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In this chapter we initiate our examination of the behavior and perfor-
mance of multi-agent networks for adaptation, learning, and optimiza-
tion. We divide the analysis in several consecutive lectures in order to
emphasize in each lecture some relevant aspects that are unique to the
networked solution. As the presentation will reveal, the study of the be-
havior of networked agents is more challenging than in the single-agent
and centralized modes of operation due to at least two factors: (a) the
coupling among interacting agents and (b) the fact that the networks
are generally sparsely connected.



Setting

4+ [ Lecture #16: Evolution of Multi-Agent Networks EE210B: Inference over Networks (A. H. Sayed)

When all is said and done, the results
will help clarify the effect of network topology on performance and will
present tools that enable the designer to compare various strategies
against each other and against the centralized solution.
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We pursue the performance analysis of networked solutions by
examining how the error vectors across all agents evolve over time
by means of a state recursion. We shall arrive at the network state
evolution by collecting the error vectors from across all agents into
a single vector and by studying how the first, second, and fourth-
order moments of this vector evolves over time. We shall carry out
the analysis in a wunified manner for both classes of consensus and
diffusion algorithms by following the energy conservation arguments
of [70, 71, 205, 206, 208, 277, 278§|.
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Example 8.1 (Error dynamics over MSE networks). We consider the MSE net-
work of Example 6.3, where each agent k observes realizations of zero-mean
wide-sense jointly stationary data {dy(i), ur;}. The regression process uy ;
is 1 x M and its covariance matrix is denoted by R, = Eu; u,,; > 0.
The measured data are assumed to be related to each other via the linear
regression model:

dk(’&) = ’U,k;g’wo + ’U;{(i)j k=1,2,....N (8.1)
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where w® € CM is the unknown M x 1 column vector that the agents wish
to estimate. Moreover, the process v (7) is a zero-mean wide-sense stationary
noise process with power 055 . and assumed to be independent of wy ; for all
i,7, k, and ¢. We associate with each agent the mean-square-error (quadratic)
cost

Jp(w) = Eldi (i) — up ;wl]? (8.2)

We explained in Example 6.1 that this case corresponds to a situation where
all individual costs, Ji(w), have the same minimizer, which occurs at the
location

wp, = w’ = R;i'rdu,k (8.3)
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Moreover, the Hessian matrix of each Jy(w) is block diagonal and given by

Rur O
V2 I (w) = [ 0 Rl,k] (8.4)

We shall comment on the significance of this block diagonal structure after
the example when we explain how to handle situations involving more general
cost functions with Hessian matrices that are not necessarily block diagonal
(or even independent of w, as is the case with (8.4)).
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Table 8.1: Update equations for non-cooperative, diffusion, and consensus
strategies over MSE networks.

algorithm update equations

non-cooperative | wy; = W1+ prpg ;[di () — wp i wp 1]

'Qbk.,i—l = Zaﬂc’ww—1

CONSENSUS (EN,
Wri = Yrao1 + ety de(i) — Uk iwpio1]

Voot = D Gk Weioy

CTA diffusion LEN
Wi = Ppio1 tprug[di(i) — e iy ]
Vi = Wrio+ ppwg[de(i) — wgwe 1]
ATC diffusion wy; = Z ame Py,

LeNL
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We capture the various strategies by a single unifying description by con-
sidering the following general algorithmic structure in terms of three sets of
combination coefficients denoted by {a, ¢k, a1 ok, a2.01 }:

( Pri1 = Z 1 0kWei—1
LEN,
} Y = D touk bpamy + g [di(i) — wr iy i) (8.5)
LeEN
wy; = Z az ckPy
\ EENk
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In (8.5), the quantities {¢,. ; |,%, ;} denote M x 1 intermediate variables,
while the nonnegative entries of the N X /N matrices:

A A A

Ao = laoer], A1 = larm], A = a2k (8.6)
are assumed to satisfy the same conditions (7.10) and, hence, the ma-
trices {A,, A1, Ao} are left-stochastic. Any of the combination weights

{ao.ek, a1 ok, a2k} is zero whenever ¢ ¢ Nj, where N denotes the set of
neighbors of agent k. Different choices for {A,, A1, Ao} correspond to differ-
ent strategies, as the following list reveals and where we are introducing the
matrix product P = A; A, As:



Example #8.1

12|
non-cooperative: A=A, =4, = Iy — P=1Iy (8.7)
CONSensus: A, =A, Ai=Iy=4 — P=A4 (8.8)
CTA diffusion: At = A, Ay=Iyn=4A4, — P=A (8.9)
ATC diffusion: A=A, Ai=Iy=4, — P=A (8.10)
We associate with each agent £ the following three errors:
W, = w’—w, (8.11)
wk;z = w — %bk,@' (8-12)
Cbk,é—l = w — Cbk,z’—l (8-13)
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which measure the deviations from the desired solution w®. Subtracting w®
from both sides of the equations in (8.5) and using (8.1) we get

¢ .
¢k,@—1 — Z ay o Wy i—1
_ LeN B B
4 Y. = Z ook D iy — HEWy W i Dy i1 — kW, V(1) (8.14)
reN, _
’l’IJk;,?; = Z as ¢k "pf’i
\ EENk
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In a manner similar to (3.126), the gradient noise process at each agent k is
given by

Ski(@Ppio1) = (Ru,fe —u?;zum) Gric1 — U Vk(i) (8.15)

In order to examine the evolution of the error dynamics across the entire
network, we collect the error vectors from all agents into N x 1 block error
vectors (whose individual entries are of size M x 1 each):

i w1 | 7391@ ?1,1'—1
(D ~ (LD ~ Oy i
~ A ) A 2.1 A 2,1—1
w; — . ; 17b1 — . ; ¢i—1 — . (8-16)
i WN i | | ’lvbN,i | i CbN,z'—l |
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The block quantities {1,’5@ (A;Si_l; w; } represent the state of the errors across
the network at time 2. Motivated by the last term in the second equation in

(8.14), and by the gradient noise terms (8.15), we also introduce the following
N x 1 column vectors whose entries are of size M x 1 each:

31,@'(@51,2:—1)
32,@'(6352,@—1)

,U’Tz’vl(?’)
U’;zv2(?’)

1>
1>

(8.17)

i ’Uf}kv,z’UN(i) i | SN:i(an,z'—l) il
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We further introduce the Kronecker products

A, é AO®IMT; A4 é Al@[]\/[; Ao é As @ Iz (8.18)

The matrix A, is an N x N block matrix whose (£, k)—th block is equal
to a, erlns. Likewise, for Ay and As. In other words, the Kronecker product
transformations defined by (8.18) simply replace the matrices {A4,, A1, A2} by
block matrices {A,, A1, A2} where each entry {a, ¢k, a1 ¢r, a2 ¢ } in the origi-
nal matrices is replaced by the diagonal matrices {ao o1 Iar, a1 ek Inr, as.erIns}.
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We also introduce the following N x N block diagonal matrices, whose
individual entries are of size M x M each:

M
R,

dlag{ ,UJler; /JQI}VI} c e ){LNIM } (819)

-1

diag { wi ;w14 U3 U2y -0y UN UN (8.20)

From (8.14), we can easily conclude that the block network variables (8.16)
satisfy the relations:

?1—1 — AI{IJi—l _

Y, = [A - MR ¢ — Mz (8.21)
w; — A-zr@bz
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so that the network weight error vector, w;, ends up evolving according to
the following stochastic state-space recursion:

w; = Al (AI -~ MR,) Alw,_1 — A Mz;, i >0 (distributed) (8.22)

For comparison purposes, if each agent operates individually and uses the non-
cooperative strategy (3.13), then the weight error vector across all N agents
would instead evolve according to the following recursion:

w, = Iyn —MR;,)w,_1 — Mz;, i >0 (non-cooperative) (8.23)

where the matrices {A,, .41, A2} do not appear any longer, and with a block
diagonal coefficient matrix (Iy;ny — MR;).
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For later reference, it is straightforward to verify from (8.15) that

—~

8; = (R—Ri)o;_1 — zi (8.24)

so that recursion (8.22) can be equivalently rewritten in the following form in
terms of the gradient noise vector, s;, defined by (8.17):

o~

w; = Bw,_y + AyMs, (8.25)

where we introduced the constant matrices

a

Aj (A} — MR) Al (8.26)

2 ER; = diag{Ru1, Russ ... Run} (8.27)
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Example 8.2 (Mean error behavior). We continue with the formulation of Ex-
ample 8.1. In mean-square-error analysis, we are interested in examining how
the mean and variance of the weight-error vector evolve over time, namely,
the quantities Ew, and E||w;||?. If we refer back to the MSE data model de-
scribed in Example 6.3, where the regression data {uy ;} were assumed to be
temporally white and independent over space, then the stochastic matrix R;
appearing in (8.22)-(8.23) becomes statistically independent of w;_;. There-
fore, taking expectations of both sides of these recursions, and invoking the
fact that wy,; and vy (i) are also independent of each other and have zero
means (so that Ez; = 0), we conclude that the mean-error vectors evolve
according to the following recursions [207]:
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Ew, = B (Ew; 1) (distributed) (8.28)
Ew, = (Iyn—-—MR) (Ew;—1) (non-cooperative)  (8.29)

The matrix B controls the dynamics of the mean weight-error vector for the
distributed strategies. Observe, in particular, from (8.7) (8.10) that B reduces
to the following forms for the various strategies (non-cooperative (3.13), con-
sensus (7.13), CTA diffusion (7.22), and ATC diffusion (7.23)):
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Beons = A" — MR
Bate = A (Iyyn — MR)
Bcta — (IMN - MR) AT

where A = A® 1. O
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Example 8.3 (MSE networks with uniform agents). We continue with Exam-
ple 8.2 and show how the results simplify when all agents employ the same
step-size, i = p, and observe regression data with the same covariance ma-
trix, R, = R,. Note first that, in this case, we can express M and R from
(8.19) and (8.27) in Kronecker product form as follows:

M = pulny @ Iy, R=Iy® R, (8.34)
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so that expressions (8.30)-(8.33) reduce to

( Bncop — I]\_TI_® (IM - HR’UJ)
Bc:ons = A ®IM - )U/(IM ®Ru)
Y B ATe (hy— B (8.35)
| Beta = AT ® (In — pRy)
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For example, starting from (8.32) we have

Bate = A" (Inyyy — MR)
= (Ao L)' [(Ixn@Iy) — (pIn ® In)(Iy ® Ry)]
= (AeLy)" [(Uy®In) — p(Iy @ In)(Iy @ Ry)]
= (Aely)' [(Ux®Iy) — p(Iv ® R,)]
= (A" @ Iu) [In ® (In — pRy)]
= A" ® (In — iRy (8.36)
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where we used properties of the Kronecker product operation from Table F.1
in the appendix. Observe from (8.35) that B,i. = Beta, S0 We denote these
matrices by Bg;g whenever appropriate. Furthermore, using properties of the
eigenvalues of Kronecker products of matrices, it can be verified that the M N
eigenvalues of the above B matrices are given by the following expressions in

terms of the eigenvalues of the component matrices {4, R, } for k =1,2,... N
and m=1,2,..., M:

ABair) = M(A) [1 = pAn(Ry)] (8.37)
ABeons) = Mi(A) — pidm(Ry) (8.38)
ABucop) = 1 — pdm(Ry) (8.39)



Example #8.3 s
2 [ Lecture #16: Evolution of Multi-Agent Networks EE210B: Inference over Networks (A. H. Sayed)

The expressions for A(Bgig) and A(Byeop) follow directly from the properties
of Kronecker products — see Table F.1. The expression for A(B.ons) can be
justified as follows. Let x, and ,, denote right eigenvectors for AT and R,
corresponding to the eigenvalues \;(A) and A, (R, ), respectively. Then, we
again invoke properties of Kronecker products from Table F.1 in the appendix

to note that
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Beons(k @ ym) = [AT @I — p(ly @ Ry)] (@4 @ ym)
— (ATfEk Q@ Ym) — p(rr @ Ruym)
= (Me(D)zp @ ym) — ok @ A (Ry)ym)
= Me(A) @k @ Ym) — pAm(Ru)(Tr @ ym)
= (A(A) = pAn(By)) (@ @ Yim) (8.40)

so that xp @ 1, is an eigenvector for Beons with eigenvalue A (A) — pn, (Ry,),
as claimed.
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Example 8.4 (Potential mean instability of consensus networks). Consensus
strategies can become unstable when used for adaptation purposes [207, 248].
This undesirable effect is already reflected in expressions (8.37)-(8.39). In par-
ticular, observe that the eigenvalues of A appear multiplying (1 — uA,, (Ry))
in expression (8.37) for diffusion. As such, and since p(A) = 1 for any left-
stochastic matrix, we conclude for this case of uniform agents that

p(Baitt) = p(Bucop) (8.41)
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It follows that, regardless of the choice of the combination policy A, the dif-
fusion strategies will be stable in the mean (i.c., Ew; will converge asymp-
totically to zero) whenever the individual non-cooperative agents are stable
in the mean:

individual agents stable = diffusion networks stable (8.42)
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The same conclusion is not true for consensus networks; the individual agents
can be stable and yet the consensus network can become unstable. This is
because A\g(A) appears as an additive (rather than multiplicative) term in
(8.38) (see [214, 248] and also future Examples 10.1 and 10.2):

individual agents stable = consensus networks stable (8.43)
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A Bucop) = 1 —=2pAn(Ry)
AMBeons) = Ap(A) —2pAn(Ry)
ABaitr) = Ae(A) [1 = 2pAm (Fy)]

Potential instability in consensus networks:
4 )

[ individual agents stable — diffusion networks stable

individual agents stable = consensus networks stable

“
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The fact that the combination matrix AT appears in an additive form in (8.31)
is the result of the asymmetry that was mentioned earlier following (7.16)
in the update equation for the consensus strategy. In contrast, the update
equations for the diffusion strategies lead to AT appearing in a multiplicative

form in (8.32)—(8.33). A more detailed example with a supporting simulation
is discussed later in Example 10.2.



Example HA (2-Agent Network)

35 [ Lecture #16: Evolution of Multi-Agent Networks EE210B: Inference over Networks (A. H. Sayed)
_ 2 _ 2
Ru,,l = Oyl Iy, Ru,? = Ou,2 Iy

0 < pios, < paos , <2 (individual LMS agents: mean stable)

1l —a b
A[ a 1b]
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(1—a)(l—p0%,) a(l—pa0y )

u,l

I
b(1— 10 ,) (1—=10) (1 — pgoy ) ]® M

Batc

B (1—a)— plai ! a _
Bcons — - b (1 o b) o ,1525-12,’?2 03y Iﬂ’f

If a+b>2— 0., >0, then consensus becomes unstable.
In contrast, diffusion is always stable.
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N =2 agents, M =3, p1 =p2 =1 x 107°, pro?, = 0.5, a2, = 0.05
100 T ! T ! ! T
80_ T —
80 A o S T eonsensus (743) ]
o MO SRR PR P RRRERE .
/m ;
= :
& Gilecosemseecnreccesenafionsncsacoceadhansnnsssacaathonsannscasend RS R -
z :
- .
42 ;
S < e -
a : .
@« : :
= : :
I ] S foccccecoacaagoonssacacascsfpacoocacocases foececacoscosodoaceacacioes -
40 U N CTA diffusion (722).©............ 4
e S e e 3 S AEEL AEE =
: ATC diffusion (7.23] : ‘
| 1 | 0 1 |
10 20 30 - 50 60 70

i (iteration)
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Motivated by the discussion in the previous section on MSE networks,
we now examine the evolution of distributed networks for the mini-
mization of aggregate costs of the form

(8.44)
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where the individual costs, Ji(w), and the aggregate cost are assumed
to satisfy the conditions stated earlier in Assumption 6.1. We denote

the unique minimizer of J&'°P(w) by w?; it is the unique solution to the
algebraic equation:

N
Vi JEP (%) =0 <= Y Vi Jp(w’) =0 (8.45)
k=1



[ J ([
Complications -
s _J Lecture #16: Evolution of Multi-Agent Networks ___________________________EE210B: Inference over Networks (A. H. Sayed) _

In the general case when the .Ji(w) are not necessarily quadratic in
w, the Hessian matrices, V2 J,.(w), need not be block diagonal anymore,
as was the case with (8.4). Moreover, minimizers, wy. of the individ-
ual costs, Jp(w), need not agree with the global minimizer, w®. Two
complications arise as a result of these facts and they will need to be

addressed.
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First, because the Hessian matrices are not generally block
diagonal, it will turn out that the error quantities {wy, ;, &kﬂ-, &Sk’i_l},
which were introduced in Example 8.1 and used to arrive at the state-
space recursion (8.22), will not be sufficient anymore to fully capture
the dynamics of the network in the general case for compler data. Ex-
tended versions of these vectors will need to be introduced.
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Second, and
because the individual minimizers and the global minimizer are gen-
erally different, the distributed strategies will not converge to w® but
to another limit point, which we shall denote by w* and whose value
will be seen to be dependent on the network topology in an interesting
way. We will identify w* and explain under what conditions w* and w?
agree with each other.
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Table 8.2: Update equations for non-cooperative, diffusion, and consensus

strategies.
algorithm update equations
non-cooperative | wg; = Wgi—1 — pkVurJp (Wri—1)
"vbk,z'—l = Z Qe Wy i—1
consensus LeEN},
Wy 4 = Ypic1 — eV Jy (wpi-1)
Vi = Z ek Wei—1
CTA diffusion LEN,
Wi, = ’¢k,z‘-1 — Vo=, (wk,z‘—l)
Vi = Wi — Ve (we 1)
ATC diffusion Wi, = Z aek "7[’42,1
LeN
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In a manner similar to (8.5), we can again describe these strategies
by means of a single unifying description as follows:

4
Gbk,z'—l — Z aiek Wei—1
teNy, .
) wk,i = Z (o, 0k Qbé,i—l — e V= J (¢k,i—1) (8.46)
teNy
Wi, = Y s Yoy
L eEN




[ J [ [ J ([
Unified Description |
s ] Lecture #16: Evolution of Multi-Agent Networks ________________________ EE210B: Inference over Networks (A. H. Sayed) _

where {¢,; 1,%;;} denote M x 1 intermediate variables, while the
nonnegative entries of the N x N matrices A, = [aosk], A1 = [a1 k],
and As = |ag | satisfy the same conditions (7.10) and, hence, the
matrices {A,, A1, Ao} are left-stochastic

All1=1, Al1=1, Al1=1 (8.47)

We assume that each of these combination matrices defines an underly-
ing connected network topology so that none of their rows are identically
Zero.
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Unified Description

Again, different choices for {A,, A1, A>} correspond to different
distributed strategies, as indicated earlier by (8.7)—(8.10), and where
the left-stochastic matrix P represents the product:

P2 AA A (8.48)
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We assume that P is a primitive matrix. For example, this condition
is automatically guaranteed if the combination matrix A in the selec-
tions (8.8)—(8.10) is primitive, which in turn is guaranteed for strongly-
connected networks. It then follows from the Perron-Frobenius Theo-
rem [27, 113, 189] that we can characterize the eigen-structure of P in
the following manner — see Lemma F.4 in the appendix:
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(a) The matrix P has a single eigenvalue at one.

(b) All other eigenvalues of P are strictly inside the unit circle so
that p(P) = 1.

(¢c) With proper sign scaling, all entries of the right-eigenvector of P
corresponding to the single eigenvalue at one are positive. Let p
denote this right-eigenvector, with its entries {p,} normalized to
add up to one, i.e.,

Pp=p, 1'p=1, pp>0, k=1,2,....N (8.49)

We refer to p as the Perron eigenvector of P.
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Following [68-70], we next introduce the vector:

A
q = diag{p, p2, ..., N} A2p (8.50)

It is clear that all entries of ¢ are strictly positive since each pp > 0 and
the entries of Asp are all positive. The latter statement follows from
the fact that each entry of Asp is a linear combination of the positive

entries of p. Therefore, if we denote the individual entries of the vector
q by {qx}, then it holds that

g >0, k=1,2,....N (8.51)
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We also represent the step-sizes as scaled multiples of the same factor

[max, hamely,
e 2 T e, k=1,2.... N (8.52)

where 0 < 7, < 1. In this way, it becomes clear that all step-sizes
become smaller as jtmax is reduced in size.
We further introduce the weighted aggregate cost

N
JEP () 20N g (w) (8.53)
k=1
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Since all the Jip(w) are convex in w, then the strong convexity of
J&lob (1) guarantees the strong convexity of J&°"*(w). Indeed, note

that
N
Vo JEPT(w) = Y Vi Je(w)
=1
N
2 (min - (Z V,ﬁ,Jk(w))
k=1
(6.13)
> i 2L Ty > 0 (8.54)

- h
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E
where ¢uin is the smallest entry of ¢ and is strictly positive; moreover,
h = 1 for real data and h = 2 for complex data. It follows that J&°P*(w)

will have a unique global minimum, which we denote by w* and it
satisfies:

Vi JEP* (%) = 0 <= quv Jp(w*) =0 (8.55)
k=1

In general, the minimizers {w?, w*} of J&°P(w) and J&°P*(w), respec-
tively, are different. However, they will coincide in some important cases
such as:
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N N
lob/ o o
JEIob () Z o | VW TP w0) =0 = 3 Vi Jp(w?) = 0
— k=1

/
v,/ oy
Jelobx (4 qujk w) —s | Vi JEP*(w*) = 0 <= Y ¢V Jp(w*) =0
k=1

(is also strongly convex)
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(a) When the {q.} are equal to each other. This situation occurs,
for example, when p;r = p across all agents and the matri-
ces {Ay, A1, Ao} are doubly-stochastic (in which case the Perron
eigenvector is given by p = 1/N). A second situation is discussed
in Example 8.10.

(b) When the individual costs, Ji(w), are all minimized at the same
location, as was the case with the MSE networks of Example 8.1.



Limit Point
56 [ Lecture #16: Evolution of Multi-Agent Networks EE210B: Inference over Networks (A. H. Sayed)

The arguments in future chapters will establish that the location w*
serves as the limit point for the networked solution in the mean-square-
error sense. Specifically, if we now measure (or define) the errors relative
to w*, say, as:

- A
Wr, =

bl

w*—wkﬂ-, k= 1,2,...,N (856)
then we will be arguing later (see future expression (9.11)) that:

thUPEHﬂ’k,z‘”Q = O(Hmax) (8.57)

1—00
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*
Wki — W — Wk, k=1,2,...,N
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so that the size of the (variance of the) error is in the order of fimax
and can be made arbitrarily small for smaller step-sizes. In particular,
by calling upon Markov’s inequality and using an argument similar to
(4.53), we would be able to conclude that each wy ; approaches w*

asymptotically with high probability for sufficiently small step-sizes.
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Example 8.5 (Normalization of weights in aggregate cost). If desired, we may
normalize the positive weighting coefficients {q;} defined by (8.50) to have
their sum add up to one, say, by introducing instead the coefficients:

_ A
9k = Qk/ZQk (8.58)
and replacing (8.53) by the convex combination:

N
TEPH(w) 2N qdy(w) (8.59)

k=1
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Clearly, both aggregate functions, J5°"*(w) defined by (8.53) and J&°P* (w),
are scaled multiples of each other and, hence, their unique minimizers occur

at the same location w*. One advantage of working with the normalized ag-
gregate cost (8.59) is that when all individual costs happen to coincide, say,
Ji(w) = J(w), then expression (8.59) reduces to

JEOP* () = J(w) (8.60)

whereas J8°P*(w) will be a scaled multiple of .J(w).
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Since J&°P* (1) and J&°P* (1) have the same global minimizer w*, we will
continue to work with the un-normalized definition (8.53) for the remainder
of this chapter, and also in Chapters 9 and 10 where we examine the stability
of multi-agent networks and the convergence of their iterates towards w*. We
will find it more convenient to employ the normalized representation (8.59) in

Chapter 11 when we examine the excess-risk performance of these networks.
O
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Example 8.6 (Weighted aggregate cost for consensus and diffusion). The ex-
pression for ¢ simplifies for the particular choices of {A,, Ay, A2} shown in
(8.7)(8.10) for consensus and diffusion, which involve a single left-stochastic
and primitive combination matrix A. In all three cases we obtain P = A so
that the vector p is the Perron eigenvector that is associated with A:

Ap=p, 1T'p=1. p. >0 (8.61)
Moreover, expression (8.50) reduces to

w2 e >0, k=12, N (8.62)
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so that each ¢, is simply a scaled multiple of the corresponding p;. The
weighted aggregate cost (8.53) then becomes

N
oD, A
T (w) =03 e i (w) (8.63)
k=1

When A is doubly stochastic so that p, = 1/N, we obtain

N
JElobx () 2 “f;;" (ZTka(w)) (8.64)

k=1

where we used fip = Ti ftmax. It is seen that even the use of different step-sizes
across the agents is sufficient to steer the limit point away from w®?.
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As already explained in [67, 69], the unique vector w* that solves (8.55)
can be interpreted as corresponding to a Pareto optimal solution for

the collection of convex functions {Ji(w)}. To explain why this is the
case, let us first review briefly the concept of Pareto optimality.
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Recall that we are denoting by w7 the minimizers for the individual
costs, Ji(w). In general, the minimizers {w?, k = 1,2,..., N} are
distinct from each other. In order for cooperation among the agents
to be meaningful, we need to seek some solution vector w* that is
“optimal” in some sense for the entire network. One useful concept of
optimality is the one known as Pareto optimality (see, e.g., [45, 120,
272]). A solution w* is said to be Pareto optimal for all N agents if
there does not exist any other vector, w®, that dominates w*, i.e., that
satisfies the following two conditions:
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Jp(w®) < Jp(w*), forall ke {l,2,... N} (8.65)

Jpo(W®) < Jpo(w™), for at least one k° € {1,2,..., N} (8.66)

In other words, any other vector w® that improves one of the costs, say.
Jpo (w®) < Jpo(w*), will necessarily degrade the performance of some
other cost, i.e., J.(w®) > Ji.(w*) for some k # k°. In this way, solutions
w* that are Pareto optimal are such that no agent in the cooperative
network can have its performance improved by moving away from w”*
without degrading the performance of some other agent.
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w* is Pareto optimal if there does not

exist w® that dominates w*:

Jp(w®) < Jp(w”®), forall ke {l,2,...,N}

Jpo(w®) < Jpo(w™). for at least one k° € {1.2,..., N}
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= No agent in a cooperative network can have
its performance improved by moving away from
a Pareto solution without degrading the
performance of at least one other agent.
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Jo (w) Jo ('w)

N , / :
\ T (w) / Ty (w)

common minimizer

optimal tradeoff curve

Figure 8.1: Pareto optimal points for the case N = 2. In the figure on the left,
point S denotes the optimal point where both cost functions are minimized
simultaneously. In the figure on the right, all points that lie on the heavy
boundary curve are Pareto optimal solutions.
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To illustrate this concept, let us consider an example from [69]
corresponding to N = 2 agents with the argument w € R being real-
valued and scalar. Let the set

S 2 {Ji(w), o(w)} C R (8.67)

denote the achievable cost values over all feasible choices of w € R;
each point S € S belongs to the two-dimensional space R? and
represents values attained by the cost functions {.Ji(w), Jo(w)} for a
particular w. The shaded areas in Figure 8.1 represent the set S for
two situations of interest. The plot on the left represents the situation
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in which the two cost functions J;(w) and Jo(w) achieve their minima
at the same location, namely, w{ = w§. This location is indicated by
the point S, = {J1(w?); Jo(w?)} in the figure, where w® denotes the
common minimizer. In comparison, the plot on the right represents the
situation in which the two cost functions Ji(w) and J>(w) achieve their
minima at two distinct locations, w{ and w3. Point S; in the figure
indicates the location where Ji(w) attains its minimum value, while
point S5 indicates the location where Jo(w) attains its minimum value.
In this case, the two cost functions do not have a common minimizer.
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It is easy to verify that all points that lie on the heavy curve between
points S; and Sy are Pareto optimal solutions for {.J;(w), Jo(w)}. For
example, starting at some arbitrary point B on the curve, if we want
to reduce the value of Jy(w) without increasing the value of Js(w),
then we will need to move out of the achievable set § towards point
C', which is not feasible. The alternative choice to reducing the value
of Ji(w) is to move from B on the curve to another Pareto optimal
point, such as point D. This move, while feasible, it would increase the
value of Jo(w). In this way, we would need to trade the value of Js(w)
for Ji(w). For this reason, the curve from S; to 59 is called the opti-
mal tradeoff curve (or optimal tradeoft surface when N > 2) [45, p.183].
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As we see from the tradeoff curve in Figure 8.1, Pareto optimal
solutions are generally non-unique. One useful method to determine a
Pareto optimal solution is a scalarization technique, whereby an aggre-
gate cost function is first formed as the weighted sum of the component

convex cost functions as follows [45, 272]:

Jelob.T () 2 iwk Ty (w) (8.68)

compare with 2 75" (w) Zq;c Jip(w)
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where the {m;} are positive scalars. It is shown in [45, p.183] that the
unique minimizer, which we denote by w™, for the above aggregate
cost corresponds to a Pareto optimal solution for the collection of
convex costs {Jip(w), k = 1,2,...,N}. Moreover, by varying the
values of the {7}, we are able to determine different Pareto optimal
solutions from the tradeoff curve. If we now compare expression (8.68)
with the earlier aggregate cost (8.53), we conclude that the solution
w* can be interpreted as the Pareto optimal solution that corresponds
to selecting the parameters m. = qy,.
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Example 8.7 (Pareto optimal solutions for mean-square-error costs). We illus-
trate the concept of Pareto optimality for quadratic cost functions of the form:

Jp(w) = 05 — Pou W — W gy +w Ry pw, k=1,2...,N  (8.69)

where w € CM | R, > 0, and rgy r € CM. By setting V,, Jx(w) = 0, we find

)

that the minimizer of each Ji(w) occurs at the vector location

o

Wy, = R;i,?“du,k (8.70)
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Since the moments {74, %, Ry} can differ across the agents, these individ-
ual minimizers need not coincide. Pareto optimal solutions can be found by
minimizing the aggregate cost function (8.68) for any collection of weights
{mr > 0}. Setting the gradient vector of J8°P7(w) to zero we arrive at the
following expression for Pareto optimal solutions in this case:

N -1 /N
w™ = (Z WkRu,lc) (Z Tk ?‘du,k) (8.71)
k=1 k=1
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Using (8.70), the above Pareto optimal solution can be expressed as the com-
bination:
N
w™ =Y Bruy (8.72)
k=1
where
N —1
B, 2 (Z mRu,E) (7pRur). k=12.....N (8.73)
(=1

Observe that the matrix coefficients { B} satisfy:

N
By >0, > By=Iy (8.74)
k=1

so that expression (8.72) amounts to a convex combination calculation.
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Ji(w), Ja(w)

Ji(w) Jo(w)

O-------

O —
N

v

£
)

w§ w

«—>

range of Pareto

Figure 8.2: Two quadratic cost functions of a scalar real parameter w with
optimal solutions w?

minima at locations w = w{ and w = w§. As shown by (8.75), the set of

Pareto optimal solutions in this case consists of all parameters w within the
interval w € (w?, w9).
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Figure 8.2 illustrates this conclusion for the case of two cost functions
(N = 2) and a scalar parameter w € R. In this case, we denote the covariance

matrices {R, 1, R, 2} by the positive scalars {07 |,0% 5} so that expression
(8.72) becomes

2 2
™o 1 iwiel 9
w' = | w] + | w§ (8.75)
T10,1 —+ 20, 9 T10, 1 -+ 20, 9

Observe that the set of Pareto optimal solutions defined by (8.75) consists of
convex combinations of {w{, wg}.
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Example 8.8 (Pareto optimal solutions for MSE networks). Let us consider a
variation of the MSE networks defined in Example 6.3 where the data model
at each agent is now assumed to be given by:

dk(z) = uk‘giwg + ’vk(z) (8.76)

with the model vector w; being possibly different at the various agents. If we
multiply both sides of the above equation by u; ; and take expectations, we
find that wy satisfies

Tdu,k =— Ru,;@wg; k= 1; 21 R ;N (877)
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in terms of the second-order moments:
Tdu,k = Edk(@)u};’z) Ru,k — Euizuk’@ (878)

The individual cost function associated with each agent k& continues to be the
mean-square-crror cost, Ji(w) = E|d (i) — up ;w|?, so that

Vo Je(w) = Rypw—Tquk

G Rk — w) (8.79)
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We assume that all agents in the network are running either the consensus
strategy (7.14) or the diffusion strategy (7.22) or (7.23). These strategies
correspond to the choices {A,, A1. Ao} shown earlier in (8.7)—(8.10) in terms
of a single combination matrix A, namely,

CONSCNSUS: A, = A, AL =In = Ao (8.80)
CTA diffusion: A1 =A., Ao =1In=A, (8.81)
ATC diffusion: Ay =A. A\ =1y =A4, (8.82)

In these cases, the Perron eigenvector p defined by (8.49) will correspond to
the Perron eigenvector associated with A:

Ap=p, 1T'p=1, pp>0 (8.83)
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Consequently, the entries ¢, defined by (8.50) will reduce to

qk = HkDPk (8.84)

The resulting Pareto optimal solution, w*, is given by the unique solution to
(8.55), which reduces to the following expression in the current scenario:

N
> pkprRup(w* —wg) = 0 (8.85)
k=1
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or, equivalently,

—1

N N
w* Z prPr Bk Z pPr Ly pwy, (8.86)
k=1 k=1

If we assume that the regression covariance matrices are of the form R, =

Ji wIar, for some variances (7,3 . > 0, then the above expression simplifies to
the convex combination:

N
wr = TR WS 8.87
D T (
k=1
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where the scalar combination coefficients, {7}, are nonnegative, add up to
one, and are given by:

N —1

A

T = #kpko_ﬁ,k (Z Nkpkafi,k:) y k= 1: 2; st 7N (888)
k=1

We illustrate these results numerically for the case of the averaging (uniform)
combination policy with uniform step-sizes across the agents, ;. = p. In the
uniform policy, the combination weights {ay.} are selected according to the

averaging rule:
{ 1/?’?,]@; ¢ e N,
Qg —

0, otherwise (8.89)
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where N
e 2 [N (8.90)

denotes the size of the neighborhood of agent & (or its degree). In this case,
all neighbors of agent k are assigned the same weight, 1/n,, and the matrix
A will be left-stochastic. The entries of the corresponding Perron eigenvector

can be verified to be
N 1
PE = Ny (Z nm) (8.91)
m=1

Then, expression (8.88) gives

N — 1
Tk 2 nkaijk (anaik) , k=1,2....,N (8.92)

k=1
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Figure 8.3: A connected network topology consisting of N = 20 agents em-
ploying the averaging rule (8.89). Each agent k is assumed to belong its neigh-
borhood Nj,. Tt follows that the network is strongly-connected.




Example #8.8

~ o [ Lecture #16: Evolution of Multi-Agent Networks EE210B: Inference over Networks (A. H. Sayed)

power of regression data noise power
-15 r r

O-gk (dB)

Tr(R, ;) (dB)

. A A -25 A A
5 10 15 20 5 10 15 20

k: (index of node) k (index of node)

Figure 8.4: Measurement noise profile (right) and regression data power (left)
across all agents in the network. The covariance matrices are assumed to be
of the form R, ; = UZ wIar, and the noise and regression data are Gaussian

distributed in this simulation.
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N =20 agents, M =10, ;o = 0.001
-10 T T T

Figure 8.5: Evolution of the learning curves for three strategies: consensus
~(7.14), CTA diffusion (7.22), and ATC diffusion (7.23), with all agents em-
ploying the same step-size = 0.001 and the averaging combination policy.

MSD gt ay (4) (dB)

theory (11.175)

-35

ATC diffusion (7.23)

—40 \ \ \ \ \ \ I
0 500 1000 1500 2000 2500 3000 3500
i (iteration)

| |
4000 4500 5000



Example #8.8

o1 [ Lecture #16: Evolution of Multi-Agent Networks EE210B: Inference over Networks (A. H. Sayed)

Figure 8.3 shows the connected network topology with N = 20 agents
used for this simulation, with the measurement noise variances, {03_ .}, and

the power of the regression data, {2 , I5s}, shown in the right and left plots of
Figure 8.4, respectively. All agents are assumed to have a non-trivial self-loop
so that the neighborhood of each agent includes the agent itself as well. The
resulting network is therefore strongly-connected.

Figure 8.5 plots the evolution of the ensemble-average learning curves,
+E||w,||?, relative to the Pareto optimal solution w* defined by (8.87) and
(8.92), for consensus, ATC diffusion, and CTA diffusion using ;o = 0.001. The
nmeasure %E |w;||* corresponds to the average mean-square-deviation (MSD)
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across all agents at time 7 since
1 | N
I 2 - I . 2
NEH’UU?:H - N E E|lwy (8.93)

and wy,; = w* — wy,;. The learning curves are obtained by averaging the
trajectories {%”@2”2} over 200 repeated experiments. The label on the ver-
tical axis in the figure refers to the learning curves +E||w,||? by writing
MSDyist.av(2), with an iteration index ¢ and where the subscripts “dist”
and “av” are meant to indicate that this is an average performance mea-

sure for a distributed solution. Each experiment in this simulation involves
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running the consensus (7.14) or diffusion (7.22)—(7.23) LMS recursions with
h = 2 on complex-valued data {d (), us ;} generated according to the model
di(i) = up ;wy + vi(2), with M = 10. The unknown vectors {wy } are gener-
ated randomly and their norms are normalized to one. It is observed in the
fieure that the learning curves tend to the MSD value predicted by future

expression (11.175).
O
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Example 8.9 (Controlling the limit point — Hastings rule). We observe from
(8.55) that the limit point w* is dependent on the scaling coefficients {q; },
which in turn depend on the choice of the combination matrices {A,, A1, Ao}
through their dependence on the Perron eigenvector, p. Therefore, once the
combination policies are selected, the limit point for the network is fixed at
the unique solution w* of (8.53).

Let us illustrate the reverse direction in which it is desirable to select the
combination policy to attain a particular Pareto optimal solution. We illus-
trate the construction for the case of consensus and diffusion strategies, which
correspond to the choices {A4,, Ay, Ao} shown earlier in (8.7)—(8.10). Again,
in these cases, the Perron eigenvector p defined by (8.49) will correspond to
the Perron eigenvector associated with A:



Example #8.9

95 [ Lecture #16: Evolution of Multi-Agent Networks EE210B: Inference over Networks (A. H. Sayed)
T
Ap=p, 1'p=1, pp >0 (8.94)

Consequently, the entries g5 defined by (8.50) will reduce to

qrk = MkDk (8.95)

Now assume we are given a collection of positive scaling coefficients {q;. }.
These coefficients define a unique solution, w*, to the algebraic equation (8.55)
defined in terms of these {¢, }. Assume further that we are given a connected
network topology and we would like to determine a left-stochastic combination
matrix, A, that would lead to the coefficients {q}.}, or to some scaled multiples
of them. That is, we would like to determine A such that the {q;} that result
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from the construction (8.94)—(8.95) would coincide with, or be multiples of, the
given {¢, }. To answer this question, we call upon the following useful result.
Given a set of positive scalars {¢., k =1,2,..., N} and a connected network
with NV agents, it is explained in [68, 276], using a construction procedure
from [35, 42, 106], that one way to construct a left-stochastic matrix A that
leads to (a scaled multiple of) the given coefficients {q}.} is as follows (we refer
to the resulting matrix A as the Hastings combination rule) — see also future

Lemma 12.2:
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( e/ 0 e N\ {k}
max{ nppr/qy, nepe/q) }
= 4 (8.96)

L= > am (=k

\ meNL\{k}

where the {x} represent step-size parameters, and the scalar n; in (8.96)
denotes the cardinality of N} (also called the degree of agent k and is equal
to the number of neighbors that k has):

e 2 [N (8.97)
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It can be verified that the entries of the Perron eigenvector, p, of this matrix
A are given by — see the proof of Lemma 12.2:

pe = e (Z q—‘ff) (8.98)

ik /—1 He

so that the products ju.pj are proportional to the given ¢, as desired.

A particular case of interest is when we want to determine a combination
matrix A that leads to a uniform value for the {q.}, ie., q. = ¢ for k =
1,2,...,N. In this case, the minimizers of J glc:‘b( ) and J&°P* (w) defined by

(8. 44) and (8.53) will commde namely, w* = w?, and construction (8.96) will
reduce to
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¢ 295
. e N \{k
max{ ngftr. neje Ak}
a = X (8.99)
L= Y ame.  (=k
\ meNL\{k}

In the special case when the step-sizes are uniform across all agents, pur = p
for k=1.2,..., N, then the step-sizes disappear from (8.99) and the above

4 4

expression reduces to the so-called Metropolis rule (e.g., [106, 167, 265]), which
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is doubly-stochastic:

( 1
: 14 k
max{ng,ng} € Ni\{#}
apre = 4 (8.100)
L= > amk =k
L meNE\{k}
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Example 8.10 (Controlling the limit point — power iteration). We continue
with the setting of Example 8.9 for consensus or diffusion strategies, which
correspond to the choices {A,, A1, A2} shown earlier in (8.7)-(8.10). Exam-
ple 8.9 showed one method to select the combination policy A according to
the Hastings rule (8.99)—(8.100) in order to ensure that the distributed im-
plementation (8.46) will converge towards the minimizer, w?, of the original
aggregate cost (8.44) and not towards the limit point w* from (8.55). This
method, however, assumes that the designer is free to select the combination
policy, A.
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If, on the other hand, we are already given a combination policy that
cannot be modified, then we can resort to an alternative method that relies
on selecting the step-size parameters, g [72]. Specifically, from (8.95) we
observe that the {¢;} can be made uniform by selecting

Ho

. k=1.2....N (8.101)
Pk

fe =

where p, > 0 is some positive scaling parameter. This construction results
in q. = p,. Consequently, under (8.101), recursion (8.46) for ATC diffusion
becomes (similarly, for CTA diffusion or consensus):
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Y = Wrio1 — 52V Jyp (wy 1)
wes =Y am Py, (8.102)
LeEN

By doing so, the above distributed solution will now converge in the mean-
square-error sense towards the minimizer of the weighted aggregate cost (8.53)
that results from replacing ¢ by p, so that

N
JEPH (w) = p, (Z h(w)) = i JED (w) (8.103)
k=1

and, hence, w* = w?, as desired.
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The challenge in running (8.102) is that the implementation requires
knowledge of the Perron entries, {py}. For some combination policies, this
information is readily available. For example, for the averaging rule (8.89),
we can use expression (8.91) for p, to conclude that we can run the above
algorithm by using ,/ny instead of i, /pr, where ny is the degree of agent
k. The factor that appears in the denominator of p, in (8.89) is common
to all agents and can be incorporated into pu, (in this way, recursion (8.102)
can run with knowledge of only the local information ny). For more general
left-stochastic combination matrices A, one can run a power iteration [104] in
parallel with the distributed implementation (8.102) in order to estimate the
entries pi. The power iteration involves a recursion of the following form:



Example #8.10

105 [ Lecture #16: Evolution of Multi-Agent Networks EE210B: Inference over Networks (A. H. Sayed)
ri =Ari_1, r_1#£0, i >0 (8.104)

with coefficient matrix equal to A and with an initial nonzero vector r»_; that
is selected randomly. We denote the entries of r; by {ri(z)} for k =1,2..., N.

Since we are assuming A to be primitive, then it has a unique eigenvalue at
one and, moreover, this eigenvalue is dominant (i.e., its magnitude is strictly
larger than the magnitude of each of the other eigenvalues of A). Then, the
power iteration is known to converge towards a right-eigenvector of A that
corresponds to its largest-magnitude eigenvalue, which is the eigenvalue at one
(104, 263]. That is, the entries {r(7)} converge towards a constant multiple
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of the corresponding entries {p; }. Therefore, we may replace the scalars {py}
in (8.102) by the values {r;(7)} estimated recursively and in a distributed
manner, as shown in the following listing for each agent & (the constant scaling
between the values of 7 (i) and py. is incorporated into i, since the scaling is
common to all agents):

(Cre(i) =) apere(i—1)
lEN,

- TS
"f’m = Wgi-1 — 7.y Yw* g (Wrio1)

() (8.105)

Wgqi = Z Agp we’:i

\ LEN
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Observe that implementation (8.105) employs two sets of coefficients: {axs}
in the first line and {as;} in the last line. The first set corresponds to the
entries on the £—th row of A, while the second set corresponds to the entries
on the £—th column of A; these latter entries add up to one and perform a
convex combination operation. Therefore, this second method assumes that
each agent £k has access to both sets of coefficients {as, ar,}, which is feasible
for undirected graphs. This construction is related to, albeit different from, a
push-sum protocol used for computing the average value of distributed mea-

surements over directed graphs in, e.g., [23, 78, 140, 173, 240].
O
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