INFERENCE OVER
NETWORKS

LECTURE #12: Performance by Single
Agents
-

| 2
“l
10 3
g i
[+

ooooo EE210B
Spring Quarter 2015

Proc. IEEE, vol. 102, no. 4, pp. 460-497, April 2014.
Foundations and Trends in Machine Learning, vol. 7, no. 4-5, pp. 311-801, July 2014.




\\/ ]

Reference Vs
2 [ Lecture #12: Performance by Single Agents ~~_______________________EE210B: Inference over Networks (A. H. Sayed) _

Chapter 4 (Performance of Single Agents, pp. 368-406):

A. H. Sayed, ““Adaptation, learning, and optimization over

networks," Foundations and Trends in Machine Learning, vol. 7,
issue 4-5, pp. 311-801, NOW Publishers, 2014.



Conditions on Risk Function

3 [ Lecture #12: Performance by Single Agents EE210B: Inference over Networks (A. H. Sayed)

We consider the case of real arguments first. Thus, let JJ(w) € R denote
the real-valued cost function of a real-valued vector argument, w € R
and consider the same optimization problem (3.1):

w’ = argmin J(w) (4.3)

w

We continue to assume that J(w) is twice-differentiable and satisfies
(3.2) for some positive parameters v < 9§, namely,

0<viy < V%U J(w) < 0l (4.4)
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Assumptions (can be relaxed):
a) J(w) twice-differentiable
b) J(w) is v—strongly convex <= V2 J(w) > viy >0

c) V., J(w) is 0—Lipschitz <= ||V, J(w2) — Vo J(w1)]| < 8 ||wa — w]|
< Vi, J(w) < ol

Example: conditions are satisfied by quadratic or logistic risks.
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We established in the previous chapter the mean-square-error stability
of the following stochastic-gradient recursion for seeking the minimizer

w? in the real data case:

w; = W;—1 — ;vaTJ('wg_l), 22 0 (4.5)
The analysis relied on the conditions in Assumption 3.2 on the gradient
noise process, 8;(w;_1), which we repeat here for ease of reference.

Recall from (3.25) that

si(w) 2 VYV, 1J(w) — V,rJ(w) (4.6)
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For any w € F,;_1, we let
A
Rei(w) £ E | si(w)s! (w) | Fii | (4.11)

denote the conditional second-order moment of the gradient noise pro-
cess, which generally depends on ¢ because the statistical distribution
of s;(w) can be iteration-dependent.
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Note that Rg;(w) is a random
quantity since it depends on the random iterate w. We assume that,
in the limit, this covariance matrix tends to a constant value when

evaluated at w® and we denote the limit by
R. 2 limE si(w)s] ()| Fiy | (4.12)

1—00

We sometimes refer to the term s;(w?) as the absolute noise component.
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Assumption 4.3 (Smoothness conditions). It is assumed that the Hessian ma-
trix of the cost function, J(w), and the noise covariance matrix defined by
(4.11) are locally Lipschitz continuous in a small neighborhood around w = w?
in the following manner:

HV?U J(w’ + Aw) — V2 J(wO)H
[Rs.i(w” + Aw) — Ry i(w?)]

o || Ao (4.18)
ko || Aw]] (4.19)

IA A

for small perturbations ||Aw| < e and for some constants k1 > 0, kg > 0,
and exponent 0 < v < 4.




] o
Weight Error Recursions |
o] Lecture #12: Performance by Single Agents _____________ EE210B: Inference over Networks (A. H. Sayed) _

w; = Iy —pH;)wi1 + psi(wi—1) (4.64)
w; = (Iy —pH)w;_; + psi(wi-1) (4.65)
where )
H,, 2 / V2 J(w® — tib; )t (4.38)
0
We introduce the deviation matrix
H,, 2 0-H,, (4.39)
H 2 V2 J(w®)
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Two useful metrics for assessing the performance of stochastic gradient
algorithms are the mean-square-deviation (MSD) and the excess-risk
(ER). We define these two measures below before explaining how the
long-term model (4.55) can be used to evaluate their values.
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To motivate the definition of the MSD, we first remark that we will
be establishing further ahead in (4.97) and (4.128) the following two
expressions for the limit superior and limit inferior of the error variance:

limsupE |w;]|* = p-MSD + o(p) (4.83)
1—00
liminfE ||w;||*> = p-MSD — o(u) (4.84)
1— 00

for some common positive constant MSD whose exact value is not rele-
vant for the current discussion. We explained the meaning of the limit
superior operation earlier prior to the statement of Lemma 3.1. We can
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similarly view the limit inferior of a sequence as essentially correspond-
ing to the largest lower bound for the limiting behavior of the sequence:
this concept is again useful when the sequence is not necessarily con-
vergent but tends towards a small bounded region [89, 144, 202]. A
schematic illustration of the limit superior and limit inferior values for
the error variance, E||w;||?, is shown in Figure 4.1. If the sequence hap-
pens to be convergent, then both its limit superior and limit inferior
values will coincide and they will be equal to the regular limiting value
of the sequence.
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r - _ 2|
limsup E ||w;||* = p-MSD + o(u)
1—00
{ liminf E ||w;||* = p-MSD — o(u) i supE]
L 11— i—+oo \
_____________________________________ SIS

for some positive constant SD. \_ [ eion i

lim inf ;2
=00
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Now, comparing the first relation (4.83) with (4.2), it is observed
that (4.83) characterizes the size of the coefficient of the first-order term
in 1 as being equal to MSD. Moreover, if we divide both sides of (4.83)
and (4.84) by u and compute the limit as p — 0, which corresponds to
assuming operation in the slow adaptation regime, then we find that

1 1
lim (hm sup E||wz||2) = lim (hmmf E||wzH2) = MSD  (4.85)

p—0 i—soo M p—0 1— v
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That is, the limiting values of the scaled limit superior and limit inferior
expressions coincide with each other and they are both equal to MSD.
This fact indicates that as u — 0, the quantity %E |w;||* approaches
a limiting value after sufficient iterations and, once multiplied by pu,
this limiting value can be used to assess the size of the error variance,
E ||w;||?, in steady-state. For this reason, we shall define the MSD mea-
sure as follows:

1
MSD 2 [ (lim lim sup —E||@z||2) (4.86)
p H

—0 500
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: : 1 ~ 112 : .. 1 ~ 12 ATOT
lim ( limsup —E ||lw;||* ) = lim ( liminf —E ||w;||* | = MSD
p—0 i—soo M p—0 1—=00 L

® Therefore, as (&t — 0, the quantity ﬁIE |w;||* approaches a limit.

® Once multiplied by 1, this limit assesses E |lw;||* to first-order in fi:

(simplification)

1 |
% MSD 2 [ - (lim lim sup —E”ﬁ?zl2) MSD 2 lim E |w;|
" i

-0 {00 e
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In view of equality (4.85), we could have also defined the MSD by using
the liminf operation in (4.86) instead of the limsup operation. For
uniformity throughout this work, we shall adopt the lim sup notation.
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Sometimes, with some abuse of notation, we write the definition for

the MSD more simply, for sufficiently small step-sizes, as follows:
MSD 2 lim E|@;|? (4.87)

1—00

with the understanding that this limit is computed as in (4.86) since,
strictly speaking, the limit on the right-hand side of (4.87) may not
exist. Yet, it is useful to note that derivations that assume the validity
of (4.87) still lead to the same expression for the MSD to first-order
in p as derivations that rely on the more formal expression (4.86)

— this fact can be verified by examining and repeating the proof of
Theorem 4.7 further ahead.
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The second useful metric for evaluating the performance of stochastic
gradient algorithms relates to the mean excess-cost; which is also called
the excess-risk (ER) in the machine learning literature [37, 233] and the
excess-mean-square-error (EMSE) in the adaptive filtering literature
1107, 206, 262]. We denote it by the letters ER and, similarly to (4.86),
we can motivate the following expression for it:

FR 2 . (hm lim sup ~E {.J (w;_,) — J(wo)}) (4.88)

=0 00 M
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In other words, the ER metric measures the average fluctuation of
the cost function around its minimum value in steady-state. Again, we
could have used the liminf operation in (4.88) instead of the limsup
operation. We again adopt the lim sup convention.
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Lemma E.2 (Perturbation approximation: Real arguments). Consider the same
setting of Lemma E.1 and assume additionally that the Hessian matrix func-
tion is locally Lipschitz continuous in a small neighborhood around z = 2¢ as
defined by (E.7). It then follows that the increment in the value of the function
g(z) for sufficiently small variations around z = z° can be well approximated
by

1

g(z° + Az) — g(z°) =~ Az' [§Vg g(zo)] Az (E.10)

where the approximation error is in the order of O(||Az|[]?).
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There is also a useful stochastic version of Jensen’s inequality. If a €
RM is a real-valued random variable, then it holds that

f(Ea)
f(Ea)

where it is assumed that a and f(a) have bounded expectations. We
remark that a function f(xz) is said to be concave if, and only if, — f(x)

IV IA

E(f(a)) (when f(z) € R is convex) (F.29)
E(f(a)) (when f(x) € R is concave)  (F.30)

IS convex.
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Using the smoothness condition (4.20), and result (E.10) from the
appendix, we recognize that the mean fluctuation that appears inside

(4.88) satisfies:

limsup E{J(w;—1) — J(w’)} = limsupE ||w;_1 ||21H +O0(*?) (4.89)

1— 00 1— 00 2

in terms of a weighted mean-square-error norm. The appearance of the
O(1?/2) factor in the above expression can be motivated as follows. We
note from expression (E.10) in the appendix that the right-most term
in (4.89) should be the asymptotic size of E|lw;_1||*>. We then rely on
result (3.67) to note that:
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| L e o\
lim sup E||w;_1]] <  limsup (EH’wi—lH )

1— 00 1— 00

= O(u’?) (4.90)

where in the first line we called upon Jensen’s inequality (F.30) and the
fact that the function f(x) = 2%/* is concave over the range x > 0. It
follows from (4.88) and (4.89) that we can also evaluate the ER metric
by means of the following alternative expression:
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1
ER = (hm limsup —E ||w;— 1H ) (4.91)
=0 o0 M

Again, with some abuse in notation, we sometimes write more simply

either of the following expressions for sufficiently small step-sizes in
place of (4.88) and (4.91):

ER = ll>m E{J(w;—1) — J(w)} (4.92)
ER = lim E|w,;_ 1||2 (4.93)

1—>00
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with the understanding that the limits in the above two expressions
are computed as in (4.88) or (4.91) since, strictly speaking, these limits
may not exist. Still, it is useful to note that derivations that assume
the validity of (4.92)—(4.93) lead to the same expression for the ER to
first-order in p as derivations that rely on the more formal expressions
(4.88) or (4.91) — this fact can be verified by examining and repeating
the proof of Theorem 4.7. We collect the expressions for the MSD and
ER measures in the following statement for ease of reference.
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Definition 4.2 (Performance measures). The mean-square-deviation (MSD)
and excess-risk (ER) performance metrics are defined as follows:

|
MSD 2 1 - (lim lim sup —E||wi||2) (4.94)
i

=0 00

>

ER [ - (lim lim sup iE {J(w;—1) — J(wo)}) (4.95)

=0 00

for sufficiently small step-sizes, where the MSD measures the size of the error
variance, I ||w;||?, in steady-state, while the ER measures the size of the mean
fluctuation, E{J(w,;_1) — J(w?)}, also in steady state. Under result (3.67),
and using the Hessian matrix H from (4.40), the ER expression can also be
evaluated as: |

ER = u- (lim lim sup —IEHiBz_lHQlH) (4.96)

/_L 2

=0 o
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It is noteworthy to observe from (4.94) and (4.96) that both expressions
for the MSD and ER involve squared norms of the error vector, w;, in
steady-state. For this reason, in the argument that follows we will focus
on evaluating the limit superior of a weighted mean-square-error norm
of the form E||w;||%, for some positive-definite weighting matrix ¥ that
we are free to choose. Then, by setting > = Ij; or X = %H, we will be
able to arrive at the MSD and ER values.
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Stochastic Gradient Algorithm

———

w;, = WwW;—1 — MvaJ(’w?;_l), ’I,Z 0 (4.5)

Gradient Noise

si(w) V,rd(w) — V, rJ(w) (4.6)

Gradient Noise Covariance Matrix
R, = lim E | s(w)s! (w”)| F; 1] (4.12)

71— 00
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Lemma 4.3 (Long-term error dynamics). Assume the requirements under As-
sumptions 4.1 and 4.2 and condition (4.18) on the cost function and the gradi-
ent noise process hold. After sufficient iterations, 7z > 1, the error dynamics of
the stochastic-gradient algorithm (4.5) is well-approximated by the following
model (as confirmed by future result (4.70)):

W, = (I — pH)w,_y + psi(w,1) (4.55)

with the iterates denoted by @’ using the prime notation.
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Theorem 4.7 (Mean-square-error performance: Real case). Assume the condi-
tions under Assumptions 4.1, 4.2, and 4.4 on the cost function and the gradient
noise process hold. Assume further that the step-size is sufficiently small to
ensure mean-square stability, as already ascertained by Lemmas 3.1 and 4.4.

Then. it holds that

limsupE |lw;|* = %TI(H_lRS) + O(;LH'}"’”) (4.97)
1—>00
limsup E{J(w;—1) — J(w)} = %'IT(RS) + O (p'trm) (4.98)
1—00
where
N
Y = imm{l;’y} > () (4.99)
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with 0 < v <4 from (4.19), while R, and H are defined by (4.12) and (4.40).
Consequently, the MSD and ER metrics defined by (4.94) and (4.96) for the
stochastic-gradient algorithm (4.5) are given by the following expressions:

MSD = ST (H'R,) (4.100)
ER = % Tr (R,) (4.101)
Moreover, for i > 1, the rate at which the error variance, E ||w,||?, approaches

its steady-state region (4.97) is well-approximated to first-order in p by

a=1—2p\min(H) (4.102)
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Proof. We introduce the eigen-decomposition H = UAUT, where U is orthog-
onal and A is diagonal with positive entries, and rewrite (4.55) in terms of
transformed quantities:

w; = (I —pMN)w; + psi(w;_1) (4.103)

where w; = UTw), and 5;(w;—1) = UTs;(w;_1). Since the variables {w},w;}
are related to each other via an orthogonal transformation, it is clear that their
Euclidean norms are identical and, therefore, E|w;||? = E ||w}]|?. It follows
that we can rely on the mean-square-error of w; to evaluate the mean-square-
deviation (MSD) of the long-term model (4.55). We proceed to derive an

expression for the MSD by employing energy conservation arguments [6, 205,
206, 269].
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Let > denote an arbitrary M x M diagonal matrix with positive entries
that we are free to choose. Then, equating the weighted squared norms of
both sides of (4.103) and taking expectations conditioned on the past history
Fi_1 gives :

E [|[@i|g|Fi-1] = [@Wimills + #°E [IEi(wi-)[$1Fi1 ] (4.104)

where the cross terms are annihilated on the right-hand side because
E [si(w;—1)|Fi—1 | = 0. Moreover, the weighting matrix X’ is given by

>

Y (I — pN)X(1 — pA)

Y —2uAY + p*AXA (4.105)
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Taking expectations of both sides of (4.104) gives:
El[@wls = Elw-il$ + p*El5i(wi-1)[3 (4.106)

We now evaluate the two terms that appear on the right-hand side of this
expression for 7 > 1. With regards to the first term, we use expression (4.105)
for ¥’ to note that:

- (4.105) _ _
Elw; 1)y =" El@ii1l$-suas + #*El@i1lisa (4.107)
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Now since ¥ and A are diagonal matrices with positive entries, we observe
that the rightmost term satisfies:

p(A?) - p(2) - B[ |
p(A2) - TH(E) - E [, (4.108)

El@i-1lics <
<

where p(A) denotes the spectral radius of its matrix argument; obviously, for
the matrices ¥ and A, we have that p(A) is equal to the largest entry in A
while p(X) is smaller than the trace of ¥. Combining the above result with
the fact from (3.39) that the limit superior of E |[w;_1||* is in the order of
O(p), we conclude from (4.107) that for ¢ > 1:
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El[@i-15 = El@i-1]3_guns + Tr(X)-O(u?) (4.109)

where we are keeping the factor Tr(X) explicit in the rightmost term for later

use in (4.129).
We next evaluate the second term on the right-hand side of (4.106). To
do so, we shall call upon the results of Lemma 4.1. We start by noting that

Elsi(wi )3 = Tr[2E (Si(wi) Gilwin)" )]

_ TT:UEUTE(si(wi_l)(s@-(wi_l))T)] (4.110)

We showed in last lecture

lim sup |[E s;(wi—1) (8i(wi—1))" — Rs|| = O(7"/?) (4.33)

11— 00
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where the covariance matrix Es;(wi—1) (si(wi—1)) was already evaluated
earlier in (4.33). Using that result, and the sub-multiplicative property of
norms, namely, |[AB| < ||All||B]|, we conclude that:

lim sup HUEUTIE si(wi_1) (8;(w;_1))T —USUTR,|| = O("/?)  (4.111)

1—> 00

where 7" was defined in (4.32) as 4/ = min {~, 2}. Consequently, as stated
earlier prior to (4.34), since |Tr(X)| < ¢|| X[ for any square matrix X, we
have that:

limsup | E[|5:(w,_1)|% — Te(USUTR,)| = O(u7'/?) 2

11— 00

b (4.112)
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in terms of the absolute value of the difference. We are denoting the value of
the limit superior by the nonnegative number by; we know from (4.112) that
by = O(p”/?). The same argument that led to (4.26) then leads to

Tr(USUTR,) — b, < E|5;(w,—1)||% < Tr(USUTR,) + b, (4.113)

for + > 1 and for some nonnegative constant b, = O(;ﬂ’/ 2). It follows from
(4.113) that we can also write, for ¢ > 1:

E |5 (wi—1)||2 = Te(USUTR,) + O /?) (4.114)
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Substituting results (4.109) and (4.113) into the variance relation (4.106) we
obtain for 2 > 1 that:

E|[wils < ElWi-1lls_suas +#° (Te(UEU' Ry) +bo) + O(p”)  (4.115)
E|[wils > El@i-1ls_suas +#° (Te(UEUTRy) = bo) + O(p”) (4.116)

Using the sub-additivity and super-additivity properties of the limit superior
and limit inferior operations, namely, for bounded sequences a(z) and b(z)
89, 144, 202]:
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limsup (a(i) +b(2)) < limsup a(i) + limsup b(z) (4.117)

liminf (a(i) 4 b6(i)) > liminf a(i) + liminf b(7) (4.118)
1—> 00 1— 0O 1— 00O

we conclude from (4.115) and (4.116) that

limsup B [[w,]| < limsupE |[@i—1[[$_g,ax +
1—00 1—> 00

12 (Tr(USUTRg) + b,) + O(p?)  (4.119)
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and

lim inf B [[@]|5, > lminf E |15 o, +
11— 00 11— 00
1 (Te(USU'Ry) — by) + O(p?)  (4.120)
Grouping terms we get:

limsupE @[3, < #° (TH(USUTR,) +5,) +O(®)  (4.121)

11— 00

iminfE|[w;||5,,x > #° (TH(USUTR,) —by) + O(p?) (4.122)
1—> 00
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and, consequently, by eliminating a common factor p from all terms and using
the fact that the limit inferior of a sequence is upper bounded by its limit
superior, we obtain the following inequality relation:

p (Te(USUTR,) — by) +O(p?) < liminf E |[w;]3,s,

1—> 00
< limsupE |[w; 3,5 < p (Tr(UXU'R;) 4 b,) + O(1%)
11— 00
(4.123)
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/

Recalling that b, = O(p"/2) and 0 < 2 < 1 so that pb, dominates O(y?)
for small p, we conclude that the limit superior and limit inferior of the error
variance satisfy:

limsup E ||w;|[5,y = pTr(USUTR,) —|—O(/J,min{2’1+%}) (4.124)
1— 00
liminfE|[@:|2e = pTr(USUTR,) —o(ﬂmi“{”%}) (4.125)
1—0OQ
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Continuing with (4.124), and since we are free to choose X, we let ¥ = %A‘l
so that the variance term on the left-hand side of (4.124) becomes E ||w;||?.
Recalling that ||[w;||? = ||w]]|? and noting that USUT = £ H~1, we arrive at

limsup E||w}|* = %Tr (H™'R,) + O (Mmiﬂ{Q,l-l—%}) (4.126)

11— 00
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However, we know from result (4.71) that the error variance of the stochastic-
gradient algorithm (4.5) is within O(x3/?) from the error variance of the long-
term model, which is given by the above expression. We therefore need to
adjust the exponent of p inside the big-O term to arrive at the desired ex-
pression (4.97) where the factor of 2 is replaced by 3/2 since

3 Y 3 Y
—. 2,1+ =7 = —, 1+ = 4.127
mm{zj : +2} mm{zf +2} ( )
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Likewise, if we select > = %I A, then a similar argument leads to (4.98).
Returning to (4.125), the argument that led to (4.126) would similarly imply

that

lim inf E||w;||* = %'ﬁ“ (H™'Rs) — olp) (4.128)

1—r 00

Although this result is unnecessary for the argument in this proof, we nev-
ertheless established it because it was used earlier in (4.84) while motivating
the definition of the MSD metric.
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With regards to the rate at which E ||w;||* approaches its steady-state
region (4.97) (and likewise for E||w;||1,,), we refer back to (4.106) and sub-
2

stitute (4.109) and (4.114) to rewrite the former relation as follows for i > 1:

E[W:[1% = E |[@,1]1%,, s + 1> TH(EUTRU) + Te(S) -o(p?)  (4.129)

where we replaced the approximation error by o(u?) for brevity; it is sufficient
to know for the current argument that the power of ju is strictly larger than
two. For compactness of notation, we introduce the matrices

D2 ILy—2uN, Y 2 UTRU (4.130)
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It is clear that the matrix D is stable for sufficiently small step-sizes and,

moreover,

p(D) EY 1 2 () (4.131)

where we used the fact that the eigenvalues of A coincide with the eigenvalues
of H and they are all positive. Therefore, D* — 0 as i — oo and, moreover,

o0

> D'=(Iy-D)" = %A—l (4.132)
2!

n=0

so that

o) (Z ) U2 o) (4.133)
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These two conclusions are used in the sequel. Indeed, from (4.129) we have
that for any 2 > 1:

El[w;|s = El[Wi—ilps + #*Tr(XY) + Tr() - o(p?) (4.134)

By setting ¥ successively equal to the choices {I5;, D, D?, D? ...}, and by
iterating the above recursion, we deduce that

Elw.? = Elw_ 15w + 123 Te(D"Y) + o(u?) - 3 Te(D") (4.135)

n=0 n=0
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The first-term on the right-hand side corresponds to a transient component
that dies out with time. The rate of its convergence towards zero determines
the rate of convergence of E|[w;||* towards its steady-state region. This rate
can be characterized as follows. We express the weighted variance of w_q as
the following trace relation in terms of its un-weighted covariance matrix:

E|w_1]i+ = E (W D""'w_1) = Tr (DMEw_yw*;)  (4.136)
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Then, it is clear that the convergence rate of the transient component is dic-
tated by p(D) since this value characterizes the slowest rate at which the
transient term dies out. We conclude that the convergence rate of E |[w;||?
towards the steady-state regime is also dictated by p(D), which we can ap-
proximate to first-order in p by expression (4.102).
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Additionally, if desired, computing the limit superior of both sides of
(4.135), and using (4.133), we can re-derive the MSD value for the algorithm

in an alternative route as follows. Note that

limsup E|w;||* = p° (ZTr(D”Y)) + o(p) (4.137)
n=0

71— 00

where the first term on the right-hand side is actually O(u) and dominates
the second term since
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s (iTr(D”Y)) = pwWThr[Iy+D+D*+D°+..)Y]

= p*Tr((Iy — D)7'Y)
= %TT(A‘ Y)
= O(p) (4.138)
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If we now use the substitutions Y = UTR.U, A=' = UTH-'U, and w; =
UTw), we conclude that

limsup E||@}]|*> = %H(H‘lﬁs) + op) (4.139)

17— 00

which is in agreement with (4.126).
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Results (4.100)—(4.101) are useful expressions that apply to general
v—strongly convex functions J(w) that satisfy Assumptions 4.1 and 4.3.
The following example shows that the approximation error in expres-
sions (4.97)—(4.98) can be replaced by O(p?) in the quadratic case.
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Example 4.2 (Quadratic cost functions). When J(w) happens to be quadratic
in w, as is the case with the mean-square-error cost of Example 3.1, then the
matrices H; 1 and H defined by (4.38) and (4.39), respectively, will coincide
with each other since the Hessian matrix V2 J(w) will be constant for all w.
Thus, in this case H;,_; = H = V2, J(w°). As a result, the perturbation term
pci—1 in (4.41) will be identically zero and recursions (4.37) and (4.55) will
therefore coincide. Both models will then have the same MSD expressions.
Therefore, we can rely on expression (4.126) without the need for the ad-
justment by O(;3/2). We know from (4.16) that v = 2 for mean-square-error
costs. Using this value for ~ in (4.126), we arrive at
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. N i _
limsup E [|w;||* = ETY(H 1R8) + O(,uz) (4.140)
1—»00

with an approximation error in the order of O(;?) rather than the term
O(13/2) that would result from (4.97)-(4.98). Likewise, we obtain

limsupE{J(w;—1) — J(w?)} = " Tr (Rs) + O (p2) (4.141)
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In re-deriving this expression for the ER, we called upon expression (E.20) in
the appendix where it is shown that for quadratic costs, expression (4.89) is
replaced by the exact relation

limsup E{J(w;—1) — J(w°)} = lim811pE||17?i—1||2%H (4.142)

1—» 00 71— 00

without the O(;3/?) correction term that appeared in (4.89).
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The resulting expressions for the MSD and ER performance metrics will
continue to be:

_ K —1
MSD = QTT(H R;) (4.143)

ER — %TT(RS) (4.144)
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With regards to the convergence rate, we use v = 2 (and, hence, 4 = 2) in
(4.114) and recognize that the o(;?) term in (4.129) will be replaced by O(u?).
Continuing with the derivation, we will then conclude that the approximation
error o(y) in (4.137) is replaced by O(p?) and the convergence rate expression
(4.102) will still hold in the quadratic case:

a=1—2Anin(H) (4.145)
O
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Example 3.3 (Gradient noise). It is clear from the expressions in Examples 2.3
and 3.1 that the corresponding gradient noise process is given by:

s?;('wi_l) — VwTJ(wq;_l) — VwTJ(’UJ@_l)
= Q(UI’U,@) w1 — QUI[uiwo +v(i)] — 2R, w;—1 + 2R, w°
= 2(R, —u;u)w,_1 — 2u, v(7) (3.19)

From expression (3.19) we know that

si(w’) = —2u]v(i) (4.13)
R, = 40°R, = R, ;(w°), foralli (4.14)

.
/
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Example 4.3 (Performance of LMS adaptation). We reconsider the LMS recur-
sion (3.13). We know from Example 3.3 and (4.13) that this situation corre-
sponds to H = 2R, and R, = 40°R,,. Substituting into (4.100)—(4.101) leads
to the following well-known expressions for the performance of the LMS filter
for sufficiently small step-sizes — see [96, 97, 100, 107, 114, 130, 206, 261, 262]:

MSD = uMo? = O(p) (4.146)
EMSE = puo?Tr(R,) = O(p) (4.147)

where we are replacing ER by the notation EMSE, which is more common in
the adaptive filtering literature.
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Figure 4.2 illustrates this situation numerically. The figure plots the evo-
lution of the ensemble-average learning curve, E ||w;||?, over i; the curve is
generated by averaging the trajectories {||w;||*} over 2000 repeated exper-
iments. The label on the vertical axis in the figure refers to the learning
curve E ||w;||? by writing MSD(i), with an iteration index 7. Each experiment
involves running the LMS recursion (3.13) on data {d(7),u;} generated ac-
cording to the model d(i) = w;w°+wv (i) with M = 10, 02 = 0.010, R, = 2I,;.
and using p = 0.0025. The unknown vector w? is generated randomly and its
norm is normalized to one. It is seen in the figure that the learning curve
tends to the MSD value predicted by the theoretical expression (4.146).
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M =10,02 = 0.010, R, = 21y, 1 = 0.0025

0 T T T T T ‘
S N IFigulre 4.2: Leérning curvé, E||w;||?, for the LMS rule (3.13) obtained by
1 | | averaging over 2000 repeated experiments using M = 10, o2 = 0.010, R, =
TAOF N 21y, and = 0.0025. The horizontal dashed line indicates the steady-state
MSD level predicted by the theoretical expression (4.146).
-15+ B
g
5_20_ ........ .......... ..........
c% . . Ieam;ing curve . . . .
_307 . .|
: : MSD level
a5l theory(146) L |
_400 150 2é)0 360 4(|)0 5[|)0 660 7[‘)0 SC‘JO 9(;0 1000

i (iteration)
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Example 4.4 (Performance of logistic learners). We reconsider the stochastic-
gradient algorithm (3.16) from Example 3.2 for logistic regression. The abso-
lute component of the gradient noise in that example is given by

o] o . 1
si(w?) = pu” = b (s (118
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with covariance matrix

1 2
Ry S E {ha;hrzT' (1 N e'y(i)hTwo) }Pz’wa(’wo)T (4.149)

Note in particular that R, < Rj. Calling upon expression (4.101), we conclude
that the excess-risk measure is given by

=

ER = E1r(r) < £Tr(R) = O() (4.150)
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Figure 4.3 illustrates this situation numerically. The figure plots the evo-
lution of the ensemble-average excess-risk curve, E{J(w;_1) — J(w?)}, over
i; the curve is generated by averaging the curves {J(w;_1) — J(w?)} over 100
repeated experiments. The label on the vertical axis in the figure refers to the
learning curve E{J(w;—1) — J(w”)} by writing ER(¢), with an iteration in-
dex 7. Each experiment involves running the logistic recursion (3.16) on data
{~v(i), h;} with M = 50, p = 10, and p = 1 x 10~*. The data used for the
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simulation originate from the alpha data set [223]; we use the first 50 features
for illustration purposes so that M = 50. To generate the trajectories for the
experiments in this example, the optimal w? and the gradient noise covariance
matrix, R, are first estimated off-line by applying a batch algorithm to all
data points. For the data used in this example we have Tr(R,) ~ 131.48 and
Tr(R;) =~ 528.10. It is seen in the figure that the learning curve tends to the

ER value predicted by the theoretical expression (4.150).
O
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M =20,p =10, =1 x 10-1
5 ! 1

0 - Figure 4.3: Learning curve, E{J(w; 1 — J(w?)}, for the logistic rule (3.16)
‘obtained by averaging over 100 repeated experiments using M = 50, p = 10,
sl ~and g = 4 x 107°. The horizontal dashed line indicates the steady-state ER
level predicted by the theoretical expression (4.150).
10l
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Example 4.5 (Performance of online learners). More generally, consider a
stand-alone learner receiving a streaming sequence of independent data vec-
tors {x;,7 > 0} that arise from some fixed probability distribution X. The
goal is to learn the vector w® that optimizes some v—strongly convex risk

function J(w) defined in terms of a loss function [236, 252]:
w® 2 argmin J(w) = argmin EQ(w;x;) (4.151)

w w

The learner seeks w® by running the stochastic-gradient algorithm:

w, = W;—1 — prTQ('w@-_l;a:i); 1 >0 (4152)
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so that the gradient noise vector is given by
sf,;(w@-_l) = VwTQ('w@-_l; 33@) — v,wTJ(wi_l) (4.153)

Since V,, J(w?) = 0, and since the distribution of a; is assumed stationary,
it follows that the covariance matrix of s;(w?) is constant and given by

Ry =EV 7 Q(w’ x;)V,y Q(w’; x;) (4.154)

The excess-risk measure that will result from this stochastic implementation
is then given by (4.101) so that

ER = %Tr(RS) (4.155)
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We now extend the performance results of the previous sections to
the complex domain in which case the argument w € CM is complex-
valued. We explained in Sec. 3.6 that the strongly convex function,
J(w) € R, is now required to satisfy condition (3.114), namely,

0 < %Ih]\/[ < va J(w) < %Ih]\/j (4.156)
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in terms of the data-type variable

I (4.157)

A 1, when w is real
2, when w is complex

As was the case in the real domain, we continue to assume that the now
2M x 2M Hessian Hessian matrix of J(w) satisfies the local Lipschitz
condition (4.18).
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We also explained that the constant step-size stochastic gradient
recursion is given by

—

w;,; = W;—1 — ;J,Vw*J(wi_l), ZZU (4.158)

and that the gradient noise process is now complex-valued as well, i.e.,

A

sz-(w,;_l) Vw* J(’wi_ﬂ — Vw* J(’w@'_l) (4.159)
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The first and second-order moments of this noise process are assumed
to satisfy the same conditions in Assumption 3.4. The result in Theo-
rem 4.8 further ahead extends the conclusion from Theorem 4.7 to the
complex case. Comparing the performance expressions in the lemma
below to the earlier expressions in the real case from Theorem 4.7, we
observe that in the MSD case, two moment matrices are now involved,
and which are denoted by Rs and R,. These matrices are defined as
follows.
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For any w € F;_1, we introduce the extended gradient noise vector
of size 2M x 1:

st (w) 2 [(3@'(“’) ] (4.160)

si(w))'
where we are using the superscript “e” to denote the extended variable.
We then let
R (w) 2 E [ sf(w)sf*(w)| Fi1] (4.161)

denote the conditional second-order moment of this extended noise
process. It is a 2M x 2M matrix whose blocks are given by
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_ Esi(w)s(w) Esi(w)s] (w)

Faslt) = [E(sz—(w)sﬂw))* E (s:wsi(w) | M1

Compared with the earlier definition (4.11) in the real case, we

see that now two moment quantities of the form Es;(w)s;(w) and
Es;(w)s; (w) appear in (4.162), with the first one using conjugate
transposition and the second one using standard transposition. We as-
sume that, in the limit, these moment matrices tend to constant values

when evaluated at w” and we denote their limits by
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R 2 lim E [s;(w®)s (w®) | Fi_1] (4.163)
1— 0
R, = lim E | s;(w)s! (w°)| Fi ] (4.164)
1— 00

Comparing (4.163) with (4.164) we see that sf(w) is used in the ex-
pression for R while s (w) is used in the expression for R,. The two
moment matrices, { Rs, R}, are in general different. It is the first mo-
ment, Rs, that is an actual covariance matrix in the complex domain
(and is therefore Hermitian and non-negative definite), while the sec-
ond moment, R,, is symmetric. Both matrices { Rs, R,} are needed to
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characterize the second-order moment of s;(w?) in the complex domain.
When s;(w?) happens to be real-valued, then Rg and R, will obviously
coincide. Nevertheless, we will continue to use the universal notation
R (and not R;) to denote the covariance matrix of s;(w?). In other
words, whether s;(w?) is real or complex-valued, the notation R will
always denote its limiting covariance matrix:

( lim E [si(wO)sJ(wO)m_l] (for real data)

11— 00

11>

R

lim E [s;(w?)s; (w?) | Fi—1] (for complex data)
\ =00
(4.165)
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Before establishing the next result, we mention that the smoothness
condition (4.19) takes the following form in the complex case in terms
of the extended covariance matrix:

| R i (w” + Aw) = RE j(w)

< o || Aw| (4.166)

for small perturbations [[Aw|| < €, and for some constant k9 > 0 and
exponent 0 < v < 4.
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Theorem 4.8 (Mean-square-error performance: Complex case). Assume the cost
function .J(w) satisfies conditions (4.156) and (4.18). Assume further that
the gradient noise process satisfies the conditions in Assumption 3.4 and the
smoothness condition (4.166), and that the step-size is sufficiently small to
ensure mean-square stability, as already ascertained by Lemma 3.5. Then, it
holds that

lilgsupIEH’l’Bin = gTT (H‘l [ gi g% ]) + O (') (4.167)
i—00 q s

limsupE{J(w;—1) — J(w®)} = = Tr(Rs) + O (p'*m) (4.168)

1— 00

b=

where
2 “min{l,4} >0 (4.169)

o | =

Tm
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and v € (0.4] is from (4.166). Moreover, {R;, R,} are defined by (4.163)—
(4.164) and H = V2 J(w°) is 2M x 2M. Consequently, the MSD and ER
metrics for the complex stochastic-gradient algorithm (4.158) are given by:

MSD = %TT (H—l [ gz I}% D (4.170)

ER = %T&“ (R.) (4.171)

Moreover, for i > 1, the rate at which the error variance, E ||w;||?. approaches
its steady-state region is well-approximated to first-order in p by

o =1—2\min(H) (4.172)

When J(w) is quadratic in w, the approximation errors in (4.167)—(4.168)
are replaced by O(u?).
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Proof. We explained in the proof of Lemma 3.5 that results for the complex
recursion (4.158) can be recovered by working with the following recursion in
terms of an extended 2M X 1 real variable v;:

vi = Vi — 1 Vord(vi1) (4.173)

where ¢/ = 11/2 and v; = col{x;, y,;} in terms of the real and imaginary parts
of w; = x; + jy,. The gradient noise process that is associated with this
v—domain recursion was denoted by

e

ti(v, 1) = Vord(v,_1) — VyrJ(viy) (4.174)
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and it was shown in (3.150) to be given by

ti(vie1) = 2 [ 'Zf((;”:ll)) ] (4.175)

in terms of the real and imaginary parts of the original gradient noise vector
si(w;_1), defined by (4.159):

A .
si(wi—1) = spi(wi—1) + 7sr.i(w;—1) (4.176)

Therefore, in order to apply the results of Theorem 4.7 to the v—domain re-
cursion (4.173) under the conditions in Assumption 3.4, we need to determine
two quantities:
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(a) First, we need to determine an expression for the Hessian matrix of the
cost function J(v), in the v—domain, which will play the role of the
matrix H in expressions (4.100)—(4.101).

(b) Second, we need to determine an expression for the second-order mo-
ment of the noise component, t;(v?), which will play the role of R, in
the same expressions (4.100)—(4.101).

With regards to the Hessian matrix, we recall result (B.26) from the appendix,
which relates the Hessian matrix of J(v) in the v—domain to the complex
Hessian matrix of J(w) in the w—domain, and use it to write

vV J(’) = D* |V, J(w®)] D = D*HD (4.177)
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in terms of the matrix D defined by (B.27) and which satisfies DD* = 215),.
Note that this result also implies that V2 J(v°) is similar to 2H so that

Amin (V2 J(v%) = 2Amin(H) (4.178)

With regards to the second-order moment of the absolute component of
t@-('v@-_l), we let

1>

R, = lim E [¢;(v°)t] (v°) | Fi_1 | (4.179)

21— 00

Using (4.175), as well as definitions (4.163)—(4.164) for the second-order mo-
ments { R, I, } associated with the original gradient noise component, s;(w?),
it can be verified that
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. 0\ g* 0 . ool 0
DRD* = 4-}111115]([ i(w)si (W) SZ(wO)S*Z(“‘;)T])
ivoo | (si(w)sT ()" (si(w?)st(w))
A Ry Ry
= 4[R§ RI] (4.180)

We already know from (3.152)—(3.153) and (3.168) that the second and
fourth-order moments of the gradient noise process ¢;(v;_1) satisfy conditions
similar to (4.9)—(4.10) and (4.67) in the real case. Therefore, the results of
Theorem 4.7 can be applied to the v—domain recursion (4.173). Let

m 2 1+ ym (4.181)
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We conclude from the expressions in Theorem 4.7 that the limit superior
for each of the error variance and the mean fluctuation for the v—domain
recursion are given by (using p/ = p1/2)

limsup E||7;]? = “—’Tf([v?, J(vO)]‘lﬁt)+O((u’)m)

— LT (D'H'DR,) + O(u™)
(H'D™*R,D™") + O(u")

1 1
H‘IEDRtED*) +O(u™)

e S

=
T

H! [ gg % D +O0(u™)  (4.182)
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and

-~

=
=
=
i
S
=
=

limsup E{J(v;—1) — J(v?)} =

1— 00

(D™'DR;) + O(u™)

|
= OI=
-

[
=

(DR,D™') +0O(u™)

I
=
=

(DR, D*) + O(u™)

o at ]) oo

)+ O0>(™) (4.183)
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Finally, using (4.172) we conclude that the convergence rate in the v—domain
is given by the following expression to first-order in pu:

o = 1=2u A\uin(V2J(0°))
— 1-2 (%) 2\ min (H)

G 9 i (H) (4.184)
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Example 4.6 (Performance of complex LMS adaptation). We reconsider the
complex LMS recursion (3.125) from Example 3.4. In this case we have

R, X
G;{:Jik[ . RT] (4.185)

v

RS:O-QRU,; H:[Ru 0 ]

0 RT

where the block off-diagonal entries of Gy are not be not needed because Hy.
is block-diagonal. Substituting into (4.170) and (4.171) we find that the MSD

and ER performance levels are given by
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M 2

MSD = £ 2“"“ (4.186)
joy

ER = ETr(R) (4.187)
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It is useful to remark that the block matrix that appears in expres-
sion (4.170) for the MSD is equal to the limiting covariance matrix of
the extended gradient noise vector when evaluated at w = w?:

(s (w”)"

1

s¢(w?) = [ si(w”) ] (4.188)
Specifically, it holds that

RS Rq . £ €, 0 €/,,,0\\* _ A e
[ e R!] = lim B [s(w’) (s{(w”)" | Fia] 2 RS (4.189)
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If we use RS to denote this extended covariance matrix, then we can
rewrite the MSD and ER expressions (4.170)—(4.171) in the equivalent
forms:

MSD = %Tr(H‘le) (4.190)
ER = %Tr(Rg) (4.191)



End of Lecture

Course EE210B
Spring Quarter 2015

Proc. IEEE, vol. 102, no. 4, pp. 460-497, April 2014.
Foundations and Trends in Machine Learning, vol. 7, no. 4-5, pp. 311-801, July 2014.




	Slide Number 1
	Reference
	Conditions on Risk Function
	Conditions on Risk Function
	Stochastic Gradient Algorithm
	Stability of Error Moments
	Gradient Noise Covariance
	Gradient Noise Covariance
	Smoothness Conditions
	Weight Error Recursions
	Long-Term Error Dynamics
	Slide Number 12
	Performance Metrics
	Mean-Square Deviation
	Limits Superior and Inferior
	Limits Superior and Inferior
	Mean-Square Deviation
	Mean-Square Deviation
	Performance Metric: MSD
	Mean-Square Deviation
	Mean-Square Deviation
	Excess Risk
	Excess Risk
	Recall #1: Quadratic Increment
	Recall #2: Jensen’s Inequality
	Excess Risk
	Excess Risk
	Excess Risk
	Excess Risk
	Performance Metrics
	Performance Metrics
	Recall #3: Gradient Noise
	Recall #4: Long-Term Dynamics
	Recall #5: Size of Approx. Error
	Performance Metrics
	MSE Performance
	MSE Performance
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	MSE Performance
	Example #4.2
	Example #4.2
	Example #4.2
	Example #4.2
	Example #4.2
	Recall #6 (LMS Adaptation)
	Example #4.3
	Example #4.3
	Example #4.3
	Example #4.4
	Example #4.4
	Example #4.4
	Example #4.4
	Example #4.4
	Example #4.5
	Example #4.5
	Slide Number 78
	Complex Domain
	Complex Domain
	Stochastic Gradient Algorithm
	Conditions on Gradient Noise
	Conditions on Gradient Noise
	Conditions on Gradient Noise
	Conditions on Gradient Noise
	Conditions on Gradient Noise
	Conditions on Gradient Noise
	MSE Performance
	MSE Performance
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Proof
	Example #4.6
	Example #4.6
	Extended Noise Vector
	Extended Noise Vector
	Slide Number 102


<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Error

  /CompatibilityLevel 1.4

  /CompressObjects /Tags

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Default

  /DetectBlends true

  /DetectCurves 0.0000

  /ColorConversionStrategy /CMYK

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams false

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness true

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Preserve

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages true

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages true

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages true

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile ()

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<



    /BGR <>

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /CZE <>

    /DAN <>

    /DEU <>

    /ESP <>

    /ETI <>

    /FRA <>

    /GRE <>



    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)

    /HUN <>

    /ITA <>

    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /LTH <>

    /LVI <>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)

    /NOR <>

    /POL <>

    /PTB <>

    /RUM <>

    /RUS <>

    /SKY <>

    /SLV <>

    /SUO <>

    /SVE <>

    /TUR <>

    /UKR <>

    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /ConvertColors /ConvertToCMYK

      /DestinationProfileName ()

      /DestinationProfileSelector /DocumentCMYK

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure false

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles false

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /DocumentCMYK

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /UseDocumentProfile

      /UseDocumentBleed false

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [612.000 792.000]

>> setpagedevice



