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The gradient descent algorithm (2.21) of the previous chapter requires
knowledge of the exact gradient vector of the cost function that is
being minimized. In the context of adaptation and learning, this infor-
mation is rarely available beforehand and needs to be approximated.
This step is generally achieved by replacing the true gradient by an
approximate gradient, thus leading to stochastic gradient algorithms.
Important challenges and new features arise when the gradient vec-
tor is approximated. For instance, the gradient error that is caused by
the approximation (and which we shall call gradient noise) ends up
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interfering with the operation of the algorithm. It therefore becomes
important to assess how much degradation in performance occurs. At
the same time, the stochastic approximation step infuses a powerful
tracking mechanism into the operation of the gradient descent algo-
rithm; it becomes able to track drifts in the location of the minimizer
due to changes in the underlying signal statistics or models. This is
because stochastic gradient implementations approximate the gradient
vector from streaming data. By doing so, and by relaying on actual data
realizations, the drifts in the signal models become reflected in the data
and they influence the operation of the algorithm in real-time.
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SGAs: among most successful iterative techniques for
adaptation and learning:

® “Learning”: ability to extract information about some unknown
parameter from data.

® “Adaptation” : ability to track drifts in the parameter.

® Continvous learning and adaptation from “streaming data.”
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Thus, let J(w) € R denote the real-valued cost function of a real-

valued vector argument, w € R™ and consider the same optimization
problem (3.1):

o

w? = argmin J(w) (3.1)

We continue to assume that J(w) is twice-differentiable and satisfies
(2.18) for some positive parameters v < 9, namely,

0<viy < V?U J(w) < ol (3.2)
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Assumption 3.1 (Conditions on cost function). The cost function J(w) is
twice-differentiable and satisfies (3.2) for some positive parameters v < 4.
Condition (3.2) is equivalent to requiring J(w) to be v—strongly convex and
for its gradient vector to be d—Lipschitz as in (2.14) and (2.17), respectively.
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Assumptions (can be relaxed):

a) J(w) twice-differentiable

b) J(w) is v—strongly convex <= V2 J(w) > viy >0

€) V. J(w)is d—Lipschitz <= ||V, J(ws) — Vo J(w1)| < 5|
= V. J(w) < 6Iu

wo — w1 |

Example: conditions are satisfied by quadratic or logistic risks.
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We mentioned in the previous chapter that it is common in adap-
tation and learning applications for the risk function .J(w) to be con-
structed as the expectation of some loss function, Q(w;x), say,

J(w) = E Q(w; x) (3.3)

where the expectation is evaluated over the distribution of . The tradi-
tional gradient-descent algorithm for solving (3.1) was described earlier
by (2.21), and we repeat it below for ease of reference:

w; = Wi—1 — ,quTJ('w@-_l), ZZ 0 (34)
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where 7 > 0 is an iteration index and p > 0 is a small step-size param-
eter. In order to run this recursion, we need to have access to the true
gradient vector, V ,vJ(w;_1). This information is generally unavailable
in most instances involving learning from data. For example, when
cost functions are defined as the expectations of certain loss functions

as in (3.3), the statistical distribution of the data x may not be known
beforehand.
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Traditional gradient-descent algorithm: min J(w)

w

['wi = wi—1 — pVyrJ(wi—1), i> OJ [ w; = w — w@;J

A

o(f1)
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In order to run this recursion, we need to have access to the true
gradient vector, V ,v.J(w;_1). This information is generally unavailable
in most instances involving learning from data. For example, when
cost functions are defined as the expectations of certain loss functions

as in (3.3), the statistical distribution of the data x may not be known
beforehand.



[ ]
Gradient Descent
14 [ Lecture #10: Stochastic Optimization by Single Agents ~_______EE210B: Inference over Networks (A. H. Sayed)

In that case, the exact form of J(w) will not be known
since the expectation of Q(w;x) cannot be computed. In such situa-
tions, it is necessary to replace the true gradient vector, V v.J(w;_1),
by an instantaneous approximation for it, and which we shall denote
by m(wi_l). Doing so leads to the following stochastic-gradient re-
cursion in lieu of (3.4):

——

w;, = W;—1 — ,uV,wTJ('wz-_l), 22 0 (35)
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Note that we are using the boldface notation, w;, for the iterates in
(3.5) to highlight the fact that these iterates are randomly perturbed
versions of the values {w;} generated by the original recursion (3.4).
The random perturbations arise from the use of the approximate gra-
dient vector; different data realizations lead to different realizations for
the approximate gradients. The boldface notation is therefore meant
to emphasize the random nature of the iterates in (3.5).
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Stochastic gradient algorithms are among the most successful iter-
ative techniques for the solution of adaptation and learning problems
by stand-alone single agents [190, 207, 243]. We will be using the term
“learning” to refer broadly to the ability of an agent to extract in-
formation about some unknown parameter from streaming data, such
as estimating the parameter itself or learning about some of its fea-
tures. We will be using the term “adaptation” to refer broadly to the
ability of the learning algorithm to track drifts in the parameter. The
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two attributes of learning and adaptation will be embedded simultane-
ously into the algorithms discussed in this work. We will also be using
the term “streaming data” regularly because we are interested in al-
gorithms that perform continuous learning and adaptation and that,
therefore, are able to improve their performance in response to continu-
ous streams of data arriving at the agent. This is in contrast to off-line
algorithms, where the data are first aggregated before being processed
for extraction of information.
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We illustrate construction (3.5) by considering a scenario from clas-
sical adaptive filter theory [107, 206, 262], where the gradient vector
is approximated directly from data realizations. The construction will
reveal why stochastic-gradient implementations of the form (3.5), us-
ing approximate rather than exact gradient information, are naturally
endowed with the ability to respond to streaming data.
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Example 3.1 (LMS adaptation). Let d(i) denote a streaming sequence of zero-
mean random variables with variance o4 = E d’ (7). Let u; denote a streaming
sequence of 1 x M independent zero-mean random vectors with covariance
matrix 12, = Eu]u; > 0. Both processes {d(i),u;} are assumed to be jointly
wide-sense stationary. The cross-covariance vector between d(i7) and wu; is
denoted by rq, = Ed(i)u; . The data {d(i),u;} are assumed to be related via
a linear regression model of the form:

d(i) = u;w’ + wv(i) (3.6)

o .
= Tdu = Iyw (normal equations)
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for some unknown parameter vector w®, and where v(7) is a zero-mean white-
noise process with power 02 = Ev?(i) and assumed independent of u; for all
¢, 7. Observe that we are using parentheses to represent the time-dependency
of a scalar variable, such as writing d(z), and subscripts to represent the time-
dependency of a vector variable, such as writing w;. This convention will be
used throughout this work. In a manner similar to Example 2.1, we again pose
the problem of estimating w® by minimizing the mean-square error cost

J(w) =E(d(i) —uw)® = EQ(w;x;) (3.7)

—— V,rJ(w) = 2(R,w — rgy)
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where the quantities {d(), w;} represent the random data x; in the definition
of the loss function, Q(w;x;). Using (3.4), the gradient-descent recursion in
this case will take the form:

w; = wi—1 — 2p|[Rywi—1 —rqy), ©>0 (3.8)

The main difficulty in running this recursion is that it requires knowledge of
the moments {rq,, R, }. This information is rarely available beforehand; the
adaptive agent senses instead realizations {d(7), u; } whose statistical distribu-
tions have moments {r4,, R, }. The agent can therefore use these realizations
to approximate the moments and the true gradient vector. There are many
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constructions that can be used for this purpose, with different constructions
leading to different adaptive algorithms [107, 205, 206, 262|. It is sufficient to
illustrate the construction by focusing on one of the most popular adaptive
algorithms, which results from using the data {d(7),u;} to compute instan-
taneous approximations for the unavailable moments at every time instant as

follows:
raw ~ d(iDu), R, = u,u; (3.9)

By doing so, the true gradient vector is approximated by:

——

Verd (w) =2 [u] ujw —u; d(i)] = V,r Q(w;x;) (3.10)

{2
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Observe that this construction amounts to replacing the true gradient vector.
V.7 J(w), by the gradient vector of the instantaneous loss function itself
(which, equivalently, amounts to dropping the expectation operator):

VwTJ(’LU) — VwTEQ(’LU;x?;) (3.11)

vaJ(w) = vaQ(w;:I?r,g) (312)
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Substituting (3.10) into (3.8) leads to the well-known least-mean-squares
(LMS, for short) algorithm [107, 206, 262]:

w; — W;_1 + quz[d(i)—uiwi_l], 1 >0 (3.13)

The LMS algorithm is therefore a stochastic-gradient algorithm. By relying
directly on the instantancous data {d(¢),w,}, the algorithm is infused with
useful tracking abilities. This is because drifts in the model w® from (3.6) will
be reflected in the data {d(7), u;}, which are used directly in (3.13).

O
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Example 3.2 (Logistic learner). Let us reconsider the setting of Example 2.2,
which dealt with logistic risk functions. Let «(7) be a streaming sequence of
binary random variables that assume the values £1, and let h; be a streaming
sequence of M x 1 real random (feature) vectors with R, = Eh;h; > 0.
We assume the random processes {~v(i),h;} are wide-sense stationary. The
objective is to seek the vector w that minimizes the following risk function:

J(w) & guwn? + E {m (1+e—’ﬂi)h1w)} (3.14)
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The loss function that is associated with J(w) is
e AP 2 —Y(i)h] — :
Qwiv() hi) £ Lllwl? + I (1+e77OMY) = Quuia)  (3.15)

and the stochastic gradient algorithm for minimizing J(w) then takes the
form:

1
= (1 — . V. .1 > :
w,= (1= oy + b (T )+ 120 (310)
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4 N
a = O(p) means |a| < cp for some constant c.

a = o(p) means that |a|/pu — 0 as u — 0.
- /

O(p) = |a| is in the order of u

et
L 2
I

o(n) = |al is some higher power in y
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Now, the use of an approximate gradient vector in (3.5) introduces
perturbations relative to the operation of the original recursion (3.4).
We refer to the perturbation as gradient noise and define it as the
difference:

s@-(wi_l) é m(wi_l) — vaJ('wf,;_l) (317)
which can also be written as
si('wi_l) é VwTQ(’w@'_ﬁ :EZ) — VwTEQ('wi_l; 1133) (318)

for cost functions of the form (3.3) and where, as in cases (3.7) and
(3.15), the {x;} represent the data.
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The presence of the noise perturbation, s;(w;—1), prevents the
stochastic iterate, w;, from converging to the minimizer w® when con-
stant step-sizes are used. Some deterioration in performance occurs
since the iterate w,; will instead fluctuate close to w in the steady-
state regime. We will assess the size of these fluctuations in the next
chapter. Here, we argue that they are bounded and that their mean-
square-error is in the order of O(u) — see (3.39). The next example
from [66] illustrates the nature of the gradient noise process (3.17) in
the context of mean-square-error adaptation.
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A______..-—""“-—..______

Sg;(’wg;_l) = vaJ(’wi_l) — vaJ(’wg;_l)

® Gradient noise prevents w,; from converging to °.
® w; will instead fluctuate around w? in steady-state.
® We will verify that the Mean-Square-Deviation (MSD) is O () -

® SGA converges towards its steady-state MSD level geometrically.
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Example 3.3 (Gradient noise). It is clear from the expressions in Examples 2.3
and 3.1 that the corresponding gradient noise process is given by:

——

s?;('wi_l) — VwTJ(wq;_l) — VwTJ(’UJ@_l)
= Q(UI’U,@) Wi_1 — QUI[uiwC’#—v(i)] — 2R, wi—1 + 2R, w"

= 2(R, —u;u)w,_1 — 2u, v(7) (3.19)

1
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—

where we introduced the error vector, w; = w® — w;, and used the relations
d(i) = u;w® + v(i) and R,w® = 7rg,. Let the symbol F;_; represent the
collection of all possible random events generated by the past iterates {w;}
up to time 5 < :— 1. Formally, F;_4 is the filtration generated by the random
process w; for j <i—1 (i.e., F,_1 represents the information that is available
about the random process w; up to time ¢ — 1):

Fi_q é filtration {’w_lj W,, W, ... ;w?;_l} (3.20)

A
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It follows from the conditions on the random processes {u;,v(7)} in Exam-
ple 3.1 that

E[si(wi_l) |.Fq:_1:| — Q(Ru—Equi)’lﬁﬁi_l — QE’U,;-I_U(?:)
= 2(R,—R,)w;—1 — 2 (Eu]) (Ev(i))

o ~ 0 (3.21)

E [ lsi(wio )P | Fioy ] < dellibpi]l? + 402 Tr(R,) (3.22)
where the constant ¢ is eiven bv

¢ 2 E|Ry — ul (3.23)
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If we take expectations of both sides of (3.22), we further conclude that
Ellsi(wi—1)|* < 4cE|w;—1|? + 402 Tr(Ry) (3.24)

so that the variance of the gradient noise, E ||s;(w;_1)|*, is bounded by the
combination of two factors. The first factor depends on the quality of the
iterate, IE||w;_1]|?, while the second factor depends on 2. Therefore, even if
the adaptive agent is able to approach w® with great fidelity so that E [|w;_||?
is small, the size of the gradient noise will still depend on o2

v e
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J(w) 2 gHHf’HZ + E {111 (1 +e_7(*’)h1”~”)} (Logistic Regression)

—~hTw
. T T €
= Ve Jw) = pw—E {Th 1 1 e—YhTw }

4 )
S(wi—l) — K 7(7’) -T- L 7(7’) _7E
1 _|_ e'y(z)hi w,;—1 1 _|_ e'y(z)hi w,;—1
- . . /
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Fi-1: collection of all possible random events generated
by past iterates {w;} up to time i — 1:

A ,
Fi_1 = filtration{w_1, we, wi,..., wi—1}

4 )
]E[Si(iﬂi—l)lfi—l] = 0

E [||lsi(wi—1)||?|Fi=1] < Tr(Rp)
\_ J
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In order to examine the convergence and performance properties
of the stochastic-gradient recursion (3.5), it is necessary to introduce
some assumptions on the stochastic nature of the gradient noise pro-
cess (3.17), whose definition we rewrite more generally as follows for
arbitrary vectors w € F;_1:

A____..-—-'""--.._____

si(w) = V,rJ(w) — V,17J(w) (3.25)
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The conditions that we state below are similar to conditions used earlier
in the optimization literature, e.g., in [190, pp. 95-102] and [33, p. 635];
they are also motivated by the conditions we observed in the mean-
square-error case in Example 3.3. Following the developments in [66,
70, 277], we assume the gradient noise process satisfies the following
conditions.
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Assumption 3.2 (Conditions on gradient noise). It is assumed that the first

and second-order conditional moments of the gradient noise process satisfy
the following conditions for any w € F;_1:

E [si(w)|Fi—1] = 0 (3.26)

E[llsi(wl*|Fi] < 8wl + a3 (3.27)

almost surely, for some nonnegative scalars 3% and 2.
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Condition (3.26) ensures that the construction of the approximate gra-
dient vector is unbiased. Moreover, using the second condition (3.27),

we deduce for any w;_1 € F;_1 that

E | Isi(wi)IP| Ficx] < B llwina|® + 53

(a) A 0 0 —

= B |lwi_y —w® +wl||* + 75

(b)  _ _

< 267 lwimy —w||* + 287||w|)® + o;
(c) _

< B |wisa|]® + oF (3.28)
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where in step (a) we added and subtracted the global minimizer, w?,
and in step (b) we used the inequality ||z +y||* < 2||z||* +2||y||* for any
vectors & and y, and in step (¢) we introduced the nonnegative scalars:

32 23° (3.29)
2

5 287 w°* + o3 (3.30)

11>

11>

g
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In other words, we conclude from conditions (3.26)—(3.27) that the
following conditions also hold:

K [si('wi_l) | -F'z'—l] 0 (331)
E|siwi )| Fin| < Bllwia]’ +o?  (3.32)
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in terms of the error vector, w;_; = w’ — w;_1, and for some nonneg-
ative scalars 32 > 0 and o2 > 0. We shall use these conditions more
frequently in lieu of (3.26)—(3.27). We could have required these con-
ditions directly in the statement of Assumption 3.2. We instead opted
to state conditions (3.26)—(3.27) in that manner, in terms of a generic
w € F; 1 rather than w; 1, so that the upper bound in (3.27) is
independent of the unknown w?.
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By further taking expectations of the relations (3.31)—(3.32), we
conclude that the gradient noise process also satisfies:

Esi('wi_l) = 0 (333)
E|si(wi—1)|* < B°E|wiz1]® + o (3.34)
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£E|31(w11)|2 < BE|wi|*+ o2 }

Quadratic Risks:
02 = 462 Tr(Ry), (% — 4e

Logistic Risks:
o — Tr(Rp), B*=0
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/ \ \ O Limit superior: smallest
~ o
e upper bound for the

limiting behavior of the
sequence.

convergence rate:

a=1-0(n)

lim sup E||w; |*
i—o0

d Concept is useful when
O(p)
— sequences are not
1teration 1

\ / convergent but tend

towards bounded regions.

Figure 3.1: Exponential decay of the mean-square error described by (3.37) to
a level that is bounded by O(p) and at a rate that is in the order of 1 — O(p).
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We can now examine the convergence of the stochastic-gradient recur-
sion (3.5) in the mean-square-error sense. Result (3.39) below is stated
in terms of the limit superior of the error variance sequence, E||w;||*.
We recall that the limit superior of a sequence essentially corresponds
to the smallest upper bound for the limiting behavior of that sequence;
this concept is particularly useful when the sequence is not necessarily
convergent but tends towards a small bounded region [89, 144, 202].
One such situation is illustrated schematically in Figure 3.1 for the
sequence E [|w;[|%. If the sequence happens to be convergent, then the
limit superior will coincide with its regular limiting value.
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Lemma 3.1 (Mean-square-error stability: Real case). Assume the conditions
under Assumptions 3.1 and 3.2 on the cost function and the gradient noise
process hold, and consider the nonnegative scalars {32, 02} defined by (3.29)—
(3.30). For any step-size value, p, satisfying:

2v

it holds that [ ||w;||* converges exponentially (i.e., at a geometric rate) ac-
cording to the recursion
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Elai? < aF || + p2o? (3.37)
where the scalar a satisfies 0 < a < 1 and is given by
o = 1—=2up+ (8% + ) (3.38)
It follows from (3.37) that, for sufficiently small step-sizes:

limsup E|lw;|* = O(p) (3.39)

11— 00
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Proof. While the result can be established in other ways, we follow the al-
ternative route suggested in the proof of the earlier Lemma 2.1 since this
argument is more convenient for extensions to the case of networked agents
66, 69, 70, 277]. We subtract w® from both sides of (3.5) and use (3.17) to
get

—~—

w; = Wwi—1 + pVyrJ(wi_1) + psi(w;_1) (3.40)
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We now appeal to the mean-value relation (D.9) from the appendix to write

[190]:
1
- ( / V2 J(w® — ti‘b@-_l)dt) Wi,
0

—H, w4 (3.41)

VwT J('wi_l)

1>

where we are introducing the symmetric and random time-variant matrix
H,_; to represent the integral expression. Substituting into (3.40), we get

o~

w,;, = (Ij\/f—ﬂHé_l)ing_l + psi('w@_l) (342)
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so that

E [|lw:|* | Fica] < |ar — pHia | Jwia|* +
PP E [[lsi(wi1)|” | Fizi]

(3.32) . )
< v = pH |7 w7 +

W2 (82,4 ])° + 02) (3.43)
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Using an argument similar to (2.33) we have

(I — pH )]
max{(1 — p5)2; (1— MV)2}
1~ 2 4 1267 (3.44)

”LM —M{z'—1||2

IA N

since v < §. Substituting into (3.43) and using the definition (3.38) we obtain

E (@) Fit] < alli? + p2o (3.45)
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Taking expectations of both sides of this inequality we arrive at (3.37). The
bound (3.36) on the step-size ensures that 0 < « < 1. Iterating recursion
(3.37) gives
2 2
B[, 2 < o E i |2 + £ (3.46)

which proves that E||w;||?

bounded by

converges exponentially to a region that is upper

2 2 2
, ~ poo o
limsup E||w;]* < S = - 3.47
l,i_il:lp lwall™ - < 1 —a« 2v — p(62 + 32) ( )

It is casy to check that the upper bound does not exceed po? /v for any step-
size u < v/(6%2 + 32?). We conclude that (3.39) holds for sufficiently small
step-sizes.

]
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Observe that we can rewrite (3.37) in the equivalent form

2 2 2 2

N o _ o

Ellw? — £== ) < a|El@)? - (3.48)
1 —« 1 —«

where the steady-state bound is subtracted from both sides. It is clear

from this representation that « relates to the rate of decay of the mean-

square-error towards its steady-state bound — see Figure 3.1.
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\

E|lw,|*

convergence rate:
a=1-0(u)

lim sup E||w;|*
i—00

O(p)

\ iteration 7 /

Figure 3.1: Exponential decay of the mean-square error described by (3.37) to
a level that is bounded by O(u) and at a rate that is in the order of 1 —O(pu).
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We can also examine the stability of the fourth-order moment of the
error vector by showing that the limit superior of IE ||w;||* tends asymp-
totically to a region that is bounded by O(x?). The main motivation
for establishing this result, in addition to the stability of the second-
order moment already established by (3.39), is that these results will be
used in the next chapter to derive expressions that quantify the perfor-
mance of stochastic gradient algorithms to first-order in the step-size
parameter.
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To establish the convergence of the fourth-order moment, E ||w;||*,
to a bounded region, we need to replace Assumption 3.2 by the following
condition on the fourth-order moment of the gradient noise process

71, 278).
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Assumption 3.3 (Conditions on gradient noise). It is assumed that the first
and fourth-order conditional moments of the gradient noise process satisfy
the following conditions for any iterates w € F,;_1:

E|si(w)|Fi—1] = 0 (3.49)
E [[|si(w)|*|Fi-a] < B wl* + a5 (3.50)

almost surely, for some nonnegative coefficients 7% and 3%.
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It is straightforward to check that if the above condition on the fourth-
order moment holds, then a condition similar to (3.27) on the second-
order moment will also hold (while the reverse direction is not neces-
sarily true). Indeed, note that

E s Fim] < (BPlwl® +52)  (351)

so that using the property that (Ea)?* < Ea? for any real random
variable a, we conclude that

E|[siw)*|Fin| < 3 lw|? + o2 (3.52)
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Therefore, the conditions in Assumption 3.3 continue to ensure the
mean-square stability of the stochastic-gradient algorithm, as already
established by Lemma 3.1.
Now, for any two vectors a and b, it holds that
1 4

1
bl|* = ||=-2 —.2b
la + b HQ @+ 5

1 4 1 4
Sl2allt + 2
< 8fall* + 8|’ (3.53)
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where in step (a) we called upon Jensen’s inequality (F.26) from the
appendix and applied it to the convex function f(z) = ||z||*. Using
(3.53), it follows from condition (3.50) that the gradient noise process
itself satisfies:

E Isi(wi-)II*| Fiot| < 3*llwia|* + &2
= 84‘|w3‘_1 —’U)O—l—’w0||4 + 5'§
< 83" @i + 854wt + o

(3.54)
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so that the following conditions also hold:

E[Si(’wi_ﬂ‘f'@'_l] = 0 (3.55)
E[Isiwi)II| Fi] < Bhl@iall* +0k  (3.56)

where we introduced the non-negative parameters:

g 2 8p (3.57)
ot 2 8F |t + & (3.58)
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We shall use conditions (3.55) (3.56) more frequently in lieu of (3.49)
(3.50). By taking expectations of (3.55)—(3.56) we obtain:

ES?;(’w?;_l) = 0 (3.59)
E|si(w;i—1)||* < BiE|wi1]|* + o5y (3.60)

The following example illustrates that the mean-square-error cost con-

sidered earlier in Examples 3.1 and 3.2 satisfies the conditions of As-
sumption 3.3.



Example #3.4

e [ Lecture #10: Stochastic Optimization by Single Agents EE210B: Inference over Networks (A. H. Sayed)

Example 3.4 (Mean-square error costs). Let us consider the same scenario from
Example 3.3 where we determined in (3.19) that the gradient noise process is
given by

si(wi_l) = Q(Ru—uzu@-)fbi_l — QU;I_’U(?,) (361)

It follows that

(3.53) N
Isi(wi—)* < 8lI2(Ry — uj w)wi1 ||* + 8[12u]v(i)|*
<

128 Ry, — w) wi||* Jwi— s ||* + 128]|ws|* [Jo(i)]*
(3.62)



Example #3.4

Lecture #10: Stochastic Optimization by Single Agents EE210B: Inference over Networks (A. H. Sayed)

From the conditions on the random processes {u;, v(i)} in Example 3.1, and
assuming further that the fourth-order moments of {v(z),u;} are bounded
and independent of 7, we get

E [[lsi(wi-)I" | Fiei] < 128(E[Ru —wjwil") @il +
128 (E [lus||*) (Ev(2)]*)

BillwilI* + ogy (3.63)

1>

which is of the same form as (3.60) with

Bt 2 128 (E||Ry — ului|*) (3.64)
oly 2 128 (Ellu*) (E|w()|*) (3.65)
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{Elsz'('wilﬂﬁl < BiE|wi1|* + oy }

[ ] [ J . .&
Quadratic Risks: g A 198 (E|| Ry — uf i)
A .
oo = 128 (Ellugll*) (E[lv@@)]*)

Logistic Risks:
o5 — 16E[h|*, 81 =0
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Fourth-Order Stability

Lemma 3.2 (Stability of fourth-order moment: Real case). Assume the condi-
tions under Assumptions 3.1 and 3.3 on the cost function and the gradient
noise process hold. Then, for sufficiently small step-sizes, it holds that

limsup Ellw,|* = O(u) (3.66)
1—+00
limsup Ellw||* = O (3.67)

11— 00
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Proof. We only need to establish (3.67) since (3.66) was established earlier
in Lemma 3.1. Following an argument similar to [278], we refer to the error

recursion (3.42):
’lﬁﬁi = (IMf — /LLHi_l)QAﬁrg_l + usi('wi_l) (368)
Using the fact that, for any vectors a and b,

la+01* = lall* + [|bI* + 2llall® 6] + 4(a"b)* + 4]1b]|* a"b + 4[|a]|* o™
(3.69)
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we can equate the fourth-order powers of both sides of (3.68) to get

lwill* = (I = pH 1) @i ||t + gt flsi(wi)|[* +
20| (Ing — pH 1)W1 || ||si(wi—1) |* +

_ 2
4 |w] (I —/JHi—l)Sz'('wi—l)] +

4@2\ si(w@_1)||2 [@3_1(IM - ﬂHz’—l)ﬂs(wi—l)} +

Ay = pH )i | (@] (D — pH oo )psi(wi)
(3.70)
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Applying the Cauchy Schwarz’s inequality (a'b)? < |lal|? ||b||? to the third
term on the right-hand side, and using the sub-multiplicative property of
norms, we get

|t < |as — || @i |+ it fsi(wist)]|* +
6102 ||(Ing — pH i1 )i || [} 8:(wi_1) ]| +
4| si(wi1) 2 |,y (Iar = pHi1)psi(wiy) | +
AN (Tar = pH )i [P [ @] (D = i) pisi(wi)
(3.71)
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Applying further the inequality 2a"b < |[a||* + ||b[|* to the rightmost factor in
the third line, and using again the sub-multiplicative property of norms, we
get
lwsl|* < (1 Iar — pH i || [l [+ 3|8 (wizr)[|* +
81 [ Iag — pH i || |Wi—a || || 85 (wi)[|” +
AN(Iar = )b | @14 (Tag = pH 1) pisi(wiy)
(3.72)
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Conditioning both sides of (3.72) on F,;_1 and using (3.55) and (3.56), we
obtain

E [Jlwil*Fi-1] < |Iv = pHia||* [wiea||* +
But (B llwi—a I + 05s) +
8p? 1t — pH i || [wia || (8% [|@i-1||* + o)
(3.73)

where the expectation of the last term on the right-hand side of (3.72) is zero
since E [s;(w;—1)|Fi—1] = 0. Using an argument similar to (3.44) we have
[ Ins — pH || < 1=2pw + p?8°
< 1+ pts® (3.74)
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and

v — oA < (1= 2 4 26%)?
= 1 —dpw + 202 (207 + 6%) + p*o* — 4pPvs?
< 1 —4pw + 202 (202 + 6%) 4+ ptot (3.75)

Substituting these bounds into (3.73), taking expectations of both sides again
to eliminate the conditioning on F;_1, and grouping terms we get

Elw! < (1—a)Ew |' + aEli, (> + a5 (3.76)
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where the constants {ai, as, as} are defined by

ap = Aduv —2u* (207 + 8% +48%) — pt(0* + 83767 4 3531)
~ oG (3.77)
ay = 814 p*0%)o? = O(p?) (3.78)
1

as = 'l = O(u) (3.79)
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We can combine (3.76) and the earlier mean-square-error inequality (3.37)
into a single linear recursive inequality as follows:

E | @ a0 E /@ 20
~ < ~ + ° 3.80
Bl ) 2 Lo aten || Elal 0 | O
where the notation a < b means that each entry of vector a is smaller than
or equal to the corresponding entry in vector b. We already know from (3.36)

that for p < 2v/(6% + 3?), it will hold that 0 < a < 1 so that the mean-
square error, E||w;||?, converges asymptotically to a region bounded by O(y).
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We can therefore ensure the convergence of recursion (3.80) by showing that
a small enough step-size can be chosen to further enforce |1 — aq| < 1 or,
equivalently, 0 < a1 < 2. Since we know from (3.77) that ay < 4pv, then
selecting p according to the following three conditions is sufficient to meet the
requirement 0 < a; < 2 (these conditions combined guarantee pr < a; < 2):

dpy < 2 (3.81)
pt(6% 4+ 88%0% +381) < pt(2v7 + 6% + 457) (3.82)
P2 (207 £ 6% 4587 < v (3.83)
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or, since 0 > v,

o< 1/2 (3.84)
) 2 52 4 2 1/2

po< v+ 0"+ 4P (3.85)
64 + 83262 + 33}

po< . (3.86)

202 + 52 + 452
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Since the bounds on the right-hand side are positive constants and indepen-
dent of g, it is clear that a sufficiently small g exists that meets all three
conditions and leads to |1 — a;| < 1. For example, the smallest bound among
the above three bounds determines an upper limit, x,, such that for all p < i,
we get 0 < ayp < 2:

2 2 2 \ 1/2
. mm{ 1 ” ( 212 4 62 + 48 ) } (3.87)

207 2v2 + 62 + 4827 \ 6% + 83202 + 333
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It is clear that
v Y,

<
202 4 02 + 432 62 4 B*

Therefore, any pu < ju, also satisfies u < v/(6% + 3?) and E||w;||* will be
mean-square stable according to (3.36), i.e.,

(3.88)

limsupE ||Jw;||* < bu (3.89)

11— 00

for some constant b > 0. Computing the limit superior of both sides of (3.76)
then gives:
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- b
limsup E ||, ||* T T s
1—00 a1
@) 8pP(1+ p?0%)odbp + 3ptol,
< "
8bo? 302 8ba26°
< ( S)MQ_'_( 84)/&34—( s)ﬂél
v % %

(b)  /8ba?\ 302\ 200262\
< pe o+ 5 | 1+ T | 1
v 2v v
= o) (3.90)

where step (a) is because a; > pr and step (b) is because p < 1/2v. g
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Recall #3: Stochastic Recursion

Lemma F.6 (Stochastic recursion). Let u(i) > 0 denote a scalar sequence
of nonnegative random variables satisfying Ew(0) < oo and the stochastic

E [u(i + 1) w(0),w(l),....uli)] < [1—a(@]ul) + b(i), i>0 (F.53)

in terms of the conditional expectation on the left-hand side, and where the
scalar and nonnegative deterministic sequences {a(7), b(7)} satisfy the five con-
ditions:

[o.@] b .
0<a(i) <1, bli)> Za = 00, ;b(i)<oo5 11_13.10%:0
(F.54)
Then, it holds that lim (i) = 0 almost surely, and lim E (i) = 0.

1 — 00 1— 00




° °® Y °® S
Recallt#4: Deterministic RecursionV

Lemma F.5 (Deterministic recursion). Let u(z) > 0 denote a scalar determin-
istic (i.e., non-random) sequence that satisfies the inequality recursion:

uw(i+1) < [1—a(i)]u(z) + b(i), i>0 (F.49)

(a) When the scalar sequences {a(7),b(i)} satisfy the four conditions:

.
4

it holds that lim u(z) = 0.

71— 00
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(b) When the scalar sequences {a(z),b(7)} are of the form
c

a(i) = i1 b(i) = (i 4+ 1)p+1

it holds that, for large enough i, the sequence w(i) converges to zero at one of
the following rates depending on the value of ¢:

% u(i) < (Ciﬂp) z‘lp + o(1/P), c>p
= O (logi/i) . c=p (F.52)

| u(i) = O(1/i°), c<p

The fastest convergence rate occurs when ¢ > p and is in the order of 1/:%.

c>0, d>0, p>0 (F.51)

N
I~

s
-,

—
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If desired, it is also possible to employ iteration-dependent step-size
sequences in (3.5) instead of the constant step-size pu, and to require
1(2) > 0 to satisfy either of the following two sets of conditions:

Z,u(i) = 00, lim (i) = 0 (3.91)

1— 00

or

> n(i)=o0, > (i) < oo (3.92)
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The first set of conditions is the same one we encountered before in
(2.38). The second set of conditions is stronger: if a sequence (i) sat-
isfies (3.92) then it also satisfies (3.91). In either case, recursion (3.5)

would be replaced by

—_—

w;, = W;—1 — ;L(Z) VwTJ(’w?;_l), ZZ 0 (393)

It is well-known [32, 190, 243] that the iterate w; converges towards
w? in the mean-square sense under (3.91), i.e.,

lim E ||w;||* =0 (under (3.91)) (3.94)

1— 00
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and it converges to w? almost surely, i.e., with probability one, under
(3.92):
Prob (_lim w; = wo) = 1 (under (3.92)) (3.95)
11— 00

However, as already noted before, conditions (3.91)—(3.92) force the
step-size sequence to decay to zero, which is problematic for applica-
tions requiring continuous adaptation from streaming data.
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Lemma 3.3 (Almost-sure convergence: Real case). Assume the conditions un-
der Assumptions 3.1 and 3.2 on the cost function and the gradient noise
process hold. Then, the following convergence properties hold for (3.93):

(a) If the step-size sequence p(7) satisfies (3.92), then w; converges almost
surely to w?, written as w; — w® a.s.

(b) If the step-size sequence (i) satisfies (3.91), then w; converges in the
mean-square-error sense to w?, i.e., El|w;||* — 0.
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Proof. We again subtract w® from both sides of (3.93) to get
w; = Wi_1 + /J(Z) VwTJ(’LU?;_l) + /J(Z) s@-('w,;_l) (396)
We then use the mean-value relation (D.7) from the appendix to note that

1
VwTJ(wz'—l) — (/ V?U J(wo — t’lﬁbrg_l)dt) '&J’i—l (397)
0

. >y

[ >

"
H,; 4
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where we are introducing the symmetric and random time-variant matrix
H ,_, which is defined in terms of the Hessian of the cost function; note that
this matrix depends on the random error vector w;_;. Substituting the above

relation into (3.96), we get the recursion

w; = (Ing —p()H; 1 )w;—1 + pu(2) 8;(w;—1) (3.98)
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It then follows that

E [|lwll® | Fic1i] < Mar — p()Hioq||? |wiza|)* +
() E [|lsi(wiz1)||?|Fiz1]
(2) : 2 2/ [~ 9

< (I =2p()v+07p" (7)) [lwi—1[|” +

B2 (D)|lwia|I* + p? (i)os (3.99)
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where step (a) uses an argument similar to (3.44). Therefore, it holds that:

E[l@ 2 Fior ] < ali) @i | + 1200 (3.100)

S

where

a(i) 21— 2wu(i)+ (6% + B2)12 (i) (3.101)

Now note that we can split the term 2vu(7) in the above expression for
«(7) into the sum of two terms and write

ali) = 1—vp(i) — vp(i) + (0% + B)2(i) (3.102)
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And since p(i) — 0, we conclude that for large enough 7 > 7,, the sequence
p?(i) will assume smaller values than (7). Therefore, a large enough time
index, 7,, exists such that the following two conditions are satisfied:

vu(i) > (6% + B p(i),  0<wu(i) <1, i>i, (3.103)

Consequently,

a(t) < 1—vu(i), i>i, (3.104)

.
J

Then, inequalities (3.100) and (3.104) imply that

E [ @2 Fior] < (1—vp(i) @i i]? + p2G)o?  i>i, (3105
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For convenience of notation, let
. A |~ 12
u(i+1) = ||w;| (3.106)
Then, inequality (3.105) implies that

E [u(i+ 1] w(0),uw(l)....,u(i)] < (1 —vu()) w(i) + p?(i)os, i> i,
(3.107)
We now call upon the useful result (F.53) from the appendix and make the
identifications

a(i) = vu(i), bi) = p*(i)o; (3.108)
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These sequences satisfy conditions (F.54) in the appendix in view of assump-

tion (3.92) on the step-size sequence and the second condition in (3.103). We

then conclude that w(i) — 0 almost surely and, hence, w; — w? almost surely.
Finally, taking expectations of both sides of (3.107) leads to

Eu(i+1) < (1 —vup(i)) Buli) + @)oo, i>i, (3.109)

with the expectation operator appearing on both sides of the inequality. Then,
we conclude from result (F.49) in the appendix, under conditions (3.91), that

E ||w;||* — 0 so that w; converges to w° in the mean-square-error sense.
N
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We can be more specific and quantify the rate at which the variance
E ||w;||* converges towards zero for step-size sequences of the form:
T
1) = : > 0 3.110
pli) = ——, ¢ (3.110)
which satisfy both conditions (3.91) and (3.92). In contrast to the result
of Lemma 2.2 on the convergence rate of gradient descent algorithms,

which was seen to be in the order of O(1/i*'7), the next statement
indicates that now three rates of convergence are possible depending
on how v7 compares to the value one.
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Lemma 3.4 (Rates of convergence for a decaying step-size). Assume the con-
ditions under Assumptions 3.1 and 3.2 on the cost function and the gradient
noise process hold. Assume further that the step-size sequence is selected ac-
cording to (3.110). Then, three convergence rates are possible depending on
how the factor v7 compares to the value one. Specifically, for large enough «,
it holds that:

( 2 2
E||w;||* < (;Tisl) % + O(%); vt > 1

< IE:||’£E7@||2 — O(Ofi); vr =1 (3111)
\ IE:H{’\E’@H2 — O(z%) vt <1

The fastest convergence rate occurs when v > 1 (i.e., for large enough 7)
and is in the order of O(1/7).
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Proof. We use (3.109) and the assumed form for p(i) in (3.110) to write

‘L—l—l) E’U,(Z) + m; 1> 10 (3112)

This recursion has the same form as recursion (F.49) in the appendix with
the identifications

2 2
Eulit1) < (1_.1/7 T 0,

VT T20'2

The above rates of convergence then follow from the statement in part (b) of
Lemma F.5 in the appendix.

[]
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Consider a function J(w), with w = x + jy, v = col{z, y}:

/ Hw) = V:J@) = D* [V, J(w)] D\

%[VUJ('U)]D* = [ Vudw) (Vur J@)T ] L

D - I jlu < ~ S~
Iy —jlm —

K DD* = 2l /
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Consider a v—strongly convex function J(w):

{J(Ozwl + (1 — a)ws) < aJ(wy) + (1 —a)J(ws) — ga(l — a)ljwy — wgﬂ
wreal: V2 J(w) > vy >0
] [ w complex : v J(w) > zIQM > 0

2
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Consider a convex function J(w):

w real : V2 J(w) < 6y < ||V J(w1) — VJ(wo)|| < 8 |wy — ws
J
w complex : V2 J(w) < gIQM — ||V J(wy) — VJ(ws)| < §||w1 — wa|
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We now extend the previous results to the case in which the argument
w € CM is complex-valued. As was explained earlier in Sec. 2.5, the

strongly-convex function, J(w) € R, is required to satisfy condition
(2.62), namely,

0
0 < ~Ipar < V2 J(w) 7 I (3.114)

h

in terms of the data-type variable

A

h =

A { 1, when w is real (3.115)

2, when w is complex
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Condition (3.114) captures the requirements that J(w) is twice-
differentiable, v—strongly convex, and has a 0 —Lipschitz gradient vec-
tor function. The condition is also applicable to both cases of real and
complex data. In this section, we are interested in the case h = 2 cor-
responding to complex data. The previous sections studied the case

h = 1.
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In the complex domain, the stochastic gradient recursions (3.4) and
(3.93) are replaced by

.--"—-F'..--‘-‘-‘-‘--.

w;, = W;—1 — uvw*J(wi_l), 1 >0 (3.116)
and -
w;,; = Ww;—1 — M(Z) Vw* J(’w?;_l), 1 > 0 (3.117)

respectively, where the second form employs an iteration-dependent
step-size sequence. Comparing with (3.4) and (3.93) we sce that trans-
position of the approximate gradient vector is replaced by complex
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conjugation. We again denote the approximation error by the gradient
noise model:

e

s@-('wi_1) é Vw*J('wi_l) — Vw*J('wi_l) (3.118)

This noise process is now complex-valued.
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Example 3.5 (LMS adaptation in the complex domain). We extend the formu-
lation of Examples 3.1 and 3.3 to the complex case. Thus, let d(i) denote
a streaming sequence of zero-mean (now complex-valued) random variables
with variance o2 = E|d(4)|?. Let u; denote a streaming sequence of 1 x M in-
dependent zero-mean (now complex-valued) random vectors with covariance
matrix R, = Eufu; > 0. Both processes {d(7),u;} are assumed to be jointly
wide-sense stationary. The cross-covariance vector between d(z) and u; is de-
noted by rq, = Ed(i)u’. The data {d(i), u;} are assumed to be related via
the same linear regression model

d(i) = uw® + v(i) (3.119)



Example #3.5

~ 13 [ Lecture #10: Stochastic Optimization by Single Agents EE210B: Inference over Networks (A. H. Sayed)

for some unknown parameter vector w®, and where v (i) is a zero-mean white-
noise process with power ¢ = E|v(i)|* and assumed independent of wu; for
all 2,7. In a manner similar to Example 2.1, we again pose the problem of
estimating w? by minimizing the mean-square error cost

Jw) = Eld(i) — u;wl|?
= 03 — 7w — Wy, +w R, w
= EQ(w;x;) (3.120)

where the quantities {d(i),w;} represent the random data x; in the definition
of Q(w;x;). Using (2.66), the gradient-descent recursion in this case will take
the form:



Example #3.5

~ ns [ Lecture #10: Stochastic Optimization by Single Agents EE210B: Inference over Networks (A. H. Sayed)

w; = w1 — plRywi 1 —71gq), >0 (3.121)

Observe that the factor of 2 that used to appear multiplying x4 in (3.8) in the
real case is not needed here since now

Vw* J(wi_l) — Ruwi_l — T'du (3122)

Again, the main difficulty in running (3.121) is that it requires knowledge of
the moments {rg,, R, }. Using the instantaneous approximations:

Tauw ~ d(i)u;, R, = u;u; (3.123)
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we can replace the true gradient vector by the approximation:
Vi J(w) = [ufuiw — uld(i)] = Ve Qw;x;) (3.124)

Substituting (3.124) into (3.121) leads to the complex form of the least-mean-
squares (LMS) algorithm [107, 206, 262]:

w; = w;—1 + pu;d(i) —uww,—1], >0 (3.125)

It can be verified from the construction of the approximate gradient vector
that the corresponding gradient noise process is now given by

si(wi1) = (Ry —u u;)w; 1 — uw;v(i) (3.126)
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It can be verified from the construction of the approximate gradient vector
that the corresponding gradient noise process is now given by

Si(w@'_l) = (Ru—u;"uz)ib@_l — ’(L?’U(Z) (3126)

in terms of w; = w® — w;. If we again let F,_ represent filtration generated
by the random process w; for j <¢ — 1, we readily obtain that

E[Si(w@_ﬂ |-7'-i—1] = 0 (3.127)
E[|lsi(wi—)|? | Ficr] < cllwial® + o Te(Ry)  (3.128)
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where the constant ¢ is given by

c 2 E|R, — w il (3.129)
If we take expectations of both sides of (3.128), we further conclude that
Ellsi(wi—1)|? < cE|wi—1|? + o2 Tr(R,) (3.130)

so that the variance of the gradient noise, E ||s;(w;_1)||?, is again bounded by
the combination of two factors. The first factor depends on the quality of the
iterate, E||w;_1]|?, while the second factor depends on o2

K
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Assumption 3.4 (Conditions on gradient noise: Complex case). It is assumed
that the first and second-order conditional moments of the gradient noise
process satisfy the following conditions for any w € F,;_1:

E[si(w)|Fic1] = 0 (3.131)
E [llsiw)*|Fiei] < (B/h)° |wl* + 52 (3.132)

almost surely, for some nonnegative scalars 32 and 2.
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In a manner similar to the derivation of (3.31)—(3.32) in the real case,
we can again verify that the above two conditions lead to the following
forms, which we shall use frequently:

E [si(wi—1) | Fizi] = 0 (3.133)
E [llsi(wi DI [Fia| < (8/0) @i a]* + o (3.134)

and where the scalars {32, 02} are defined by
3 23 (3.135)
o3 2(8/0)%|lw’l]* + &2 (3.136)

e e
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By taking expectations of (3.133)—(3.134), we conclude that the gradi-
ent noise process also satisfies:

Esi('wi_l) = 0 (3137)
Ellsi(wi-)I? < (8/h)° E|lwi-a|? + o3 (3.138)

It is straightforward to verify from Example 3.5 that the gradient
noise process in the mean-square-error case satisfies conditions (3.133)—
(3.134). Note in particular from (3.130) that we can make the identifi-
cations

02 — 02 Tr(R,), (*— 4c (3.139)
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Lemma 3.5 (Mean-square-error stability: Complex case). Assume the cost func-
tion J(w) satisfies (3.114) and the gradient noise process satisfies the condi-
tions in Assumption 3.4, and consider the nonnegative scalars {32, 02} defined
by (3.135)—(3.136). If the step-size parameter is chosen to satisfy

i 2v

— < —
h 52 _|_/82
Then, it holds that for any initial condition, w_, the mean-square error,
E ||w;||?, converges exponentially (i.e., at a geometric rate) according to the

recursion:

(3.140)

Eliw]? < ol |2 + p202 (3.141)
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where

0= 1-—2 (%) + (8% + 8% (%)2 (3.142)

It follows from (3.141) that, for sufficiently small step-sizes:
limsup E|[|w;||* = O(n) (3.143)

71— 00
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Proof. We apply the result of Lemma 3.1 to the v—domain recursion:

vi = vii1 — 1 Vord(vie1) (3.144)

where p/ = 11/2 and v; = col{x;, y;} in terms of the real and imaginary parts
of w; = x; + jy,. We already know from (FE.39) in the appendix that J(v) is
v—strongly convex since J(w) is v—strongly convex. We also know from from
(E.22) and (E.56) in the same appendix that the gradient vector function of
J(v) is 0—Lipschitz. Therefore, the equivalent function J(v), defined in terms
of the real-valued argument v, satisfies the conditions stated in Lemma 3.1.
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All that remains to check is to identify the nature of the gradient noise associ-
ated with the modified recursion (3.144) and to verify that this noise satisfies
conditions of the same form required by Assumption 3.2. Let us denote the
eradient noise of the above recursion in the v—domain by

ti(vii1) 2 Vad(viei) — VyrJ(vi1) (3.145)

We now express t;(-) in terms of the original gradient noise s;(w;_1) from the
w—domain given by (3.118). To begin with, recursion (3.144) is equivalent to

vi = Vi — %VUT J(vi1) — %t@-(fv@_l) (3.146)
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Multiplying (3.146) from the left by the matrix D from (B.27) in the appendix
and using (C.32), we can transform the above recursion into the following form
in terms of the original variables w;:

[ (wi ] = [ (w*"l ] o [ Vo J (w;_1) ] — B Dtiwiiy) (3.147)

wi)’ wi )" Vrd (wi—1) 2

If we instead start from (3.117), then we would obtain

o = L | ST | i |

1
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/s

Comparing (3.147) and (3.148) we conclude that the processes t;(-) and si(+)
are related as follows:

1 . Sg;(’w?;_ )
Eth'(’Uz:—l) = [ (Sg(wi_ll))T ] (3.149)

from which, using the fact that D*D = 2I55; from (B.28) in the appendix,
we can solve for ¢;(v;—1) and find that

ti(vie1) = 2 [ sz((g:ll)) ] (3.150)
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in terms of the real and imaginary parts of the gradient noise vector:

A .
si(wi—1) = spi(wi-1) + jsri(wi-1) (3.151)
Now since s;(w;_1) satisfies conditions (3.133)—(3.134), it follows that
E [ti('vz-_l) | .7'_?;_1 ] =0 (3152)

and
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(3.150)
E[tiwvic)IIP | Fica ] =" AE [|lsi(wi—1)|I? | Fiz1 ]
(3.138) 2
< 4 (5) tal? + a0

= Blwim)]? + 402 (3.153)
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where we used h = 2 for complex data. Therefore, the gradient noise process
ti(v,_1) satisfies conditions similar to (3.34) and the result of Lemma 3.1 is
then immediately applicable to the v—domain recursion (3.144). Specifically,
we know from the statement of that lemma that the stochastic gradient re-
cursion (3.146) converges in the mean-square sense when p' < 2v/(6% + 32).
which is equivalent to (3.140). Moreover, from (3.37) we get

Elvi]? < aE[oia]? + (1) (407)
= aE|vi_1|* + o] (3.154)
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where
a = 1=2wp + (1) (5% + 5°)
Nz 2 2
— 1—1/,u—|—z(5 + 37) (3.155)

and, therefore, from (3.154):

- ~ 12 jo;
lim sup Eflvi]|* < S L 1 ) (3.156)

It is easy to check that the upper bound does not exceed 2uc? /v for any p
satisfying p < 2v(0% + 3?). We conclude that (3.143) holds for sufficiently
small step-sizes.

[]
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Assumption 3.5 (Conditions on gradient noise: Complex case). It is assumed
that the first and fourth-order conditional moments of the gradient noise
process satisfy the following conditions for any iterates w € F;_1:

E[si(w)|Fi—1] = 0 (3.157)
E [lsiw)]*|Fiei] < (B/n)" |w]* + & (3.158)

almost surely, for some nonnegative coefficients % and 3%.
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In a manner similar to the derivation of (3.55)—(3.56) in the real case,
we can again verify that the above two conditions lead to the following
forms:

E[si(wi_1)|.7:i_1] = (3.159)
E[Isiwi)|*|Fica] < Bhlwial'+ol (3160

in terms of the nonnegative parameters:
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g 2 8p (3.161)
ol 2 8B/t + ol (3.162)
By taking expectations of (3.159)—(3.160) we obtain:
ES@(’wi_ﬂ = 0 (3163)

E|si(wi—)|* < (Ba/R) E|wi—1||* + o5y (3.164)
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Lemma 3.6 (Stability of fourth-order moment: Complex case). Assume the con-
ditions under Assumptions 3.1 and 3.5 on the cost function and the gradient
noise process hold. Then, for sufficiently small step-sizes, it again holds that

limsup E||w;||° = O(n) (3.165)
1—00
limsup El|w;||* = O(?) (3.166)

17— 00
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Proof. We apply Lemma 3.2 to the v—domain recursion
v = vie1 — [V J(vi_1) (3.167)

where ' = /2 after noting that the gradient noise process t;(wv;_1) satisfies
a fourth-order condition of the same form as (3.60) since
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2
E[lt:wdl* | Fix] = E|(lt@0)?)? | Fi
(3.150)

- B [ (4H3i('w?l—1)||2)2 | Fit }
= 16E [ |si(wi—1)||* | Fiz1 |

< BHwia|* + 1602 (3.168)

using h = 2.
[
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Lemma 3.7 (Almost-sure convergence: Complex case). Assume the cost func-
tion J(w) satisfies (3.114) and the gradient noise process satisfies the condi-
tions in Assumption 3.4. Then, the following convergence properties hold for

(3.117):

(a) If the step-size sequence (i) satisfies (3.92), then w; converges almost

surely to w?, written as w; — w? a.s.
(b) If the step-size sequence (i) satisfies (3.91), then w; converges in the

mean-square-error sense to w, i.e., E||w;||* — 0.
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Proof. We apply the result of Lemma 3.3 to the v—domain recursion:

e

Vi = Vi—1 — ;L,(?:) VUT J(’U?;_l) (3169)

where /(i) = p(i)/2.
]
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Lemma 3.8 (Rates of convergence for a decaying step-size). Assume the cost
function J(w) satisfies (3.114) and the gradient noise process satisfies the
conditions in Assumption 3.4. Assume further that the step-size sequence
is selected according to (3.110). Then, three convergence rates are possible
depending on how the factor v7/h compares to the value one. Specifically, for
large enough ¢, it holds that:

7 7

Eljw;||* < (%) 14 O(l.)7 vr/h > 1
Ell@]* = O (1), vrfh =1 (3.170)

7

Elw:|? = O (i), vr/h < 1

where i = 2 for complex data and h = 1 for real data. The fastest convergence
rate occurs when v7/h > 1 (i.e., for large enough 7) and is in the order of

0(1/4).
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Proof. Apply the result of Lemma 3.4 to (3.169) noting that

T/2

r(\
W) =7

(3.171)

so that 7 is replaced by 7/2 and, from (3.153), o2 is replaced by 402,
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