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There are several distributed strategies that can be used to seek the
minimizer of (6.12), namely,

N
w’ 2 arg min ZJk(w) (7.1)
Y k=1
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In this chapter, we describe three prominent strategies, namely,

(a) incremental strategies — see, e.g., [30, 31, 38, 55, 109, 129, 156,
161, 172, 193, 194, 209, 210];

(b) consensus strategies — see, e.g., [18, 26, 32, 46, 84, 87, 128, 137,
138, 174, 175, 185, 198, 204, 208, 214, 224, 241, 242, 265, 267];

(c) diffusion strategies — see, e.g., [62, 66, 69, 70, 86, 152, 163, 207,
208, 211, 214, 232, 238, 248, 276, 277).




Setting

s} Lecture #15: Multi-Agent Distributed Strategies EE210B: Inference over Networks (A. H. Sayed)

While these algorithms can be motivated in alternative ways, some
more formal than others, we opt to present them by using the central-
ized implementation (5.22) as a starting point, which we repeat below
for ease of reference:

N
va*Jk wi_1), i >0 (7.2)
k=1

wi = Wi —
! a N
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N
TP () 237y (w)

k=1
Centralized strategy:
-

R
w; = Wi—1 — Nkz:lvw*Jk(wz—l)a 1 >0

_ — Y,

- Can be used to motivate distributed implementations.
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-
W; = Wi-1 —
-
K
N
N (
(still not distributed!) ¢ w3; = w2; — HVurJs(wiq) (7.3)
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Although recursion (7.3) is cooperative in nature, in that each agent
is using some information from its preceding neighbor, this implemen-
tation still requires all agents to have access to one global piece of infor-
mation represented by the vector w;_;. This is because this vector is
used by all agents to evaluate the approximate gradient vectors in (7.3).
Consequently, implementation (7.3) is still not distributed. A fully dis-
tributed solution can only involve sharing of, and access to, information
from local neighbors. At this point, we resort to a useful incremental
construction, which has been widely studied in the literature (see, e.g.,
130, 31, 38, 55, 109, 129, 156, 161, 172, 193, 194, 209, 210]).
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Wy = Wp_1; — %Vw*fjk('wi—l)

Wi = Wk—1; — —VuwJp(Wr_1,)

b
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Incremental strategy for adaptation and learning
for each time instant z > 0:
set the fictitious boundary condition at wg; < w;—1.
cycle over agents k =1,2,..., N:

4 4

agent k receives wy_q; from its preceding neighbor & — 1. (7.6)
agent k performs: wy,; = Wr_1; — &—"Vw*Jk(wk_ljz-)

end

Ww; < WN,;

end
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/ original network \ / start of cyclic path \

I

N referring to its end. The diagram in the bottom illustrates the incremental
calculations that are carried out by agent 6.

re-numbered with agent 1 referring to the start of the cyclic path and agent
stochastic
gradient

ﬁ.ﬁs(wu)

ineremental update at agent 6 ‘

w0 o o wn Figure 7.1: Starting from the given network on the left, a cyclic path is
>t e defined that visits all agents and is shown on the right. The agents are then
N
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Example 7.1 (Incremental LMS networks). For the MSE network of Exam-

ple 6.3, once a cyclic path has been determined and the agents renumbered

from 1 to N, the incremental strategy (7.6) reduces to the following incre-
mental LMS algorithm from [55, 156, 161, 209]:
21 :

Wpi = Wrp—1,; + mukjf[dk(z)_uk,iwk—l,i] (7.7)

where h = 1 for real data and h = 2 for complex data. It is understood that

when the data are real-valued, the complex-conjugate transposition appearing

on uy, ; should be replaced by the standard transposition, uzz
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{dn (i), un,}

{de(i), ug,i } /

&dg(i}, 'U!.5,5}
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@ Sensitivity to agent or link failures.
@ Determining a cyclic path is generally NP-hard.
@ Cooperation between agents is limited.

@ For every iteration, it is necessary to perform N
incremental steps.
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Incremental: Wy, = Wp_1,; — Lad
L — N
(coop)
4 { N ~
Consensus: | Wy, = Z Ao Wi—1 — eV J (W i—1)
EEN;C
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where we are further replacing the step-size /N in the incremental
implementation by ;. in the consensus implementation and allowing it
to be agent-dependent for generality. This is because, as we are going
to see, each agent will now be able to run its update simultaneously
with the other agents. Moreover, it can be verified that by employing
/N for incremental (and centralized solutions) and pup = p for con-
sensus, the convergence rates of these strategies will be similar (see
future expression (11.141) in Example 11.2. Observe that the consen-
sus update (7.9) can also be motivated by starting instead from the
non-cooperative step (5.76) and replacing the first iterate wy ;1 by
the convex combination used in (7.9).
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The combination coefficients {as } that appear in (7.9) are nonneg-
ative scalars that are chosen to satisfy the following conditions for each

agent k=1,2,...,N:

N
agr > 0, Zagk =1, and ap=0if 0 & N (7.10)
/=1
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Condition (7.10) means that for every agent k, the sum of the weights
{ag,} on the edges that arrive at it from its neighbors is one: the scalar
agr represents the weight that agent k assigns to the iterate wy,;—1
that it receives from agent /. The coefficients {as.} are free weighting
parameters that are chosen by the designer; obviously, their selection
will influence the performance of the algorithm (see Chapter 11). If we
collect the entries {as} into an N x N matrix A, such that the k—th
column of A consists of {am, ¢ =1,2,..., N}, then the second condi-
tion in (7.10) translates into saying that the entries on each column of
A add up to one, i.e.,
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ATl =1 (7.11)

We say that A is a left-stochastic matrix. One useful property of left-
stochastic matrices is that the spectral radius of every such matrix is
equal to one (so that the magnitude of any of the eigenvalues of A
is bounded by one), i.e., p(A) = 1 (see [27, 104, 113, 189, 208] and
Lemma F.4 in the appendix).
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Now observe the following important fact from the consensus up-
date (7.9). The information that is used by agent £ from its neighbors
are the iterates {wy; 1} and these iterates are already available for
use from the previous iteration 7 — 1. As such, there is no need any
longer to cycle through the agents. At every iteration 7, all agents in
the network can run their consensus update (7.9) simultaneously by us-
ing iterates that are available from iteration i — 1 at their neighbors to
update their weight vectors. Accordingly, the consensus strategy (7.9)
can be applied to a given network topology using its existing agent
numbering (or labeling) scheme without the need to select a cycle and
to re-number the agents, as was the case with the incremental strategy.



Consensus Strategy

2 [ Lecture #15: Multi-Agent Distributed Strategies

Consensus strategy for adaptation and learning
for each time instant ¢ > 0:
each agent £k = 1,2, ..., N performs the update:

7 7

71[’k,@'—1 = E Qpre Wy 4—1

1EN, .
We; = Y g — ke Vir Iy (W i-1)

end

Z QW51

Wiy L ,\—/'—F LEN,,

stochastic
gradient

!f-kmk(wk,:.fl) /
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In the consensus implementation (7.9), at each iteration i, every
agent k performs two steps: it aggregates the iterates from its neighbors
and, subsequently, updates this aggregate value by the (negative of
the conjugate) gradient vector evaluated at its existing iterate — see
Figure 7.2. An equivalent representation that is useful for later analysis
is to rewrite the consensus iteration (7.9) as shown in (7.12), where the
intermediate iterate that results from the neighborhood combination is
denoted by ;. Observe that the gradient vector in the consensus
implementation (7.12) is evaluated at wy,;—; and not ¥, ; .
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Example 7.2 (Consensus LMS networks). For the MSE network of Exam-
ple 6.3, the consensus strategy (7.12) reduces to the following equivalent forms:

Wi = Z Qg We,i—1 + %uzji[dk(i) — Wk ;W i—1] (7.13)
LeN
or
( ¢k,i—1 — Z Qg Wy i—1
X tENE (7.14)

| Wi = Yy T Uyl de (D) — Uk Wi
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o

wk i—1

3

Wk = Py, + ey ; [dr (i) — wp swr 1]

J

{do(i). ue,i }

{dn(i). un,i}

/
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Incremental:  w;,;, = wi_1; — =V Jp( Wiy, ) Coop and decen
N— N N—— terms are identical
(coop) (decen)

Consensus: Coop and

decen

terms are

asymmetric
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| The asymmetry
in the consensus update will be shown later in Sec. 10.6, and also
in Examples 8.4 and 10.1, to be problematic when the strategy is
used for adaptation and learning over networks. This is because the
asymmetry can cause an unstable growth in the state of the network
1248]. Diffusion strategies remove the asymmetry problem.
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Asymmetry causes instability =2 resolved by diffusion.

Combine-then-Adapt (CTA) Diffusion:

(coop) (decen)
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This implementation has exactly the same computational complexity
as the consensus implementation (7.16). To see why, we rewrite (7.17)
in a more revealing form in (7.18), where the convex combination term
is first evaluated into an intermediate state variable, ¥, ;_;, and subse-
quently used to perform the gradient update — see Figure 7.3. Observe
that in this form, and compared with (7.12), the gradient vector is now
evaluated at ¥ ; .
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Diffusion strategy for adaptation and learking (CTA)
for each time instant z > 0:
each agent £ =1,2,..., N performs the updafe:

7 ]

¢k,i—1 - E Aper Wi i—1

LENG,
= wy i . i
Wi — 77[%,@'—1 — e V= J (¢k,i_1) wri | 3 ﬁ“b oO—"'
end - ..U
adient ——
& - #kvw‘ J-l‘(’:bk‘i‘—l)
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Adapt-then-Combine (ATC) Diffusion

Diffusion strategy for adaptation and learning (ATC)
for each time instant « > 0:
each agent k =1,2,..., N performs the update:

? 7

17bk,i = Wki-1 — Mk o Jk(wk,z’—l)
wei = Y an P,
LeN

end \\

ATC diffusion update at agent k \

P .’, —|—b\'
5:_'_. E kP ;
AT e wy;

—
Wi = Z ApkWe;—1 — Z &Ekﬂfvw*Je(wé,z—l) L
veNy reNy

stochastic
gradient

llkmk(wk,i—l) /
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Example 7.3 (Diffusion LMS networks). For the MSE network of Example 6.3,

the CTA and ATC diffusion strategies (7.18) and (7.19) reduce to the following
updates:

¢k,i—1 — E Qe Wy i—1

LeN o (CTA) (7.22)
- .
Wy i — ¢k,¢—1 + T’Uk,@ [dk(@) - ’U/k:,ilbk;,i—1]
and

( s ,
P = Wi+ %’UJZ@ di (i) —wy ;wp 1]

$ (ATC) (7.23)
We; =Y am Py,

\ fENk
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H7.3

7#%,1-1 = E g, Wy i—1

{eEN 5
k .
Wi i = %L'k,z‘—1 + %uiz [dk(l) - Ulc,i¢k;,i-1
B 2p .
Vi = Wgi1+ 5 Uk [ (i) — wp g Wy i—1)
Wgi = Z gk Yy
LeEN,

D

EE210B:

{dv(i), u7,,:}'\l

Md}v(l), uN’.i}

_____

{da(i)sua,i}

{do(i). ue,i}

{ds(é),uw} /
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Example 7.4 (Diffusion logistic network). We reconsider the pattern classifi-
cation problem from Example 3.2 where we now allow N agents to cooperate
with each other over a connected network topology to solve the logistic re-

Each agent k is assumed to receive streaming data {v,(i), hy;} at time
i. The variable -, (i) assumes the values +1 and designates the class that
feature vector hy; belongs to. The objective is to use the training data to
determine the vector w? that minimizes the regularized logistic cost under
the assumption of joint wide-sense stationarity over the random data:

J(w) & g||w||2 + E {m (1+e—%@>hlw)} (7.24)
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/ {7£(i)eh’€,i} \

{vsla), hs,i}

{vela), b i}

{7v2(i): Bz}

{v7(0), b3}

N‘m(i)-hw}

{7 (@), ha i}
{v6(i), ho i}

K {7500) s i} /

Je(w) = Tw) = ) + B {1 [1 + L]}

{7s(i), ki)

Figure 7.5: Each agent k receives streaming data {~, (i), hy;}. The agents

logistic network cooperate to minimize the regularized logistic cost (7.24).
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where J(w) is the same for all agents. The corresponding loss function is
Qi v (i) b)) 2 Llull? + n (14 e MOmLr)  (7.25)

By using the gradient vector of Q(-) relative to w' to approximate ¥V, r.J(w),
we arrive at the following ATC diffusion implementation of a distributed strat-

egy for solving the logistic regression problem cooperatively:
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( 1
Vi = (1= ppr)wri-1 + ey (@) T
< 1 —|_ evk(?’) k,iwk"‘*l (7 26)
Wr: = Z Apk d’ﬁ,i
\ ﬁENk
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Diffusion Logistic Regression / —
710N T \
{vs(9), hs,i}

Tw) & L) + E {In[1 400"

{72(i), hai} | {v(), b

{v7(i), ha i}
( . {yn (i) i}
Yy = (1 — ppre)Wii—1 + pik vk(?}) hi.i frai). hai} 7}\&@
< ' ' 1 + evk(l)hk,i‘wk,i—l ’ e
Yall)s g
Wi, = Z aek wf,z‘ {v6(7), he,i}

LEN \{’hmahs,s} /
. k
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Other forms of diffusion strategies are possible by allowing for enlarged
cooperation and exchange of information among the agents, such as
exchanging gradient vector approximations in addition to the iterates.
For example, the following two forms of CTA and ATC employ an
additional set of combination coefficients {c.} to aggregate gradient
information [62, 66, 208]:
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(Y = D am Wi
! (<N _ (CTA)  (7.27)
Wi i — 1/%,@-1 — Mk Z Czkvw*Je(¢k,i—1)
\ LeNy,
and
—_—
( ¢k,i = Wk i—1 — Mk Z Cekvw*Je(’wk:,i—ﬂ
< CeNk (ATC)  (7.28)
wri = Y am Py,

\ fENk
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where the {cg} are nonnegative scalars that satisfy the following con-
ditions for all agents £ =1,2,..., N:

Cyl > 0 Z Cyl. — 1 and Col. — 0if ¢ Q Nk (729)

The coefficients {c/.} are free parameters that are chosen by the de-
signer. If we collect the entries {cp} into an N x N matrix C, so that
the /—th row of C is formed of {c/, k= 1,2,..., N}, then the second
condition in (7.29) corresponds to the requirement that the entries on
each row of C should add up to one, i.e.,

ClL=1 (7.30)
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We say that C is a right-stochastic matrix. Observe that the above
enlarged diffusion strategies are equivalent to associating with each
agent k the weighted neighborhood cost function:

J,’C(w) — Z Cngg(w) (731)

and then applying (7.18) or (7.19). Our discussion in the sequel focuses
on the case C' = Iy. Additional details on the case C' # [x appear in
162, 66, 208].
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As remarked in [207, 208], there has been extensive work on consen-
sus techniques in the literature, starting with the foundational results
by [26, 84|, which were of a different nature and did not respond to
streaming data arriving continuously at the agents, as is the case, for
instance, with the continuous arrival of data {dy(i), ux,} in Exam-
ples 7.2-7.4. The original consensus formulation deals instead with the

problem of computing averages over graphs. This can be explained as
follows [26, 84, 241, 242].



Discussion

Lecture #15: Multi-Agent Distributed Strategies EE210B: Inference over Networks (A. H. Sayed)

Consider a collection of (scalar or vector)
measurements denoted by {wy, ¢ = 1,2,..., N} available at the ver-
tices of a connected graph with N agents. The objective is to devise a
distributed algorithm that enables every agent to determine the average
value:

Al g
w Nkzlwk (7.32)

by interacting solely with its neighbors. When this occurs, we say that
the agents have reached consensus (or agreement) about .
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We select
an N x N doubly-stochastic combination matrix A = [as]; a doubly-
stochastic matrix is one that has nonnegative elements and satisfies

Al1=1, Al=1 (7.33)

We assume the second largest-magnitude eigenvalue of A satisfies

Do (A)] < 1 (7.34)
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Using the combination coefficients {as}, each agent k then iterates
repeatedly on the data of its neighbors:

Wk,i — Z Qpf Wy -1, ) > 0, k = 1, 2, ceey N (735)
starting from the boundary conditions wy_; = wy for all ¢ € N.
The superscript ¢ continues to denote the iteration index. Every agent
k in the network performs the same calculation, which amounts to
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combining repeatedly, and in a convex manner, the state values of its
neighbors. It can then be shown that (see [26, 84] and [208, App.E]):

lim wg; = w, k=12 ...,N (7.36)
71— OO
In this way, through the localized iterative process (7.35), the agents
are able to converge to the global average value, w.
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Motivated by this elegant result, several works in the literature
(e.g., [8, 32, 52, 83, 128, 137, 138, 142, 174, 175, 179, 224, 242, 265])
proposed useful extensions of the original consensus construction (7.35)
to minimize aggregate costs of the form (5.19) or to solve distributed
estimation problems of the least-squares or Kalman filtering type. Some
of the earlier extensions involved the use of two separate time-scales: one
faster time-scale for performing multiple consensus iterations similar to
(7.35) over the states of the neighbors, and a second slower time-scale
for performing gradient vector updates or for updating the estimators

by using the result of the consensus iterations (e.g., [52, 83, 128, 138,
142, 179, 265)).
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An example of a two-time scale implementation would
be an algorithm of the following form:
( wé}i)l —— wy,—1, lor all agents £ at iteration ¢ — 1
for n=20,1,2,...,J — 1 iterate:
) wg?_l = Z a,gkwg?:?, for all £ = 1, 2, Ceey N (737)
(eN;,
end

RO R VA |
\ Wk, = Wy, 4 iV w* k(wk,z—l)
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If we compare the last equation in (7.37) with (7.9), we observe that the
variable wgi__ll) that is used in (7.37) to obtain wy ; is the result of J

repeated applications of a consensus operation of the form (7.35) on the
iterates {wy;—1}. The purpose of these repeated calculations is to ap-
proximate well the average of the iterates in the neighborhood of agent
k. These J repeated averaging operations need to be completed before
the availability of the gradient information for the last update step in

(7.37).
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In other words, the J averaging operations need to performed
at a faster rate than the last step in (7.37). Such two time-scale im-
plementations are a hindrance for real-time adaptation from streaming
data. The separate time-scales turn out to be unnecessary and this fact
was one of the motivations for the introduction of the single time-scale

diffusion strategies in [57, 58, 60, 61, 159, 160, 162, 163, 211].
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Building upon a useful procedure for distributed optimization from
1242, Eq. (2.1)] and [32, Eq. (7.1)], more recent works proposed single
time-scale implementations for consensus strategies as well by using
an implementation similar to (7.9) — see, e.g., [46, Eq. (3)], [174, Eq.
(3)], [87, Eq. (19)], and [137, Eq.(9)]. These references, however, gener-
ally employ decaying step-sizes, (i) — 0, to ensure that the iterates
{wy. ;} across all agents will converge almost-surely to the same value
(thus, reaching agreement or consensus), namely, they employ recur-
sions of the form:
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wy; = Y ag Wi — (D) VS (wyi1) (7.38)
veN

or variations thereof, such as replacing p(7) by some time-variant gain
maftrix sequence, say, /K, ;:

—_—

Wi = Z app Wei—1 — Kpi- V(W i—1) (7.39)
VeNG
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As noted before, when diminishing step-sizes are used, adaptation is
turned off over time, which is prejudicial for learning purposes. For
this reason, we are instead setting the step-sizes to constant values in
(7.9) in order to endow the consensus iteration with continuous adap-
tation and learning abilities (and to enhance the convergence rate).
It turns out that some care is needed for consensus implementations
when constant step-sizes are used. The main reason is that, as explained
later in Sec. 10.6 and also Examples 8.4 and 10.1, and as alluded to
earlier, instability can occur in consensus networks due to an inherent
asymmetry in the dynamics of the consensus iteration.
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A second main reason for the introduction of cooperative strategies
of the diffusion type (7.22) and (7.23) has been to show that single
time-scale distributed learning from streaming data is possible, and
that this objective can be achieved under constant step-size adaptation
in a stable manner [60, 62, 69, 70, 159, 160, 162, 163, 211, 277] — see
also Chapters 9—11 further ahead; the diffusion strategies further allow
A to be left-stochastic and permit larger modes of cooperation than
doubly-stochastic policies. The CTA diffusion strategy (7.22) was first

introduced for mean-square-error estimation problems in [159, 160, 163,
211].
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The ATC diffusion structure (7.23), with adaptation preceding
combination, appeared in the work [57] on adaptive distributed least-
squares schemes and also in the works [58, 60-62] on distributed mean-
square-error and state-space estimation methods. The CTA structure
(7.18) with an iteration dependent step-size that decays to zero, u(i) —
0, was employed in [153, 196, 226] to solve distributed optimization
problems that require all agents to reach agreement. The ATC form
(7.23), also with an iteration dependent sequence p(7) that decays to
zero, was employed in [34, 227] to ensure almost-sure convergence and
agreement among agents.
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Appendix E (Comparison with Consensus Strategies):

A. H. Sayed, ""Diffusion adaptation over networks," in Academic

Press Library in Signal Processing, vol. 3, R. Chellapa and S.
Theodoridis, editors, pp. 323-454, Academic Press, Elsevier, 201 4.
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Each agent k& has a measurement ;..

Objective: Compute average value

in a distributed manner.
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Consider a connected network consisting of N nodes. Each node has a state
or measurement value xj, possibly a vector of size M x 1. All nodes in the
network are interested in evaluating the average value of their states, which
we denote by

N

oA 1

w® 2 Nzxk (608)
k=1
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A centralized solution to this problem would require each node to transmit its
measurement x;, to a fusion center. The central processor would then compute
w? using (608) and transmit it back to all nodes. This centralized mode of op-
eration suffers from at least two limitations. First, it requires communications
and power resources to transmit the data back and forth between the nodes
and the central processor; this problem is compounded if the fusion center is
stationed at a remote location. Second. the architecture has a critical point of
failure represented by the central processor; if it fails, then operations would
need to be halted.
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The consensus strategy provides an elegant distributed solution to the same
problem, whereby nodes interact locally with their neighbors and are able to
converge to w? through these interactions. Thus, consider an arbitrary node
k and assign nonnegative weights {as} to the edges linking £ to its neighbors

{ € N,,. For each node k, the weights {a,.} are assumed to add up to one so
that

fork=1,2,... ,N:

N
App ZO, Zagk: 1, agk:()lfggéNk (609)
/=1
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The resulting combination matrix is denoted by A and its k—th column con-
sists of the entries {an,/ = 1,2,...,N}. In view of (609), the combination
matrix A is seen to satisfy A71 = 1. That is, A is left-stochastic. The con-
sensus strategy can be described as follows. Each node k operates repeatedly

on the data from its neighbors and updates its state iteratively according to
the rule:

Wen = Z Qe Wgp—1, N > 0 (610)
eN;,
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where wy,,_; denotes the state of node ¢ at iteration n — 1, and wy;,, denotes
the updated state of node k after iteration n. The initial conditions are

Wko = Tk, ]{:1,2,...,N (611)
If we collect the states of all nodes at iteration n into a column vector, say,
Zn 2 col{wy n, Wop, .., WNL} (612)

Then, the consensus iteration (610) can be equivalently rewritten in vector
form as follows:

2 = Az, n>0 (613)
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where
AT = AT @ Iy, (614)

The initial condition is

Zo = col{xy, xo, ..., xN}
(615)



Error Recursion

o} Lecture #15: Multi-Agent Distributed Strategies EE210B: Inference over Networks (A. H. Sayed)

Note that we can express the average value, w®, from (608) in the form

1
w’ = N . (ﬂT & IMr) © Zo (616)

where 1 is the vector of size M x 1 and whose entries are all equal to one. Let
’l,ﬁﬁk’n = “LUO — Wk.n (617)

denote the weight error vector for node k at iteration n; it measures how far
the iterated state is from the desired average value w?. We collect all error

vectors across the network into an /N x 1 block column vector whose entries
are of size M x 1 each:
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131,71
@, 2 wf’” (618)
| v
Then,
w, = (I @ L)w’ — z, (619)

The following result is a classical result on consensus strategies [42-44]. It
provides conditions under which the state of all nodes will converge to the

desired average, w®, so that w, will tend to zero.
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Theorem E.1. (Convergence to Consensus) For any initial states {x}.},
the successive iterates wy.,, generated by the consensus iteration (610) converge
to the network average value w° as n — oo if, and only if, the following three
conditions are met:

A1 =1 (620)
Al = 1 (621)
1
T  tqqT
p(A N]l]l) < 1 (622)

That is, the combination matrix A needs to be doubly stochastic, and the matriz
AT — 117 needs to be stable.
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P TOOf. (Sufficiency). Assume first that the three conditions stated in the theorem hold. Since A
is doubly stochastic, then so is any power of A, say, A" for any n > 0, so that

A1 =1, A"1=1 (623)

Using this fact, it is straightforward to verify by induction the validity of the following equality:

r 1 .\ T LT
(A - N]Hl ) = [A"] N]l]l (624)
Likewise, using the Kronecker product identities
(F+B)@C = (EF®C) + (Be(C) (625)
(FeB)(C®D) = (EC®BD) (626)

(F® B)" = E"®B" (627)
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for matrices {£, B, C, D} of compatible dimensions, we observe that

[terating (613) we find that

(AT — %]I]IT) ® IM} (628)

2 = [A")" 2, (629)
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and, hence, from (616) and (619),

(]l@IM)wO = (]l®IM)(1®wO) = 1®w°
[ 1
A" — N (1®Iv) (1" ® IM’):| - Zo
(AT — %]I]IT) ® IM} < Zo (630)

Now recall that, for two arbitrary matrices C' and D of compatible dimensions, the eigenvalues of
the Kronecker product C'® D is formed of all product combinations A; (C')\; (D) of the eigenvalues
of C"and D [19]. We conclude from this property, and from the fact that AT — %]I]IT is stable,

that the coefficient matrix

is also stable. Therefore,

1
(AT - -]l]lT) & Inr

W, — 0 asn — oo (631)
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(Necessity). In order for z, in (629) to converge to (1 ® Inr)w®, for any initial state z,, it must
hold that .

lim_ A"z, = ~ (@) (17 @ Ing) - 2o (632)
for any z,. This implies that we must have
. n\T i . T 4
nll_}II;() (./4 ) = N (]1]1 ®Iju) (633)
or, equivalently,
. n\T i T
nlglgo (A™) = N]l]l (634)
This in turn implies that we must have
1
lim AT .- (AT = AT —11" (635)
But since -
lim A" - (A" = lim (A7) = lim (A")" (636)

n—r oo n— 0O n— oo
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we conclude from (634) and (635) that it must hold that

1 T 1 .7 T
117 = —AT .11 637
N N (637)
That is,
1 T T
—A]l—]l)-]l —0 638
N ( (638)

from which we conclude that we must have A1 = 1. Similarly, we can show that AL = 1 by
studying the limit of (A'”’)T AT, Therefore, A must be a doubly stochastic matrix. Now using the
fact that A is doubly stochastic, we know that (624) holds. It follows that in order for condition
(634) to be satisfied, we must have

T 1.7
p(A 11 ) <1 (639)

[
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From (630) we conclude that the rate of convergence of the error vectors {wy, ,, } to zero is
determined by the spectrum of the matrix
1
pi—— 640
= (640)
Now since A is a doubly stochastic matrix, we know that it has an eigenvalue at A = 1. Let

us denote the eigenvalues of A by A;(A) and let us order them in terms of their magnitudes
as follows:

0< Par(A)] < ..o < P(A)] < Po(A)] <1 (641)

where A;(A) = 1. Then, the eigenvalues of the coefficient matrix (A" — £ 117) are equal to

(since A is doubly-stochastic) { AN (A), yeoos )\3(14) A2 (A), 0 } (642)

.
4 7

It follows that the magnitude of A\2(A) becomes the spectral radius of AT — %]lllT. Then
condition (639) ensures that |[Ao(A)| < 1. We therefore arrive at the following conclusion.
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Corollary E.1. (Rate of Convergence of Consensus) Under conditions (620)-(622),
the rate of convergence of the successive iterates {wy, n} towards the network average w® in
the consensus strateqy (610) is determined by the second largest eigenvalue magnitude of A,

i.e., by |Ao(A)| as defined in (641).

O
It is worth noting that doubly stochastic matrices A that are also primitivesatisfy conditions
(620)—(622). This is because, as we already know , the eigenvalues of such

matrices satisfy |\, (A)| < 1, for m = 2,3,..., N, so that condition (622) is automatically
satisfied.
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Corollary E.2. (Convergence for Primitive Combination Matrices) Any doubly-
stochastic and primitive matriz A satisfies the three conditions (620)-(622) and, therefore,
ensures the convergence of the consensus iterates {wy, n} generated by (610) towards w® as
n — o0.
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