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Obviously, it holds for the extended matrices {P, A5} that

Plp® o) = (p®Ilan) (9.16)
MA(p®@ Lone) = (q® Lanr) (9.17)
A" @ Ln)(p® Iar) = o (9.18)

Moreover, since A and A, are left-stochastic, it holds that

AI(ﬂ@IQMF) = (]1@]2}\/[) (9.19)
AT1® Ly) = (1@ L) (9.20)
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The derivation that follows exploits the eigen-structure of P. We start by
noting that the N x N matrix P admits a Jordan canonical decomposition of
the form [113, p.128]:

P 2 vJgv! (9.21)
1| 0
= |07 (9.22)
Vo = [p | Va] (9.23)
]lT
vt = (9.24)
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where the matrix .J. consists of Jordan blocks, with each one of them having
the generic form (say, for a Jordan block of size 4 x 4):

A
€ A
e (9.25)

€ A\

with € > 0 appearing on the lower! diagonal, and where the eigenvalue A may
be complex but has magnitude strictly less than one. The scalar € is any small

positive number that is independent of fi,,,. Obviously, since VE_1V6 = Iy.
it holds that
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'For any N x N matrix A, the traditional Jordan decomposition A = TJ'T*
involves Jordan blocks in J' that have ones on the lower diagonal instead of e.
However, if we introduce the diagonal matrix F = diag{1,e¢, 2, ...,EN_l}, then
A=TE 'EJJE 'ET ', which we rewrite as A = V.JV. ! with V. = TE~! and
J = EJ'E~'. The matrix J now has € values instead of ones on the lower diagonal.



Proof

1"V = 0 (9.26)
Vip = 0 (9.27)
ViVe = In (9.28)

The matrices {V.,J,V."'} have dimensions N x N while the matrices
{Vr, Je, Vr} have dimensions (N — 1) x (N — 1). The Jordan decomposition
of the extended matrix P = P ® Iy is given by

P = (V.®Iop)(J @ Iop) (V! @ Iopg) (9.29)

so that substituting into (9.13) we obtain

Bi_i= (V") @ L) {(JT ® Tony) — D}_l} (VT & Lyy) (9.30)



Proof

where
A _
D), = (V. ®Ly) AAMH, 1 A] (V)T @ L)
T T
— Dll,i—l Dngi—l (9 31)
~ | Diy,.1 D3y, |
12,i—1 22,i—1
Using the partitioning (9.23)—(9.24) and the fact that
At = Ai@ by, Ay = A2 ® Ly (9.32)

we find that the block entries {D,,,, ;—1} in (9.31) are given by



Lecture #17: Stability of Multi-Agent Networks EE210B: Inference over Networks (A. H. Sayed)

N
Dy, 1 = quHL_l (9.33)
k=1
Doy = (1T®@Lp)H] (M(AVE @ L) (9.34)
DQL@'—l = (VJ_;,I_Al ®12j\/j)7'{.;r_1(q®]2j\/j) (9.35)
D22,z'—1 — (VgAl Y IQMF)%;F_lM(AQVR & Igﬂ/f) (9.36)

Let us now show that the entries in each of these matrices is in the order of
O(pimax ), as well as verify that the matrix norm sequences of these matrices
are uniformly bounded from above for all 7. To begin with, recall from (8.157)
that

1
H,. | 2 / V2 T (w* =ty )t (9.37)
0
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and, moreover, by assumption, all individual costs Ji (w) are convex functions
with at least one of them, say, the cost function of index k,, being v;—strongly-
convex. This fact implies that, for any w,

V2 Ji (w) > V—;IhM >0, V2J,(w)>0, k+#k, (9.38)
Consequently,
Hy, i—1> U—;IhM >0, Hp,—12>0, k#k, (9.39)

and, therefore, Dy ;—1 > 0. More specifically, the matrix sequence D1y ;1 is
uniformly bounded from below as follows:



Proof
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Vd
D4 > Qr,—1nhn
h
(9.15)

Vd
=" fimax Tk, (e, Aop) FIhM

— O(/Jmax) (940)

On the other hand, from the upper bound on the sum of the Hessian matrices

in (6.13), and since each individual Hessian matrix is at least non-negative
definite, we get

)
Hpi1 < fIhM (9.41)

so that the matrix sequence D1y ;_ is uniformly bounded from above as well:



Proof
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)
D1 < QmafoIhWI
9.15 )
Ot Tkm(e;mAgp)NfIhM
— O(pimax) (9.42)

where k...« denotes the k—index of the largest ¢, entry. Combining results
(9.40)—(9.42) we conclude that

Dll,i—l — O(Nmax) (943)

Actually, since Dy ;-1 is Hermitian positive-definite, we also conclude that
its eigenvalues (which are positive and real) are O(imax ). This is because from
the relation
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T Vd T Og
Pmax Tk, (€, AQP)thMF < Dyt < fhmax Thoe, (€ Aop) N — 3 1Y
(9.44)
we can write, more compactly,
ClitmaxIpnr < Diiio1 < coftmascdhar (9.45)

for some positive constants ¢; and ¢y that are independent of punax and 2.
Accordingly, for the eigenvalues of Dy ;_1, we can write

C1Mmax < )\(Dll,i—i) < C9ftmax (946)

It follows that the eigenvalues of Isy; — DL’Z-_l are 1 — O(fimax) so that, in
terms of the 2—induced norm and for sufficiently small jt,,ax:
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T o T
| Ionr — D11,@'—1|| = p(lanr — D117¢—1)
S 1 — 011 Mmax
— 1 - O(I_L]_llax) (9.47)

for some positive constant o1, that is independent of ji,,, and «.
Similarly, from (9.39) and (9.41), and since each Hy, ;¢ is bounded from
below and from above, we can conclude that

D12,z’—1 — O(ﬂma}{): D21,@'—1 — O(/Lmax): D22,?l—1 — O(}UJmax) (948)

and that the norms of these matrix sequences are also uniformly bounded
from above. For example, using the 2—induced norm (i.e., maximum singular
value):
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|D21i—1]] < V5 A1 ® L]l |g ® Lo || |1 ||

< VA el I Hy
< Ve Bl o Lol (s 1l

)
< W@AﬂngMM®bMH(§)

)
= VAo Ll Ll (5)

)
< HVITAI & IZMH V Ngr%mx (f)
)

— VA8 Ear |V i, Aa) ()

(9.49)
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so that

HD21,1—1H i 021 Umax = O(ﬂmax) (950)

for some positive constant o5. In the above derivation we used the fact that
lg @ Ians|| = |l¢|| since, from Table F.1 in the appendix, the singular values of
a Kronecker product are given by all possible products of the singular values
of the individual matrices. A similar argument applies to D12 ;1 and Dag ;4
for which we can verify that

HDIQJ‘—IH S 012 Hdmax — O(ﬂma){); HDQQ,Z'—l” i 022 Hmax — O(/UJmax)
(9.51)

for some positive constants o1 and o92. Let

V. 2 V.@ Ly, J 2 J.® by (9.52)
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Bioi= (V)T ® Ly {(JT ® Ioar) — DI_I} (VI®Ly)  (9.30)

where

I

(VET ® IQM) ASMH; 1 A] ((Ve_l)T ® IQM)

T T
[ D%171—1 D_2r1,z'—1 ]
Dy, 1 Dj,;

(9.31)
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Then, using (9.30), we can write
-
oo [P B s

To simplify the notation, we drop the argument w$_; in (9.12) and write s¢
instead of s§(w{_4) from this point onwards. We now multiply both sides of
the error recursion (9.12) from the left by VI

ViwS = VIB_, (V) Vel + VIAIMsS — VIATME, i >0
(9.54)



Proof
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and let
T ~e 7] [ 7€
T=c _ | (p_®DLn)w; A | w;
Ve w?} — [ (V};)I' ® IQ]\/])'&J’? _ — _ ’l\b%e ] (955)
T TAgoe e
T AT A yq.c (p" ® Ianr) A M A S,
- v = L 9.56
VE AQMSZ [ (VI;I:@IQ;\/[)A—QFM.S? | S ( )
T VIt
T AT Aq7e (p' ® Ioar) Ay Mb A
Ve Az M [ (Vg @ Iong) AJMDE b \9-57)

where the zero entry in the last equality is due to the fact that



Proof

(p' @ Lp) AT MO = (¢7 @ Lopg)b°
N
= Dby
k=1
N _
_ —qu; Vo Jip (W) ]
— *
i i vaJk(w )
N _
_ _Z (Voo (w*)]”
P VT (w)]”
k=1 =
(8.55)

=0 (9.58)
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Moreover, from the expression for b¢ in (9.57), we note that it depends on
M and b°. Recall from (8.110) and (8.144) that the entries of b° are de-
fined in terms of the gradient vectors V«Ji (w*).

It follows that ¢ has bounded
norm and we conclude that

b° = O(jtmax) (9.59)

Using the just introduced transformed variables, we can rewrite (9.54) in the
form
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[ w; ] _ [ IQM—D1T1,@_1 —D5; i ] [ wi_, ] n [ 5; ] B [ 0 ]
i w; i b

w; D12 di—1 VAR D—zrz i—1 i—1 8i
(9.60)
or, in expanded form,
w; = (I —Diy,; )w; , — Dy, Wi 4 + 5 (9.61)
w; = (J' =Dy, Wi, — Dy, jw; | + & — bC(9.62)

Conditioning both sides on F;_1, computing the conditional second-order
moments, and using the conditions from Assumption 8.1 on the gradient noise

process we get
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E [||wfl® | Fio1] = |(Tar = Dy 1)wiy — D3y iawioa||* +E [||55]% | Fica |
(9.63)

and

K [||’&’ze||2|-7'-z—1] = (7' D221 Wiy — D-1I_2f.: ywi_y —b1* +
E [|15511| Fiz1 ] (9.64)
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Computing the expectations again we conclude that
E|wf|* =E|(laar — D1y )Wy — Dy i |* +E[55[1° (9.65)
and
E | ]> = E||(J." = Dayi_1)wi_; — Diy,;_ywi_y — 0| +E||55] (9.66)

Continuing with the first variance (9.65), we can appeal to Jensen’s inequality
(F.26) from the appendix and apply it to the function f(z) = ||=[|* to bound
the variance as follows:



Proof
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E ||w§||”
= E H (1 —1) 1—(I2M Dllz—l)wz 1_t1D21% Wiy 2‘|'IE:||§;'3||2
< (1-?tE HE(IQM_D-lrl,i—I)wg—l 2+tE H?D;1,i—1@f—1 2‘|‘IE:||5$||2

1 T 21— |2 1 T 2ive 2 _ep2
< 7 [llov = Dy P lof|°] + 2B [[1D5 il lwf- 1] + Ellsf]

(1 - Jllﬂmax)2 — e 2 02 I’LIQIIaX . e 2 —e|2
11 E|lwi—1||" + ”TEllwi_lll + E||si]] (9.67)

IA

for any arbitrary positive number ¢ € (0, 1). We select

T = 011 max (968)



9 [ Lecture #17: Stability of Multi-Agent Networks EE210B: Inference over Networks (A. H. Sayed)

Then, the last inequality can be written as

2
— 2 — e 2 91 4 ve 92 —e2
@2 < (1— o1y )E @2 + (—M)Enwi_ln + E|J5|

011
(9.69)

We now repeat a similar argument for the second variance relation (9.66).
Thus, using Jensen’s inequality again we have
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E|lws||* = (9.70)

v € v € _e ve 2 e
- E H\ye—rw'i—l - [D;_Q,i—lwi—l _|_ DIQ,i_lw,i_l —|— b ] ‘ —|— E ||S?, ||2
1 v | » L
= Ek HtfjeT'wi—l — (1 - t)m [D;_Q,i—lwi—l + DIQ,@'_l’w?:—l + b ]

2

ve 2
+E|[8]

< %E HJGT’&J?—lHQ =+ ﬁE |‘D-QI-2,'£—111J§—1 =+ D-|1_2,z'—1'w§—1 +b° ; +E ||¢§f||2

for any arbitrary positive number ¢ € (0,1). Now note that
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T~ o v e * T\* 7T ,y.€
|7, = (i) ()" Il
~ € * * T ve
— (w—) (JeJ5)" Wiy
< p(JJ, sz 1H (9.71)

where we called upon the Rayleigh-Ritz characterization of the eigenvalues of
Hermitian matrices [104, 113], namely,

)\mm( )”37”2 < 2"°Cr < )‘m%X( )H33||2 (9-72)
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for any Hermitian matrix C'. Applyingrthis result to the Hermitian and non-
negative definite matrix C' = (7.7*) ", and noting that p(C) = p(CT), we
obtain (9.71). From definition (9.52) for J. we further get

p(JT5) = pl(Je ®lan)(JE @ o))
= pl(JeJI @ Ianr))
= p(JJ) (9.73)

The matrix .J. is block diagonal and consists of Jordan blocks. Assume initially
that it consists of a single .Jordan block, say, of size 4 x 4, for illustration
purposes. Then, we can write:



Proof

A A* €
T € A A* €
e e A A* €
€ A A*
|\|? €A
B eX* A2+ €2 €A (9.74)
- EA* (A]? + €2 €A '
EN* A2 + €
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Using the property that the spectral radius of a matrix is bounded by any of
its norms, and using the 1—norm (maximum absolute column sum), we get
for the above example

= AP+ e\ el

= (|\ +e)? (9.75)

If J. consists of multiple Jordan blocks, say, L of them with eigenvalue Ay
each, then

p(JeJE) < max (A +€)? = (p(Je) +€)? (9.76)

1<¢<L



Proof
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where p(.J.) does not depend on € and is equal to the second largest eigenvalue
in magnitude in .J, which we know is strictly less than one in magnitude.
Substituting this conclusion into (9.70) gives

E|lw;|* < —(p( )+ €)?E |[wi_y||”

+1E‘1||§§°‘H2
(9.77)

T HDQQz Wi+ Dy, Wi |+ b

Since we know that p(J.) € (0, 1), then we can select e small enough to ensure
p(Je) + € € (0,1). We then select

t=p(J.) +e (9.78)
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and rewrite (9.77) as
~ v e 2 Y e
Ellwi|* < (p(Je) + ) [[wi_||” + E[57]°

1 2
IEHD W+ DLy, w4 b
<l—p(J) ) 22,1—1 1 12,2—1 1

(9.79)

We can bound the last term on the right-hand side of the above expression
as follows:
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2
E HD22 i— 1’w -1 _|_ D12 Z_lw -1 _|_ be — (980)
1
1 — e 2 1 jel2
< §E ‘?’Dzz@ H + E H?’sz 1"1%'—1‘ + §||35 |
2 v
< 3E ‘DQQZ V§—1H + 3E Hsz 1’&’?—1H + 3[]6°||?
v € — € 2 VG
< 3022 B |l ||+ 3022 B @i ||+ 3]|5)
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Substituting into (9.79) we obtain

v e|l2 30_%2“%&){ v.c 2
E ;| < (p(Je>+e+ _p(Je)_E)EHwi_lH

( ?’Ulzﬂmq,x )Esz‘—le
( ) 52 + E 3¢ (0.81)
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We now bound the noise terms, E||s$]|? in (9.69) and E||37||* in (9.81). For
that purpose, we first note that

2

—e|2 el 2 éf
Bl + s = E|| % |

E ||[VIAT Ms: |
VIAT|[® M2 E | 512
0T o E || 85 ]| (9.82)

IA A
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where the positive constant vq is independent of .« and is equal to the
following norm

o = |[VIAT| (9.83)

On the other hand, using (8.113)—(8.114), we have

N N
Elsi|? = Y Elsil? = Q(ZE%H?) (0.54)
k=1 k=1
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in terms of the variances of the individual gradient noise processes, E||sy ;||%,
and where we used the fact that

I8k ll* = 2llsk.ll° (9.85)

Now, for each term sy ; we have



Proof
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o (B:118) 2 72\ (1 % 2 2
Elsg. < (Br/h)E @y ;1|7 + o5y
2
= (Bi/W)E a1ox Wei1|| + 05y
(eENL
(F.26) - 5
< (Bp/h?) Z a1, E |wei—1|” + o2,
(eN

N
~ 2
< (BR/hH)D E|lwei|” + o2
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—  (B2/2h%)E Hi‘ai_lﬂz + 02,

= (87 /21*)E H VT w,_ 1H + Ug,k

IA

(8R/20%) || (v2? TH E VT, + o
(9.55)

=" (Bi/2h?)v3 [E|wi_|? + Ellwi_[*] + o3
(9.86)
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where h = 2 for complex data, while the positive constant vo is independent
of fimax and denotes the norm

v &7 (9.87)

In this way, we can bound the term E||s¢||? as follows:

N
Elsf|I* = Q(ZEHS&,@IIQ)
k=1

< v [Ellwi_|* + Ellwi_[I*] + o} (9.88)

where we introduced the scalars:
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N

2 A 2712

By = Eﬁk/h (9.89)
k=1
N

2 A 2

ol = E 207, (9.90)
k=1

Substituting into (9.82) we get

E(I8]1° + EI81° < viv3Bismax BN + Ellwi_ [I°] + vf a0

S

(9.91)
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Using this bound in (9.69) and (9.81) we find that

Ellwi[? < (1= 0uftmax + 070381 1max) Ellwi_ [[* +

2
(021Nmax
011

R ) BN+ 030’

(9.92)

and
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ElwS||* < |(p(J.)+e+ 3795 o + vivi B IEH'w H
1 — € 1_p(Je)_€ 1%2MdMFmax i—1

3079 max e 2
(e 2z, VE |

3 y
(1 L p(Je) L 6) ” ” + U1 Fmax O s ( )

We introduce the scalar coefficients



Proof

_m
a = 1—=011pmax + UIUQBdeax = 1 — O(ftmax) (9.94)
U Hmax
b = 21— /8d/“Lmax O(Mmax) (995)
011
30—%2/‘1’12‘11&)( 2
c = 1 — p(Je) L + fUlfUQBdlumax — O(umax) (996)
302 u?
d = Je 22 max
P( )+6+ l_p(']e) B +U1U2f8dﬂmax
= p(Je) + e+ O (i) (9.97)
¢ = Ulfima0s = O (9.98)

3 jen2 __ 2
o= (i ) I = 0t (9.90)
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since ||b¢]| = O(jtmax). Using these parameters, we can combine (9.92) and
(9.93) into a single compact inequality recursion as follows:

Enw@n?] [ b”lﬁlllw-_1||2] [ ‘ ]
wi” | 0; + 9.100
[Enwin? ¢ d || EJw|? e+ f (9.100)
N——
T

in terms of the 2 x 2 coefficient matrix I' indicated above and whose entries
are of the form

_ 1 — O(Iumax) O(,umax)
L [ O (Hnax) P(Je)—|—€—|—O(M?naX)] (9.101)
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Now, we invoke again the property that the spectral radius of a matrix is
upper bounded by any of its norms, and use the 1—norm (maximum absolute
column sum), to conclude that

p(I') < max {1 — O(ptmax) + O(piax)s P(Je) + € + O(pimax) + O(p’?nax)}
(9.102)
Since p(J¢) < 11is independent of iy, and since € and iy are small positive
numbers that can be chosen arbitrarily small and independently of each other,
it is clear that the right-hand side of the above expression can be made strictly
smaller than one for sufficiently small € and ji,,. In that case, p(T') < 1 so

that I' is stable. Morcover, it holds that
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1—a —b 171
—c 1 —d

- (1—a)(11—d>—bc[1;d 13&]

_ [O(l/umax) 0(1)]
O(pimax)  O(1)

If we now iterate (9.100), and since I' is stable, we conclude that

(I, —T)~*

(9.103)
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- E ||wg]” ] 1 [ e ]
lim su L < (I, —T
Hoop[ E [l | S
— O(l//umax) O(l) ] [ O(Mgnax) ]
L O(pma){) O(l) O(p’ma){)
_ _ O(ftmax)
= | oG ] (9104
from which we conclude that
lim SUp B |@¢ 2 = Ojtmay),  TmnsupE @2 = 0(u2,)  (9.105)

21— 00 11— 00
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and, therefore,

[ w ]|
limsupE||wf||* = limsup E ‘ (v [ L0
1— 00 i—00 w; |
< limsup o3 [Eflw;|* + E|w{|”]

11— 00

— O(Nmax) (9'106)

which leads to the desired result (9.11).
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We remark that the type of derivation used in the above proof, which
starts from a stochastic recursion of the form (9.60) and transforms
it into a deterministic recursion of the form (9.100), with the sizes of
the parameters specified in terms of fimax and with a I' matrix of the
form (9.101), will be a recurring technique in our presentation. For
example, we will encounter a similar derivation in two more locations
in the current chapter while establishing Theorems 9.2 and 9.6 further
ahead — see expressions (9.153) and (9.301); these theorems deal with
the stability of the fourth and first-order moments of the error vector.
We will also encounter a similar derivation in the next chapter — see

expressions (10.48), (10.77), and (10.89).
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In the next chapter we will derive a long-term model to approximate the
behavior of the network in the long term, as ¢ — oc, and for sufficiently
small step-sizes. The long-term model will be more tractable for perfor-
mance analysis in the steady-state regime. At that point, we will argue
that performance results that are derived from analyzing the long-term
model provide accurate expressions for the performance results of the
original network model to first-order in the step-size parameters. This is
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a reassuring conclusion that will lead to useful closed-form performance
expressions. These results will be established under the condition that
the fourth-order moment of the error vector, E ||wy.;||*, is asymptot-
ically stable. We therefore establish this fact here and call upon it
later in the analysis. To do so, we will rely on condition (8.121) on the
fourth-order moments of the individual gradient noise processes.
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Theorem 9.2 (Fourth-order moment stability). Consider a network of N inter-
acting agents running the distributed strategy (8.46) with a primitive matrix
P = A{A,A5. Assume the ageregate cost (9.10) and the individual costs,
Ji (w), satisfy the conditions in Assumption 6.1. Assume further that the first
and fourth-order moments of the gradient noise process satisfy the conditions
of Assumption 8.1 with the second-order moment condition (8.115) replaced
by the fourth-order moment condition (8.121). Then, the fourth-order mo-

ments of the network error vectors are stable for sufficiently small step-sizes,
namely, it holds that

limsup El|w,;||* = O(i.,), k=12,....N (9.107)

71— 00
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Following similar arguments to the second-order case, it can be verified that:

_ )
[ EllﬁﬁgHj ] - [ a b ] [EH’wz 1\\;‘ ]+[ a ] E |ﬁ’2’;—1”z ]+[ e ]
Ellwi||* | = [ ¢ d ]| Efjw;_] ¢ d || Ellw; 4" ] | f
. [ Ofipax)  Oax) | [ O(pimax) ] [ O (Himax)
- O(tmax)  Otimax) | L O(iha) O(iha)
\
where
r — 1 — O(pimax) O(fimax) ], (I-T) ! = O(1/pmax)  O(1) ]
O(/“ernax) p(Je) + e+ O(/J?nax) O(ptmax) — O(1)
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. Efws|* ] [ O(1/tmax)  O(1) ] ([ O(Hnax) ] [ O(ftna) D
].].mSU. vé j max _I_ max
impllﬁlllwil‘l | O(pmax)  O(1) O(fmax) O(Hmax)

- [ o



Sketch of Proof

125 [ Lecture #17: Stability of Multi-Agent Networks EE210B: Inference over Networks (A. H. Sayed)

e 1112\ 2
limsup K (H(VE_I)T [ gé ] )

limsup E ||w$||*

1—> 00 i—>00
< [ty (s & (e - st )
11— 00
< limsup 205 (IE:'«||’U_U7,8||4 + EH'&’5”4)
1— 00

which leads to the desired result (9.107).
O
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Proof. We again establish the result for the general case of complex data and,
therefore, h = 2 throughout this derivation. We recall relations (9.61)—(9.62),

namely,
w; = (L —D1T1,z'—1)’lbf—1 — Dg1,z—11b§—1 + 8 (9.108)
w; = (¥7€T_D:‘ZI_2,?J—1)11)§—1 — DIzgz'—1’lb§—1 + 87 — b (9.109)

Now note that, for any (deterministic or random) column vectors a and b, it
holds that

la+b|* = |a|*+|b]* +2||al® bl +
4Re(a*d) [||lall® + ||b|* + Re(a*b)]  (9.110)
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so that using the vector inequalities

Re(a™d)]” < |ab]* < [lal* 6] (9.111)
and
2Re(a’d) < [lall* +[|b]f* (9.112)
we get
la+b]* < [lal* +3]blI" +8lla][|b]]* + 4]al* Re(a*d) (9.113)

Applying this inequality to (9.108) with the identifications
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a < (IQM'_ID-lrl:i—l)@?—l_D-er,i—libf—l (9.114)
b + s} (9.115)
we obtain
_ T _
H’we”4 < |(L2nm — Dllz Wi — Dle LW H4 3||3§3||4 +
— 2 1=€ 2
8| ({201 — Dllz Wi — D2lz ywi |17 IsEIlF +
T _
4||(I2M—D11,@—1) w;_y Dle Wi 1||2Re(a,*sf)

(9.116)
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Conditioning on F,;_1 and computing the expectations of both sides, we will
find that the expectation of the last term on the right-hand side of the above

expression is zero due to the assumed properties on the gradient noise process.
Taking expectations again we then conclude that

Ell@fll* < El(aar — DYy _y)Wis, - DIy yiiy|1* + 3(E[55)*) +
8(E||<12M—D11,¢_1>m ~ D, i) (EIs5]1%)
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1 4
2)

= K

1 —.C
‘(1—t)m(12wf—DI1,@—1)w i D21'z, (Wi ||+

3(EsC1) + 8 (B]5]7) x

&

1 — €
(1_t)ﬁ(12ﬂff_D-1rl,i—l)w —t= D212, Wy

(1_0- p’ma){)él — O- /“Lmax —e
_ 1 — m%x — max
s (e st1P) ?i‘; B g, |+ e )

(9.117)
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for any arbitrary positive number ¢ € (0, 1). Similarly, using the identifications
a « (J' D22z )W Dl?z g — b (9.118)

b + & (9.119)

for relation (9.109), we can establish the inequality



Proof
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4
v T v T _ N v
lwf I < (I = Do )wiy — Dl _ywi, — ||+ 3lIs5)* +
T T je 2 vel 2
8H(~7e — Dy, )w; Dm jw;_q —b |8:]1° +
4||a|*Re(a*d) (9.120)

from which we conclude that, again for any positive scalar ¢t € (0, 1):
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v € 4
E [l |

o4
< K H(J D22@ Wiy — D12z iy — b +3E|&5]* +

o2
S(EH:‘;@BHQ) (E H(J D22z Pw;_q — D12¢ yw; y — b° )

4

)

1 5 1
< E Ht;JeT'w (1—75)1 {sz W 1+D12z LW 1"‘56]

S(Eué?nﬂ + 8 (E[5%) x

1 v e — € je
(E Ht VART - (1 _t)ﬁ [DEQ,?:—1’LU1'—1 + D-{Q,i—lwi—l + b ]
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1 v e
< S IZ* E [fwi |
1
(1—1)
3(E5]*) + 8(B[s5]°) x

1 v € 1 v e — e
(;”jean los_1 " + EE HD-IQ_Q,?Z—lwi—l + D-|1_2,i—1'wi—

4

EHDzzz W _ 1+D121 Wy 1‘|‘be +
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< WUIT g a1
Rt |+ ST g, |2+
s (el + s (B ) B +
8(30§2ﬁ%a){1€ B H 3012#n§aXE = 1H2 n 3”56”2) E |52

(9.121)
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where in the last inequality we used the result

1 4

1 1
la+b+c|* = Hg?)a, — §3b — §3c3

1 1 1
< —|13a|* + =|I136]|* + =|3¢||*
< glBall™ + S l130[1" + 3¢
= 27||a||* + 27||b||* + 27]|c||* (9.122)
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We now bound the fourth-order noise terms that appear in expressions (9.121)
and (9.121) for E||w$||* and E ||w¢]|*, namely, E ||3¢]|* and E |35 ||*. Thus, note

that
Ells;||* + B85 < E(Is)1® + [15511%)

e 112\ 2

_ S;

- = (|[#]])

— E VAT Ms|[”
4 e

< VAT IMITE| s

i fUl/“LmaxEHSeHél (9123)



13 [ Lecture #17: Stability of Multi-Agent Networks EE210B: Inference over Networks (A. H. Sayed)

On the other hand, using Jensen’s inequality (F.26) and applying it to the

convex function f(x) = x?.

Ells¢f = E(]s¢]?)?
N 2
—  4FE (Znsmn?)
k=1
R (ANl 4 NP+ Nl
= N S1.i N 824 R N SN
< B (VllsiallP)? + (Vllsal®)? + .+ (Vllsnal)?)

N
= AN E|spil* (9.124)
k=1



0y

/ \
k-
4 FRAD

Proof <
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in terms of the fourth-order moments of the individual gradient noise pro-
cesses, [E ||si.;||*. Likewise, we have

IA

2
~ 2 ~ 2 ~ 2
(@13t + i |* + - + i)

N

~ 4
D llwel
r=1

| . 2\
- (3l
1, . 4
= 7@y (9.125)
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Therefore, for each term s ; in (9.124) we can write

g B122) 4 A\ 4 1
E|lskll < (Bir/ M )E[ @ i1 |l + o5y
4

—~—

a1,k W i—1

(52,k/h4)E + 021471:

(F.26) _
< (Bix/hY) Z ar,oc E ||@e i1 ||* + Tk
LeN
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N
. 4
< (Bi,k/h4)ZE lwei—1ll™ + ogu
(=1

e 4
< (531@/4}14 E |w-_1H + J;lzlk

1
= (54 /ARHE H VT i 1H + 034,1@
< (B4,k/4h4) H(V_

= 281, /40) vy [Ell@i_ I + Ellwi_,|*] + ok,
(9.126)

TH E ||V w; 1” + o,



0y

/ \
k-
4 FRAD
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where in step (a) we used (9.55) to conclude that

Mra - (

(9.127)

A

2
_I_
Do

In this way, we can bound the term E||s¢||* as follows:

E|sf|* < 3B [E||@z'—1”4 + E\|@f—1‘|4} + oy (9.128)
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where we introduced the scalars:

N
A
534 = 2N Zﬁi,k/h4 (9.129)
k=1
N
oy = AN (Y ok, (9.130)

e
|
—
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Substituting into (9.123) we get
Elsf]* + EI871* < vivoBausima [Elwio|* +Ellwi_[I*] +
vilpfnaxo-il (9131)

Returning to (9.117), selecting ¢t = 011 fimax, and using the bounds (9.91) and
(9.131), we then find that
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_e4 e 14 U%lﬂmax . e 4
Ellwi]® < (1 —0o11pmad)Efwi_¢[]7 + J—3E |wi_4 ||

30b0d Bhupite (B |1+ EJ0f|14] + 3odpd oty +
S8 (1 orasims) (B || 7)” +
80303 33 2 (1 — o1 ana) (B @i, 7)) (B [Jwi, ) +
80212, (1 = 011 ) B [ [* +

2 2
8%11113)( Q/Bdlu“max (E sz IH ) +

2
8m 03 37 i (E Hﬁ’f—luz) (E Hwi_lW) *

a1
U%W
max
g 21/mmax 2
J11

Ellwi_, | (9.132)

Uy /u’max s
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Now, for any real random variables a and b it holds that

(Ea)* <Ea” (9.133)
and
2(Ea®) - (Eb°) < Ea' + Eb’ (9.134)
This latter property can be established as follows. Using (Ea? — Eb2)2 > 0,
we get
2 (Ea?) - (Eb?) < (Ea?)’ + (Eb?)
< Ea* + Eb’ (9.135)
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These properties enable us to write

2 (B Jlai, *) (B wisl”) < B fwi]" + B flwi_,]" (9.136)
e 12)2 e 14

(B |lwi,[*) < Elwp, (9.137)
2 2 e d

(E e 1”) < E|wc, (9.138)

so that

— — v e 4 — e v e
Elwi[* < aBEllwi_|*+bE |[wi_,| + ' Ellwi_[|* + b E|li;_,||* +e
(9.139)



0y

/ \
/
4 FRAD

Proof W
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where the constant parameters {a,b,da’, V', e} have the following form

a = 1— 011 fmax + O(Hiay) (9.140)
b = O(tmax) (9.141)
' = O(fipax) (9.142)
' = Olfmax) (9.143)
e = Ofima) (9.144)

In a similar manner, using (9.121) and selecting

t=p(J)+e<1 (9.145)
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Elw;l|' < (p(Jo) + ) Ellawi_[|* +

(1 —p(Je) —¢€)?

3’0%?)365%4,&?11&){ [EHI&JG H4 + E ”’&):?—1”4] + 37)%#?11&){034

8(p(Je) + €) v priax OB [lwi_ [|* + 27[]6°[1* +

4(10(‘] ) + 6) Uvaﬁdlum%x [E”wz 1”4 + 3E||wl 1” } +
24“111&){?)10-3
1—p(Je) —¢
12#?11&)(?}1@%/8(1!
L—p(Je) —e
[(035 + 30T Bl wi_||* + (075 + 305, E [Jwi_ |I*] +
24[16° [P0} 03 Bt [E lwf_y|I” + E b5 |I*] +

24||b€||2?)1,[1,ma){0§ (9146)

o Elwi_, ||t + Uile”"-_U?_ﬂH +

[JSQE lwi_y % + U%QE”'&JE—IHQ} +
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so that

- e4 — e 4 e |4 —e 12 e |2
E|wi]|* < cE|wi_||* +dE [Jwi_||" + ¢ Elwi_[|* + d"E [lwi_[|* + f
(9.147)
where the constant parameters {c,d, ¢, d’, f} have the following form

¢ o= O(idy) (9.148)
d = p(Jo)+ e+ O0(kpax) (9.149)
¢ = Oty (9.150)
d = O(ima) (9.151)

( )

f= O(kmax)
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In other words, we can write

(RIS EATEENal

E [J; d || E|ws_,|* ¢ d || E |wz 27 f
é T [ gE#%axi g%ugnaxg ] gE}uma)% 1 [ gg,uilnax; 1
\ iumax -umax _ L fumax ) -urnax'/

in terms of the 2 x 2 coefficient matrix I' indicated above and whose entries
are of the form

1— O(Mmax) O(lumax)

b= O(pa)  plJ) + e+ 02 ) ]’ (

—1 O(l/ max) O(l)
Tyt | G 0(1)](9.154)
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We again find that I' is a stable matrix for sufficiently small . and e.
Moreover, using (9.105) we have

| @ V[ El@s|? O(l,..)
| — Hax 9.155
1?5.?[ O d ”Enm Nk O(ut) (9-155)

In this case, we can iterate (9.153) and use (9.103) to conclude that

limsup B [@S]|* = 0(2,,),  lmsupE [l |* = O(ud)  (9.156)

1— 00 71— 00

and, therefore,
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e 1112\ 2
limsup K (H(VE_I)T [ gé ] )

limsup E ||w$||*

1—> 00 i—>00
< [ty (s & (e - st )
11— 00
< limsup 205 (IE:'«||’U_U7,8||4 + EH'&’5”4)
1— 00

which leads to the desired result (9.107).
O
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